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New Classes of Salagean type Meromorphic
Harmonic Functions

Hakan Bostanci, and Metin Oztiirk

Abstract—In this paper, a necessary and sufficient coefficient
are given for functions in a class of complex valued meromor-
phic harmonic univalent functions of the form f = h + g using
Salagean operator. Furthermore, distortion theorems, extreme points,
convolution condition and convex combinations for this family of
meromorphic harmonic functions are obtained.
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|. INTRODUCTION

A continuous function f = wu + iv is a complex valued
harmonic function in a complex domain D if both « and v are
real harmonic in D. In any simply connected domain D C C
we can write f = h + g, where h and g are anaytic in D. A
necessary and sufficient condition for f to be locally univalent
and sense preserving in D is that |h/(2)| > |¢'(z)| in D (see
[2]). In [3], Hengartner and Schober investigated functions
harmonic in the exterior of the unit disc U = {z : |z| > 1}.
They showed that complex valued, harmonic, sense preserving,
univalent mapping f must admits the representation

f(z) = h(z) + g(2) + Alog|2],
where

h(z) =az+ Z apz"k
k=1
and
g(z) =Pz + Z bz "k
k=1

for 0 < 8| < ||, A€ C.
Let M H denote the class of functions

f(z):h(z)—i—ﬁ:%-l-zakzk—kz:bkzk 1)
k=1 k=1

which are harmonic in the punctured unit disk U\{0}. h(z)
and g(z) are analytic in U\{0} and U, respectively, and h(z)
has a smple pole at the origin with residue 1 here.

For f = h + g given by (1), Jahangiri [4] defined the
modified Salagean operator of f as

D"f(z) = D"h(z) + (-1)"D"g(z); n=0,1,2,---, (2
where
D"h(z) = (b + ik"a k
= EZ
k=1
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and
D"g(z) = Z E"by, 25
k=1
A function f(z) € M H is sad to be in the subclass M HS*

of meromorphically harmonic starlike in U\{0} if it satisfies
the condition

Re
{ h(z) +g(2)

Now we define a new class M HS%(n, o) (see [1]).

_h<>—g<>} S0, e U\l

Definition 1.1: For 0 < a < 1, welet M HS%(n, o) denote
the class of meromorphic harmonic functions f of the form
(2) such that

o

We let the subclass MHSE(n, a) consist of meromorphic
harmonic functions f,, = hy, + g, iIN MHS%(n, o) so that h,
and g,, are of the form

()
D" f(z) — D" f(~2)

} >a, zeU\0}. (3

hn(2) = 7(—21)" +) ax 2 (4
k=1
and
gn(2) = (=)™ b 2¥, ()
k=1

where a;, > 0,b; > 0.

In this paper, we have obtained the coefficient conditions
for the classes M HS%(n,a) and MHSg(n,a).Further a
representation theorem, inclusion properties and distortion
bound for the class M HSq(n, o) are established.

II. MAIN RESULTS
Theorem 2.1: Let f be of the form (1). If

o0

S [(Jazk] + [bar]) (28) + ((2k — 1+ @) |azi—1|
k=1

(6)

+(2k =1 —a)[bap—1[)(2k —1)"] <1 —a,

then f is harmonic univalent, sense preserving in U\ {0} and
fe MHS:(n,a).
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Proof: For 0 < |z1| < |z2| < 1 we have

|f(21) — f(22)]
> |h(z1) = h(z2)| = g(21) — g(22)]
|
~ el
— a1 — 2] Y (lak] + [be]) [25 7+ + 257
k=1
|21 — 20 2 -
> 1 — |z k(lax| + |bx])
aleal 2 Hllae] + I
|21 — 22| 2 S
= 1— |2 2k(|ask| + bgk)
il |22] ]; (Jazk| + [bax|
Z (2k — 1)(lazk—1] + [box— 1|)>
|Z1 — 29 S 1
> L= (2k)" " (|agk| + [bar])
|21 |22] ,;

o]

— Y 2k = 1)"[(2k — 1+ a)|ags]]
k=1
-2 (2

n[(QI{? —1—« ‘bg}c 1|‘|
k=1

This last expression is non negative by (6) and so f is
univalent in U\{0}. To show that f is sense preserving in
U\{0}, we need to show that |h/(z)| > |¢'(z)| in U\{0}. We
have

()] = 1= klag||z[*"
k=1
= 1= Klarlr* > 1= ksl
k=1 k=1
> 1= (2k)" |agl
k=1
(2k — 1)"(2k — 1+ a)|agp_1|
k=1
> ) (2K)" bar
k=1
+> (26— 1)"(2k — 1 — a)|bok1|
k:l
> 22k|b2k| +Z (2k — 1)|bag_1|
> Zklble’“‘1 = Zklbk\ 271 > 1g'(2).
k=1

Now, we will show that f € M HS%(n,«). According to
(2) and (3), for 0 < o < 1, we have
2D" L f(2) }
Req —
{ D" f(z) — D"f(—=2)

53

2D p(z) — 2(—
T"(z)

re{-

" (2)

>Dn+1<>}

Dh(z) + (—1)"Drg(z)
—D"h(—z) — (—1)"Drg(—=z).

Using the fact that Re{w} > « if and only if |1 — a + w| >
|1+ a — w), it suffices to show that

‘1 ey
D7 f(z) — D" f(—2)

2D f(2)
= Ot D) —Drp (o)

which is eguivalent to

’2Dn+1f(z) _ (1 _ Oé)(an(Z) — an(_z))‘

—[2D" () + (1 4+ a) (D" f(2) — D" f(~2))] 2 0.
Substituting for D™ f(z) and D"*1 f(z) in (7) yields

2(=1)"

)

(o]

_ QZ k.n+1ak Zk + 2(71)n an+15k Zk

k=1 k=1

+(1—-a) [(zl)” + i k"ay 2"
anb —lc

o]

e
k=1
-2 Z K tlay, 2F

2(1
- (

+2(=1)" > k" 2F — (1+ ) [

k=1
oo o0 _

+ Z Eray 2% + (—1)" Z kb 2% +
k=1 k=1

o0

=D (DFR a2t — (=) Y (-
k=1

= k=1
2(2 — a)(~1)"

S
k=1

HEDY 2k (1—a) -

k=1
2a(—1)"
z

DTS

k=1
)( n"

oo
E ak Z
k=1

1)kkn6k Ek]

—1)"
z
(1"

1)kkn6k Zk‘|

|

(1—a)+ (=1)"(1 — a)k"ax 2*)

(=D)F(1 — a)k"by, 2*

o0

+
k=

(2k+ (14 a) — (=D*(1 + a))k"a 2"
1

(1 —a)+ (=1)*(1 4 a))k"by, 2

‘ 2-
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oo
—2) (2k — 2+ @) (2k — 1)"age_1 2**

k=1
oo e}

=2 (2k)" gk 277 + 2(=1)" Y (2k)" bor "
k=1 k=1

o0

F2(=1)" Y (2k — @) (2k — 1)"bg—1 274
k=1

20(—1)" &
. CY(Z ) +2Z(2k)n+1a2k Z2k
k=1

+2) (2k + a)(2k — 1)"age_1 27!
k=1

(2k)n+1bgk =2k

NE

~2(-1)"
k

[

(2k — 24 ) (2k — 1)"bop_ 22+ 1

NE

~2(-1)"

B
Il
R

202 — a)(~1)"

%

z

—2) "(2k — 24 a)(2k — 1)"|agk_1] |2|*7?
k=1

=2 (2k)"Hagell 2* =2 (2k)" a2

k=1 k=1
~237 2k — ) (2k — 1) bop ||z
k=1
_Zo(=1)"
z

oo

— 2> (2 + a)(2k — 1)"|agg 1 || 2?7
k=1

=2 "(2k)" " Hagk][2[*F — 2> " (2k)" T [ba |2

k=1 k=1
)

—2) (2k — 24 )(2k — 1)"|bgp_1||2|*F 1

= _Z{

4(1 - a) [1
z k=1

2k —1)"
%[(2[{7 - 1 + a)‘a2]€71|

+(2k — 1 — a)|bag—1]]}] -

This last expression is non-negative by (7), and so the proof
is complete. [ ]

(2k)"+1
1-—

(lazk| + |baxl)

Theorem 2.2: Let f,, = h, +g, Wwhereh, and g, are of
the form (4) and (5). Then f,, € MHSZ(n, a), if and only if

Z ask + bgk 2]€)n+1 + ((Qk — 14+ a)a2k71 (8)
k=1
+(2k’ —1- Oé)bgkfl)(Qk — 1)”} S 1-—a.

Proof: Since MHSE(n,a) C MHS%(n, o), we only
need to prove the (only if) part of the theorem. To this end,

54

for functions f,, = h,, + g,,, we notice that condition
2Dn+1
e {_ f(2)
D f(z) - D" f
is equivalent to

(—2)} >a, zeU\{0},

@ - ioj 2k + a — (—1)*a)k"ay 2"
Re k=1
¢(2)
(=)™ 3 (2K — o+ (~1)Fa)k" by
k=1
! o) =1

which implies

—2 5 (2k)"Lag 22k
k=1

()

2(1—a)
z

Re

2 ioj (2k — 1+ a)(2k — 1)"agy,_1 22k 1
k=1
()

2(=1)" 3 (2k — 1 — @) (2k — 1)"bgy,_1 22+ 1
k=1

()

2(71>n i (2k)n+1b2k2’2k
k=1
¢(2)

©)

where

¢(2)

9 oo
= 2 2k — 1 n _ 2k—1
> + g( ) a2k—-1%2

oo
+2 Z(Qk: —1)"bgp_q 23R

k=1

The condition (9) must hold for al z in U\{0}. By choosing
0 < z=r <1, from the left hand (9), we have

1= a— 32k — 1+ a)(2k — 1) ag_yr
k=1
ro(r)/2

Z (Qk)n+1a2k,r2k+1 + (_l)n Z (2k)n+1b2k7'2k+1
k=1 k=1

ro(r)/2

(2k — 1 — a)(2k — 1)"bop_17%*
ro(r)/2

If the condition (8) does not hold, then the number in (10)
is negative for r sufficiently close to 1. Hence there exist

18

(="

k=1

(10)



International Journal of Computational and Mathematical Sciences 2:1 2008

20 = ro in (0,1), for which the egnarray in (10) is negative. wherefor k=1,2,---
This contradicts the required condition for and so the proof is

complete. It is easily seen that f,(z) € MHS};(n,a). Thus hng(2) = gno(2) = =
we complete the of the Theorem 2.2. [ | , 1 1—a _—
. nana (2) = z il (2k — 1)» (Zk—l—i—a)z
Theorem 2.3: If f, = hp + gn € MHSg(n,a) for 1 l—a o
0<l|z] =r <1, then Py (2) = > + (2k)n+1z
1 l-«a
11— L l-a G (2) = 4 S2k—1
; 2n+1 |fn(2)| = 2n+1 § z (2k - 1>n(2k —-1- Oé)
1 l—a _y
Ina(2) = P (2k)n+1z

Proof: Let f, = hy + gn € MHSg(n,a). Teking the g
absolute value of f we obtain

o
S (arty) =1, 2, >0 and y, > 0.
k=0

@) = ¥+Zakzk+<—1>"zbk7
k=1

In particular, the extreme point of M HS¢(n, a) are {h,, }

> and {gn,}.
+ Z a + bk §
k=1 Proof: For functions f,, = h,, + g, where h,, and g,, of
1 oo
< - =5 (an + be)r the form (4) and (5), we have
k=1 >
1 1—a 0 2n+1 fﬂ('z) = Z(mkh”k + ykgnk)
Z b k=0
- r + gn+1 = 1 7a(|ak| + | k|)T - ,
1 1-a = 0hmg + Yogn, + D (@k +yr)
= et =
-« 2k—1
and + Z“’H 2k —1)"(2k —1+a)"
1) >0 -« L2k
|fn(2)] = (=1) + Zakzk + (-1 Zbkzk +Z$2k (2k) n+1
o k=1 k=1
= -« S2k—1
k
> — =) (a+be)r +Zy2k_1(2k—1)"(2k—lfa)z
k=1
1 > - l-—a 52k
> - ;(ak +by)r +kzly2k (2k)n 1 °
1 1o vt S 1
P — . = (Tx +yx) =
> - g 2 g el + by 2 :
1 1-a > -«
> — 2k—1
= p T onet” +; 2k — )n(2k — 1+ a) 217
| — l-a 2%
+ TogZ
2
Corollary 2.4: Let A = {w sw| < 22%} -
If f, = hn + gn € MHS: h +> Lo Y1227
fo=hn+gn € S(n’a)7t en Pt (2]{71)”(214171*(1) B
fuU) C A% —~ l-—a
+k§ (2k)m LY+
Theorem 2.5: f,, = hy, +§n € MHSg(n, a) if and only if ’ .
fn Can be expressed as Z(Qk—1+a)(2k—1)”
oo k=1
fu(2) = (@khn, + Ykgn,), (11) l—a .
,;0 * * “V@k— D)2k — 1+ a) 2+t

55
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+37 2k —1—a)(2k—1)"

T

11—«
2k —-1)"(2k—-1—

X

—N

WK

+ k:1(2k)n+l { (21k)”+1 (xor + ka)}
= (1-a)) (ox +u)
k=1

(1- )~ (2o +y0)] < 1 —a

So f, € MHS4(n,q).
Conversely, suppose that f, € MHSq(n, ).
Let, for k=1,2,...

11—« 11—«
Top = W@my% = szk
11—«
Tl T ok )2k — 14 a) 2t
11—«
Y-l T Gp T2k —1—a) 2L

Then note that by the M HSg(n, ), 0 < x;, < 1 and
0<yr<1(k=1,2,...).Wedefine0 <z, <1 and

o0

Yo=1—x9 — Z(Ik + Uk)-
k=1

Consequently, we obtain

o0

= Z(xkhnk + ykgnk)
k=0

f(2)

as required. [ ]

Theorem 2.6: If f € MHS%(n, o), then the diameter Dy
of C\f(U) satisfies

D¢ > 2|1+ by].

Proof: Let D¢ (R) bediameter of f(|z] = R),0 < R < 1,
and let D}(R) = max|. =g |f(2) — f(—2)|. Then D;(R) —
Dy asR—1and Df(R) > D}(R). Since

27

* 1 ; .
PRI = %/‘f(Re'g)—f(—Re IR
0
1
= 4 |:R2 + bl + b1
+Z(|a2k—1‘2 + |b2k_1|2)R2(2n1):|
k=1
> 4[1+2Reb
+Z(|a2k71‘2 + |b2k1|2)}
k=1

we conclude that Dy > 2/]1 + b1]2.
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Note that if f and F' are

_ N kN
f(z) =h(z) z)f;JrZakz +Zbkz
k=1 k=1
and
T =
F(z) = (z)+G(z):;+];Akzk+;Bkzk7

then the convolution (or Hadamard product) of f and F' if
defined to be the function

f—b—ZakAkz —0—2kaka

Theorem 2.7: For 0 < 8 < a < 1, let f,, € MHSg4(n,a)
and F, € MHSS(n 3).Then the convolution function f,, *
F, € MHSg(n,o) C MHS4(n, 3).

(fxF)(z (12)

Proof: For f,, and F,, as Theorem 2.7. Then the convo-
lution f, = F, is given by (12). We wish to show that the
coefficients of f,, x F;, satisfy the required condition given in
Theorem 2.2. For F,, € MHS(n, 3), we note that |Ak\ <1
and |By| <1.Since0< g <a<1and f, e MHSg(n,a)
for f, x F,,, we obtain

o

>

k=1
+((2k -1+ a)azk,_lA%_l

)n+1

2k
{(G%A% + b2}chk)(7ﬂ

M

+(2]€ —1- Oé)bgk 1ng 1) 18

|

o0

(2k)n+1
,; {(a% + b%)ﬁ

+((2k’ -1+ a)a2k71
—l—(?/{: —1- Oé)bgkfl)

o

2k)"H
3 (2F)

k=1 1=
+((2k -1+ Ck)azk_l

IN

(2k —1)"
1-p

|

IN

|:(a2k + bar,)
+(2k-1- a)b2k—1)(2]1€i)n:|
1.

Therefore f,, « F,, € MHSg(n,a) C MHSg4(n, ).

IN

Theorem 2.8: The class M H S ¢(n, ) is closed under con-
vex combination.

Proof: Suppose that f,,(z) € MHSg(n, ) for i
1,2,3,---, where f,, is given by

o0

i (2 )—( 1)n+2azkz +(

Then by Theorem 2.2.

oo

Z[(aizk + bizk)(2k)n+1 +

k=1

OO

D" b

k=1

((2k -1+ a)aizk—l (13)
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1= = i=

Then by (13),

o k n+l
Z [(21 z " > tilaiy, +biy,)

i=1

1
2k —1)" 2k—1
L (2k-1) ( +O‘)Zt7

11—«

(2k —1—
t— 1—a thlzkl

IA
M

N

"

Thus
ti fn,(z) € MHSg(n, ).

Theorem 2.9: If f,, € MHS4(n, ), then
i E(|ag|* — |bk)?) < 14+ 2Re{b1}.
Equality occurs if and only if C\ f(U) has area zero.
Proof: The area of the omitted set is
lim lim% / fdf

R—1
0<|z|=R<1

1 _ 1 _
p— 1. — ! — / >
Roh | 2i / hivdz+ 5, / 99'd

0<|z|=R<1 0<|z|=R<1

1 , 1 =
+2i / gh'dz + % / hg'dz

0<|z|=R<1 0<|z|=R<1

= 1
™ [Z k(|ak|2 — |bk|2)]%21c - — 2R€b1

R2

For 0 < r < 1thecurve T, = f(C,) isasimple closed curve
oriented clockwise. Hence, for R — 1 we obtain

> k(Jar|* — [be]?) = 1 — 2Re{by} < 0

and the result follows. [ ]
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