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Exact Solutions of Steady Plane Flows of an
Incompressible Fluid of Variable Viscosity

Using (&, v)- Or (m, y)- Coordinates

Rana Khalid Naeem, Asif Mansoor, Waseem Ahmed Khan, Aurangzaib

Abstract—The exact solutions of the equations describing the
steady plane motion of an incompressible fluid of variable viscosity
for an arbitrary state equation are determined in the (&,w)- or
(1, )- coordinates where (X, ). is the stream function, & and 77

.are the parts of the analytic function, @ =&(x,y)+in(x,y).

Most of the solutions involve arbitrary function/ functions indicating
that the flow equations possess an infinite set of solutions.

Keywords—Exact solutions, Fluid of variable viscosity, Navier-
Stokes equations, Steady plane flows

I. INTRODUCTION

AEEM and Nadeem [1] extended Martin’s [2] approach to

study the steady plane flows of an incompressible fluid of
variable viscosity for an arbitrary state equation. Naeem and
Nadeem determined some new exact solutions to the flow
equations and also indicated applicability of some of the
solutions to physically possible situations. In Martin’s
approach a natural curvilinear coordinate system (@,) inthe

physical plane (x, y) is introduced in which y = constant are
the streamlines and ¢ = constant is an arbitrary family of

curves. In Martin’s approach, the transformed system of flow
equations becomes undetermined and is due to arbitrariness of
the coordinate lines¢@ = constant. The system can be made

determinate in a number of ways. Nacem and Nadeem [1]
made the system determinate by making system orthogonal, in

which case coefficient F of the first fundamental element ds >
is zero. Naeem and Ali [3], following Martin’s approach made
the system governing the motion of fluid in [1] determined by
taking ¢ =x .

Recently Labropulu and Chandna [4] extended Martin’s
approach to study the steady plane infinitely conducting MHD
aligned flows and made their system of flow equations
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determinate by taking ¢(x, y)=&(x,y) or ¢(x,y)=n(x,y) where
E(x,y)and p(x,y)are the real and imaginary parts of an

analytic function @ . Labropulu and Chandna obtained exact
solutions for the flows when the stream line pattern is of the
form 7=/() _ Constant or $=k(1 _Constant.

g($) m(1)

In the present work, we extend Labropulu and Chandna
approach to study the steady plane flows of an incompressible
fluid of variable viscosity for arbitrary state equation and
present some exact solutions. The most of the solutions
contain arbitrary function(s) allowing us to construct an infinite
set of solutions to flow equations. The plan of this is as
follows:

In the next section description of basic flow equations are
discussed.  Section-III presents the flow equations in the
physical plane and Martin’s system (¢@,y). The coefficients E,

F, G of first fundamental ds?are also given in (£,w)- and

(n,¥) - coordinate system. In Section-IV, exact solutions to
flow equations are determined.

II. BASIC FLOw EQUATIONS

The basic non-dimensional equations governing the steady
plane motion of an incompressible fluid of variable viscosity in
the presence of an unknown external force with no heat
addition are:

u +v, =0 (1
_ 1 % )
U AVl = =Pt [Quu,), +(u(u, +v,), ]+ A* f,
1
uv, v, =—p, +F[(2/’N}‘)y +(u(u, +v,)), 1+ A* f, 3
ul. +vT —L(T +T )+Ec 2u(u,’ +v?)
2TV TR Vet sy, )
+uu, +v,)%]
u=u(T) %)

where u,v are the velocity components, p the pressure, y the

fluid viscosity, T the fluid temperature, R, the Reynolds
number, P, the Prandtl number and E. the Eckert number,
p the density of the fluid and f’ It f 5 are the components of

the external force. In (2) and (3) A" is a non-dimensional
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number, and in case of motion under the gravitational force, Z*,
is called the Froude number (F)).

We define the following functions:
w=vy —u,

(6)

W +v*) 2, (7)

2 R

In term of these functions, the system (1-5) is replaced by the
following system:

L=p+

v, +u, =0 (®)
_vw:_Lﬁ[ﬂ(u},Jrvx)]y iF ©9)
Re
4
uw=-L, - (IL]a:X)y_’_[ﬂ(uyR-’_vx)]x_*_sz (10)
©=vy—uy (11)
1
uTx+va7RePr(Txx+Tyy) (12)
E
2t v By ey +v)? )
e
u=p(T) (13)

of six equations in eight unknowns u,,v,L, u,T,w,F1,Fy
as functions of x,y. The advantage of this system over the

original system is that the order of (2) and (3) has decreased
from two to one. In (9) and (10) for convenience we have put
K :fflan :ffz
Equation (8) implies the existence of a stream function w(x, y)
such that
U=Yy,V="Yx (14)

Let w(x,y) = constant defines the family of streamlines. Let
us assume ¢(x,y) = constant to be some arbitrary family of
curves such that it generates with w(x,y)= constant a
curvilinear net (¢,y) in the physical plane.
Let

x=x(d.w).y=ypv) (15)
define the curvilinear net in (x,y)- plane and let the squared
element of arc length along any curve be

ds? = E(@.y)dg? + 2F (. Mdddy + Gl My (16)
where
2 2
E =X, + Y |
F=xx,+y,), (17)
szvz/ + yjl
Equation (15) can be solved to obtain
¢ =9(x, )y =y(x,y) (18)
such that
xg=Jw ., xy, ==J¢ (19)
Yp=—JVx,yy =J¢

provided that 0 < | J | < oo, where J is the transformation
Jacobian, and is defined as

J= XgYy — Xy Vg (20)
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If « is the angle of inclination of the tangent to the coordinate
line y = constant directed in the sense of increasing $> We

have from differential geometry, the following results:

J=1W 3\
X, = \/E Cosa,xw = 7FC0ST/%JSM[X N
Y= \/ESina,yw _ FSma\/—%]Cosa >
J J
a, ZEEZU% :EEZZ )
where
—-FE,+2EF; — EE,
- [-FEy 2¢ v
W
2 [EG¢ —FEV/] (22)

12
ow?

W=VEG-F?

The three functions E, F, G of ¢, satisfy the Gauss equation:

2 2
W | | W1,
E E
v 4 _o

w
where K is the Gaussian curvature.

(23)

K=

III. TRANSFORMATION OF BASIC FLOW EQUATIONS IN THE
STREAMLINED COORDINATE SYSTEM (&,¥)

If the arbitrary curve ¢(x,y)= constant and the streamlines
w(x, y) = constant generate a curvilinear net in the physical

frame, the system of equations (8-13) is transformed to the
following system:

_NE (24)
1 w
Jo=-JL, + (1:2 - JZ)YinZa + FICos2a A¢ - (FSinaCosa + JCoszaJAw
2E E
2FJSin2a — F?Cos2a + J?Cos2 (25)
+[ mea E”S at ] tos “]M¢ +(FCosa ~ JSin2a)M,,
+ % {F(FCosa + FSina)+ J(FyCosa + FySina )}
0=—JL, +(FSinaCosa— JSirta)d, — ESinaCosad, 26)

+(JSir2a~ FCo2a)M,, + ECo20M,, + JVE(FCosa+ F,Sina)
(% _ ﬂ] . [& _fy
¢

JoJ JoJ l,, __ECRe(A2+4M2)+ﬂ

27
JRP, 4u JE @n
), )
W \Wy
= - (28)
L
ks B VE D (29)
w
u=pu(T) (30)

which in ¢ and y are considered as independent variables.
This is a system of seven equations in ten unknown functions
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E,F,G,W,L,T,q,u,F,,F,. In(25-27), the functions 4 and
M are given by

» [Mj(q 4Cosat— gSinaag) 31
TR, v
€| JESin a(qy,Cosa —qSin aal//)
u — FCos2a + JSin2a
M= Hogg | ZELoscatomea | [ Cos2
JR, [q¢[ JE ty JECor2e 32)
FSin2a + JCos2a
LIoinza+ JCosza ) [ESin2aa
[ JE J ot v/

Recently Labropulu and Chandna [4] presented a new
approach for the determination of exact solutions of steady
plane infinitely conducting MHD aligned flows. In their
approach (&, )—coordinate net or (5,ir) — coordinate is used
to obtain exact solution of these flows where coordinates
w(x,y) is the stream function and g ,) and ., ) are the real
and imaginary parts of an analytic function & = &(x, y)+in(x,y)
Labropulu and Chandna following Martin’s transform their
flow equations in (g,y)-system where y = constant is
represents family of streamline and ¢ = constant is an arbitrary
family of curves. The system of flow equations becomes
undetermined due to arbitrariness of the coordinate lines ¢=
constant. Labropulu and Chandna made the system determinate
by taking ¢=~&(x,y) or ¢=n(x,y) where &(x,y) and n(x,y)
are real and imaginary part of the analytical functions @ as
outlined blow:

Let

o=¢(+in 33)
be an analytic function of z=x+iy where ¢&=¢&(x,y) and
n=n(x,y). Since @ is analytic function of X and y, then

real and imaginary part must satisfy Cauchy-Riemann
equations:
o _om a5 __on 34)
o oy oy ox
The equations
&=¢(ey)n=nlxy) 33)
can be solved to get
x=x(&n)y=y(&n) (36)
such that
G _p0n o 0 &y e0n &y 0k (37)
o0& oy 0n oy o0& ox 0n Ox
provided that ¢ <| s * < o where J " s given by
+_olvy) ooy vy (38)
alg.n) o&on onog
Employing (35), (36) and (39) in ds? = dx? + ay? , we get
* ('?xz 6}’2_ 0):2 sz (39)
Equation (39), employing (35) and (37), yields
ds? = 7" ag? + an? (40)
To analyze whether a family of curves 7~ /(¢) _ Constant, can

g()
or can’t be streamlines in (&, )— coordinate net, they assumed
affirmative so that their exist some function y(y) such that
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1= ) 0 “h)
g(&) '

ds = I+ + @y g +2T {1 +8@Orw)) (42

&y (wdddy +J g (E)y” dy’

E=s [P @+ g @) (43)

G=J"g%&r* v (44)

F=J"[1'@+g@rwe@rw) (45)

w=J"gr W) (46)

J=J"g&)r W) 47
Similarly to analyze whether a family of curves
M =Constant, can or can’t be streamlines in (, -

m(1)

coordinate net, they assumed affirmative so that their exist
some function y(y ) such that

KD ()2 0 (48)
m(1)

E=J Lo+ m P (49)

G=J"m*mr? W) (50)

F=J" [k @)+ m' (y )Gy ) (51)

W=7 " mm)y' v) (52)

J==J mm)y W) (53)

For both family of streamlines there exists some function
y(w) [4] such that

n—f(&=g@rw).r'(y)=0 (54)
E—k(m) = mm)y(w).y'(y)=0 (55)

Now in the next section, we determine the solutions of the (24-
30) by assuming ¢=¢ or g=n and utilizing (42-55) for the

family of streamlines in (&,) and

(n,) coordinate net,
respectively.

IV. SOLUTIONS

In this section, we assume analytic function 5 -¢+i; and

determine the solutions of the (24-30) for the flow
characterized by the family of the stream lines
S~k _ Constant & 7= /01 = Constant
m(1) g(&)
In the absence of external force.
(i) Assume
o=¢(+in=Inz (56)
where ; = x +y . The (56) yields.
1. (2 2
=—1 +
& > n(x v 57)
7 = tan -1 (Z]
X
OR
x= eéCosr] (58)
y= ¢ Sin n

A Examplel (Flows with & = constant as streamlines)
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We let [4]

E=y).r'p)=0 (59)
where ¥() is an unknown function and & is given by (57).
Comparing (59) with (55), we get

k() = 0,m(n7) =1 (60)
Utilizing (60) in (49-53), we get
E=J"
F=0 61)
=72
J==I"7 W)
W=J"r )
where
J¥ 2 2rw) (62)
Equations (24-29), utilizing (61) and (62), become
.1 (63)
e ®
w=-Ly —% Ay —SinquW +y'Cos2yM yy + Sin2nM , (64)
0=—L,, - AyCos2yp— IO 4 _ Sinoyaa,, + 2520y, (65)
7
~ 3 Ty + 72 RB Ty 7' Ty +7'T,,
3 2y 2(,2 2 (66)
_ 72 eERRE\A% +4M
Au
" (67)
w= 7.37 27
where in (64-66), the functions 4 and M are given by
4=— 24 {2+ 4 ;(V’) ]smzn (68)
Ry an 72w
A (69)

o
=-— 2 Cos2n
ReeZ W)y (y) { 7? (w)}

In order to determine the solutions of (64-66), we make use of

the compatibility condition Lyy =Lyy and this yield
72 Z,7,7—7'[2— 72("’) }Z,/,—ZW, =0 (70)
7 W)
where
7o M 7" (71)

2

5

Equation (70) is the equation which the viscosity x and )

Reez}/yv

must satisfy.
Equation (70) possesses many solutions and we consider only
those solutions for which the exact solution of (66) can be
determined. These solutions are for the following cases:
Casel y"'=0
Casell p"#0
We study these cases separately
Case I
When y'"'=0 we get
y=ay+b (72)
The (70) provides
azlnn —2ayy = Xyy =0
where

(73)
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26 utn,v) (74)
ak,
Two solutions of (73) are determined which employing (74)

give us

x(n.y)=

at,R

25;’2: (75)
H= aR,e” (t,n* Ly raw
5 zzaz Tt e o4t (76)
where  t(#0),t,(z0),t,(#0),t,,t,,t,,t, are arbitrary
constant, and - +Ls,t722
2a 4a
The temperature distribution 7 for x# given by (75) satisfies the
equation
2 —
a’T,, +T,, —aR P.T, = -2aR,P.E 1, (77)
whose solution is
L’ tn AL 78
T=—aR€P,_E(,tly/2—8T+t,,y/—aRgP +tpe ¢+l (78)

et r

where

t;a
ti3 =15 —

R,P,

Is
R.P}
For ,, given by (76), the temperature distribution 7' satisfies

the equation

Ty + Ty — aRoPTyy = ~2aRoPrE (1, 7) (79)
The solution of (79) is
ReBn(  _ReBin
T=e @ |]|e ¢ (*MJ‘J’Z(UW’]*'&%BJ“’U*’N (80)
a
~2aR,P.E, ”yl(l//)dl//d W+ tay +i15
where
vy B 5, 2ay (81)
nwy) 2 2.2 +o, e
(82)

2
t
y2(m) = 72’72 +ign+ig
2a

Case Il
Wheny "'# 0, the (70) possesses trivial and non-trivial

solutions.
Now Z =0 is the trivial solution of (70) and provides
2+ 7—; =0 (83)
B
Equation (83) yields
(84)

) =%ln(2u/+01)+ 2
where cj,cp are arbitrary constants. Equations (68) and (69),
employing (83), yield

A=0 (85)
M=0
Equations (64) and (65), utilizing (85) yields
L = constant = ¢ (say). (86)

We note that in this case the viscosity function x is arbitrary.
Now the (66), on using (84) and (85), becomes

T~y +c)RPT, +Q2y+c JT,, +22p +c)T, =0
The solution of (87) is

(87)
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c4R P, ( (88)
4

T =cyn+ 2y/+cl)+c5 1n(21//+cl)+05
where c4(#0),c5(=0),cq are arbitrary constants.For a non-
trivial solution of (70) we let

Z = constant= C7 (say).

Then (71) yields
' 2;/ " (89)
_GRere™ 5. 7'2 %0
(2 +Z zj 4
7l
Equations (64) and (65) on using Z = ¢, yield
LW =—w (90)
Ly =—2cy (1+C03277) o1
Equations (90) and (91) give
" i 92
LZ?J.}/.B}/QZ;/ du/—207(n+sr;2f7j+cg ( )
where ¢, (;t 0) and cg are arbitrary constants.
The temperature distribution in this case, satisfies
73Ty =72 RB Ty +7' Ty = 1'Tyy =72 c7ECP,Re[2 + 72} ©3)
4

whose solution is

[Day| o [Ty )
T=Cgﬂ+f€ 4 ."e 4 cgy' RoP — 77" E.P-Ro| 2+

L;Bdu/ dy (94)
,

Lﬂd v
+010IEI7I dl//+cll
where 09(7& 0), €105 €;,aT€ arbitrary constants. We mention that

the function y(y) is arbitrary in this case, and therefore we
can construct an infinite set of solutions to the flow equations.

B Example-2 ( Flows with 5= constant as streamlines)
Assume [4]
n=yw)
where y(y) is unknown function and 7 is given by
(57).Equations (96) and (54), give
1(©=0.g(¢)=1
Equations (43-47), employing (96) yield
E= ez’f
F=0
G=e*r% @)
J=eXyw)
W=e%y ()
Equations (24-29), employing (97), give
1 98)
9=—
e~y (y)

95)

(96)

D)

w=-L, - Cosz;/(l//)A,/, - Sin2}/(y/)My, (99)

+7'(y)Cos2yy )M £

0=—1;- Cosy(w)Siny ()
7'(W)
+ SinZy(x//)Mg:

_rwSinZyy)
2 é

L Coszywy)

100
7' (W) ( )

y — Siny(p) Az

Ty

] _ EpEnrd P an?)
7' () w

du

(101)

7'W)Tze +[ + PR Ty
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I (102)
3 w)
where the functions 4 and M are given by
A= 247#[— Cos2y(y)+ 7”2(1//) SinZ;/(l//)] (103)
ey )R, 27 ()
M=- 5 ai (SinZ;/(l//)Jr ;/”Z(I//) F()SZ}/(I//)J (104)
e 57'(1//)R6L 2y (w)
Equations (99) and (100), employing (102-104), can be
rewritten as
ez};j =Ly, —4y'Sin2X — 'Yz +4Cos X, (105)
- 47'Cos27Y - Sin2}/Y|/,
0=-y'Lg —4y‘Sin27X¢ —4y' X —y'Sin2pYg - Y, (106)
where
__nu (107)
Reezé;/'
., (108)
R662§;/'3

Proceeding in the same manner as in example—1, a solution of
(105) and (106) is

= aReef(J.efZJ(f)df +Zy( W))
L=e¢ (81 +4Cos?yZ( '//))+ 2Cos2/Z3(&)~g1e”*

—223(5)—4123(§)d§+g2
provided y =ay +5b . In (109) and (110), 7, (&), Z5 (w) and

(109)

(110)

Z3(¢) are arbitrary functions and g, g, are arbitrary

constants.
The temperature distribution T satisfies the equation
_AEP.u
%
where ; is given by (109). The solution of (111) is

a®Tzz + Ty —aPR,Ts = (111

PRE

4E PRe

: [ [ ZB(é)df)] -

- 4aECP,,RFJ.(“Z2 (y/)dy/)dy/ —ayy +a,, fora=-R,P,
aa

[ aenebe |-t

_4EPRe ¢
a
+a;Cos\Ja® + aP.R,y + a,Sin\|a® + aP.R,y
dalcosla*+ ab Ry | 2. )sinla + B Ry i)
ﬁ - (sz (V/)COS(MV/)JW)SM(MV/)

+a
ELR,

PR
a
+a,e

aa
PR,

PRE
+a,e ¢

+

rite

112
fora#—-R,P. ( )

where a,,a,,a,,4,,as,a, are all arbitrary constants. We

note that the expressions for £ L and T involve arbitrary

functions, and this allows us to construct a large number of
solution to the flow equations.

(2) Assume
T=E+in=d z+b (113)

* . * .
where a =aq +iap,b =by +iby
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C Example 3 (Flows with 17—A&= constant as streamlines)

Proceeding in the same manner as in examples 1 and 2, we
find

1+ R

af +a3

\

G- 72w
T2, 2
ay +aj
F :4277('/’;
ay +ap
7'W)
a+a3
* 1
af +d}

7' W)
2. 2

J
ay +aj
For this example, in (24-29), employing (114), become
,/(1 + A ialz +a? )

7'(w)

w ==y WL, + By (W) A: = By'w)A,
7" ()
+ By WM+ By M,

0=—y'W)BL: + By W)A: + ByA, + oy’ WM, + M, (117)

(114)

W=

J

J=

q= (115)

(116)

(7‘(1//)T5 —ﬂTV,). +[1 s T, —ﬂTfj —PRT,
e ), : (118)
_ Y WERR(4 +4M?)
- ”
where
A:_4a1a2;/”(u/)ﬂ (119)
Rey® ()
v kEdhe (120)
Ry )

and 3, f3,, By, By Ps: Be» 1 Py By are given in - ppendix-
B.
Equations (116-118), employing (119) and (120), become

L(// :_ﬂl4%+ﬂ]27'X§+ﬂl3Xw (121)
X,
sz :_ﬂloX.;“_:BnTV,/ (122)
, 1+ 4 7+ 2
V' =2AT,, + , T, - ( » )Tw BRI (123)
__ERRyY
u
where
X =-"LL e (124)
Rey'™ ()

and Bios B> Bas Biss Bis a1 given in appendix B.

On eliminating the generalized energy function L from (121)
and (122), we obtain

ﬁyl.l Xyy +7' BraXgs -

"

Py

(125)
}/'2

Xy + (P10 +Pr3)Xey =0

Equation (125) is the compatibility equations for example (3).
We found that this compatibility equation possesses solutions
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for the following possible cases for which equation (123) is
exactly solvable.
Casel y'"(y)=0

Casell y'"'(w)=0
We study these two cases separately as follows.

Case-1

When y'"(y)=0,(w)=ay +b. Equation (125) is identically
satisfied. The viscosity function , is arbitrary and the

generalized energy function L turns out to be constant.
The solution of (123), for any value of A, is given by

2
T:m1§I//+(22aml W; )l// + m3y +my
2L+ 4
E.Re§ Pr Reé PrRe§
myg
J.[Z +m5je
a

a a a
where m;m,, m3,my, ms, mg are all non-zero arbitrary

(126)

+e d& +mge
constants.
Case-I11

Wheny''(y) =0, the function x in (124) can either be
considered constant or non-constant. When, X =constant= ,,,
(say), the equation is identically satisfied and therefore

MRy W) (127)
7"'W)
Equation (123), employing (127), yields
2 ly 4 22
P Tis =20y + 5Ty L (1,21 Ty — BRI
7 (128)

4l oV
__ E B Remzy™ | 7"
" }/'3

whose solution is

el [y 7Y
T=\|e’ e’ — | dy+my |d
(2 (5] faw o

J[PchmS
+ mgé +my, (129)

where my,mg,mg,myg are all non zero arbitrary constants. We

E,PRmp"

"

4

note that in this case the function y(y) is arbitrary. The

generalized energy function L can easily be determined from
(121) and (122).
When X is not a constant, the solution of (125) is
Ay,
X="111~§+”112J.€/”11 7 dy emyg

(130)

where  mqq,mp,my3 are non-zero arbitrary constants. The
viscosity , is given by
3
e O 1) (131)
7"'W)
Equation (123), in this case becomes.
2 " 2
re-2hg, Wiy A By
e v e
EPRjy"
= -2 (4 X, ) (132)

The two solutions of (132) are obtained and these are
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_ERRy"

m
X () + B,
7

r=[|r I1+/12 L (BRm+20m,) vy
@@ 7 (133)
Fymy, + myg +mE+mE+mEy
Jor my, E‘f"i;n” ,ms =0
(i) and
J 2ms PR, B

T=e (22 )ymygmyg +Qymys —Ecmyymyg )P, R,

2msPR,

d
'[e (14 A% Ymygmyg +(2ymys —E myymyg ) PR,

—-2my + (2/1’”14 + ('//mm +my )R’Re)
E(:RﬁPer (l//) + M + Zl/lmlsPrRe
: (1 + )"HA - E.m, bR,

2
2ymsP.R
1+ A7) m 15 re dy)d
[( { N (1+12)’”14_E(-m11PyR3]] vty

’J 2mys PeR,
m, Je (1+)~2)m14m19 +(2ymys —Emyymyy )P, R,
0

d

dy

2
+ My +ymy; +msE” + mé + m Sy

f myE.P.R 0
orm,, = —————,M;; =
. 14 e 15 134)
For solution given by (133), the function } is arbitrary, and
for (134) it is given by

_ (l + 12 }nm - EcmllPrRe

- ZPVRemlS (135)

2P Romisy

In +mq9 |+ mpQ

(l + /12 }VI]A - EcmllPrRe

The constants are all non zero arbitrary

mig,m17,mig,mig,mog,mo1
constants. In (131) and (132) X;(y) is given by

Bt Zay
X1(w) = m12I AT dy g

(136)

The generalized energy function L can easily be determined
in this case in the same manner as in examples 1 and 2.

V. CONCLUSION

Labropulu and Chandna approach is extended to study the
steady plane flows of an incompressible fluid of variable
viscosity for arbitrary state equation. The exact solutions to
flow equations are determined. The solutions involve arbitrary
function(s) indicating that flow equations possess an infinite
set of solutions.

APPENDIX A

Martin’s [2] introduced curvilinear coordinates ¢,  in
which curves = constant are the streamlines and the curves
4 = constant are left arbitrary so that the physical coordinates
can be replaced by ¢,

Martin assumed that

x=x(gy)y=v) (A.1)
define a system of curvilinear coordinates in (,, ,, — plane such
o(x,y)

(A%
non-zero and finite. The first fundamental form of differential
element is defined by

that the Jacobian, J = of the transformation (A.1) is

ds? = E(p.p)dg? + 2F (p.p )dgdy + G(p.p )y (A2)
in which E, F, G are given by
Elpy)=x;+y;
(A.3)
F(¢sl//) ¢ y/+y¢yu/
Apy)=x,+,

Differentiating (A.1) with respect to x and , and solving the
resulting equations for Vsl ybrs by yields

xg =JYy,xy =Py } (A4)
Yo ==IVWx: vy =Jéy
wherein
J=+JEG-F? (A.5)

= i(x¢xl/, - y¢yy,) =W (say)
Let o be the angle between the tangent vector at the point
px,» | see Fig.1] to the coordinate line y = constant and the

tangent

@ = constant i = constant

Psza

o X-axis
Origin
X — axis »
Fig. 1 (@, ) coordinate system
then
Tana = ) (A.6)
¢
Equation (A.4), on utilizing (A.3, A.6), gives
Xy \ECosa,xy, _ FCosa — JSina
JE (A7)
FSina + JCosa
= \E Sina, y, =————F———
The integrability conditions
Yoy = Xy Yoy = Yy (A-8)

for variables X and y, yield
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2 [2] M.H. Martins, “The flow of a viscous fluid,” Rat. Mech.Anal, no. 41,
Oy =— (A.9) pp266-287, 1971. ' ' )
. [3] RK. Naeem, and S.A Ali, “A class of exact solutions to equations
JFIZZ governing the steady plane flows of an incompressible fluid of variable
Q, = viscosity via von-Mises variables, International Journal of Applied
E Mechanics and Engineering, vol .6, no. 2, pp. 395-436, 2001.
[4] F. Labropulu, and O.P. Chandna, “Exact solutions of steady plane MHD
wherein aligned flows using (5, ﬂ)—or (ﬂ,y/)—coordinates,” Int. J. Math. & Math.
, [-FE,+2EF,—EE)]
L
2W
. [EG, - FE, ]
: 2w?
Equation (A.9), on employing” integrability condition for
a(¢, l//) > 0!¢,// = a(//q) y1elds

)
VP UE (A.11)
/4

(A.l()) Sc., vol.20, no.1, pp. 165-186, 1997.

wherein K is called the Gaussian Curvature and (A.11) is
called the Gauss equations. This equation represents a
necessary and sufficient condition that E, F, G, are coefficient
of the first fundamental form in (A.2).

APPENDIX B
g wlata) (B-1)
1
(1+ 2 a2 +a2
g, Vi + 20 - 2a) (B-2)
’ (1+/12Xa,2 +a22)2
___aa B.3)
ﬂ _ 142 (
Y@+ af
5, i -a) (B.4)
(a2 +a2f
1 B.5
B ) (B.5)
5o _alaa) (B.6)
¢ (l+ﬂZXaf+a§)z
_ (e +a,fa, - 2a,) (B.7)
§ (1+/12Xa12+a22)2
4 :7((—1+/12)a5+4/1a,az—(—1+f)a§) (B.8)
) (1+23Xa,2+a22)2
_ Val 20,0, 2a}) (B.9)
’ (1+12Xa,2+a§)2
_ ﬁZ(alz 7a§)+4ﬂ1a1a2 (BIO)
ﬂ]o _ﬁ—
_ 4pa,a, +,6’4(a12 _azz) (Bl 1)
ﬁn _f
B, = ﬂs(azz —af)—4ﬂ7a1a2 (B.12)
12 ﬁs
ﬂlﬂ%_%ﬁm (B.13)
2
ﬂuz(l;j ) (B.14)
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