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Bounds On The Second Stage Spectral Radius Of
Graphs

S.K.Ayyaswamy, S.Balachandran and K.Kannan

Abstract—Let G be a graph of order n. The second stage adjacency
matrix of G is the symmetric 7 x n matrix for which the 7" entry
is 1 if the vertices v; and v; are of distance two; otherwise 0. The
sum of the absolute values of this second stage adjacency matrix is
called the second stage energy of G. In this paper we investigate
a few properties and determine some upper bounds for the largest
eigenvalue.

Keywords—Second stage spectral radius; Irreducible matrix; De-
rived graph.

[. INTRODUCTION

Let G be a connected graph with vertex set V(G) =
{v1, v2, ..., vn }. The second stage adjacency matrix is denoted
by As(G) and the second stage energy by Ea(G). As it is
symmetrical it will be an adjacency matrix for some graph G’
which we call the derived graph of G. If A’ is the maximum
degree of G’ then clearly A’ < A. Trreducibility of the ad-
jacency matrix is related to the property of connectedness[2].
Hence As(G) is irreducible if and only if the derived graph
G’ is connected. Proposition 2.1 guarantees plenty of graphs
for which their derived graphs are connected, for example, the
Peterson graph whose derived graph is a 6-regular graph. In
this paper we consider only those graphs for which A5 (G) is
irreducible.

II. SOME PROPERTIES

The derived graph of any odd cycle Cy,—1 =<
V1, V2, vevy U2 —1 > is the odd cycle Com_1 =<
V1,V3, U5, oy V21, U2, ..y U2y —o  >. This motivates to

enunciate the following proposition:

Proposition 2.1. Let G be a graph having Cs,—1 =<
V1,V2, ..., Vom—1 > as an induced subgraph for some m > 3.
If ))A <n—2and

(ii) for every u € V(G) — V(Cam—1), there exist at least one
v; ¢ N(u), j € {1,2,,...,2m — 1},then the derived graph is
connected.

Proof: As mentioned above the induced subgraph
< V1,02, ..., V2,1 > is connected in G’. Choose any vertex
u#F# v forall i =1,2,...,2m — 1 and let v; be a vertex in
Cam—1 which is not in N (u).

Case 1. N(u) N {1)1,1)2, ~--7U2m71} = ¢
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Let u = ujusg...u, = v; be the shortest path from u to Csayy,—1

of length r.
Case 1.1. r is even, then we have
d(u = uy,us) = d(us,us) = ... = d(up_2,u, = v;) =2 and

so the derived graph has the path uusus...u,—2v;.

Case 1.2. r is odd, then we have uusus...u,—1v;41 1 a path
in the derived graph.

Case 2. N(’LL) n {’01, V2, ey ’Ugmfl} 7é ¢

Choose a vertex vi, € N(u) N {v1,v2,...,v2m—1} such that
vy, 18 nearest to v;. If k = j £ 1, then d(u, v;) = 2. Otherwise
vy is of distance two from u where | = k+1,. ie., d(u,v;) = 2.

Proposition 2.2. Let G be a r-regular graph with order
n such that n = 2r + 1. Then the derived graph G’ of G is
also r-regular.

Proof: Clearly r is even. Choose any vertex v;. Let v; be a
vertex such that vy, € N(v;).

Claim: d(vg,v;) = 2. Otherwise, vy, ¢ N(v;) for all
vj € N(v;). This implies deg(vi) < (2r+1)—(r+2) =r—1,
which is a contradiction since deg(vy) = r.

Remark: Converse of the above proposition is not true. For
example, consider any odd cycle other than Cs. It is 2-regular
and its derived graph being an odd cycle is also 2-regular.
But n # 2r + 1.

Proposition 2.3. The derived graph of circulant graph is
a circulant graph.

Proof: Let G be a circulant graph formed by the set
S C{1,2,..,n}. Theni € S if and only if n — i € S [1].
Consider a vertex v;. Let vy € D(v;). Then there exists
a vertex v; such that v; is adjacent to v; and vg. Then
by the definition of circulant graph, v,_, is also adjacent
to v; and S0 vp— € D(v;). Thus, G’ is formed by a set
S" C{1,2,...,n} such that k € S’ if and only if n — k € S’
and hence G’ is also circulant.

Proposition 2.4. Given any positive integer n of the
form p” where p is a prime number and r is a positive integer,
there exists a graph G for which the second stage energy is
2(p—1p" 1.
Proof: Let G be the complement of the circulant graph H
formed by the set S = {a1,aq,...,ar} where a;’s are all
numbers less than n and prime to n. Then the derived graph
of G is the circulant graph H whose energy is 2(p — 1)p" !
[1]. Hence F»(G) = BE(H) =2(p—1)p" ! .

Theorem 2.5. Let D(v;) = {v; : d(v;,v;) = 2}. Then for
each fixed
) = 1,2,.. ‘D(’UZ)| = Sl — Sz, where

- 1,
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Sl = Zvj adjtov;andv;nonpendent |N(UJ)| -
Z’L}j adjtov;andv;nonpendent N[vl} n N(”])' and
H = kaeD(m (Il — 1), where I is the number of
vertices which are adjacent to both v; and vy.
Proof: If we take any vertex v; adjacent to v;, then all
members of N(v;) need not be in D(v;); because some
neighbours of v; may be neighbours of v; and so v; can
contribute only | N (v;)|—|N[v;]N N (v;)| number of members
to D(v;). Similarly for all other neighbours of v;. Therefore,
the total number of members contributed by the neighbours
of v; is
Z’U]‘ adjtov;andvjnonpendent {|N(U])‘ - |N[’U1] N N(Uj)‘}’
which can also be written as

Sl = Zvj adjtoviandvjnonpendent

Zvjadjtoviandv_,nonpendent N[U'L n N(Uﬁ)l
Among these S; members, some may appear more than

once. For example, a member v;, of D(v;) may have
neighbours vy, v2, ..., v, which all are in turn neighbours of
v; also. Thus, vy is repeated say [; times in S7. But it should
be taken only once. Thus we get the required result.

IN(v) =

Corollary 2.6. If the second stage adjacency matrix is
irreducible, then

|D(v;)| < 2m — 2d; — 6 + €, where ep, is the number of
pendent vertices adjacent to v;

Proof: We observe that v; is included as many times as
d; —€p,

in Zvjadjtoviandenonpe7Lde7Lt ‘N[Ul] N N(UJ)‘

Hence Zvj adjtov;andv;nonpendent |N[U7«] N N(Uj)l >d;— €F;-
Therefore
D(Uz)gslg Z ‘N(Uj)|*di+€pi
vjadjtoviandvjnonpendent
)

Since the second stage adjacency matrix is irreducible, for
each vertex wv;, there is atleast one vertex vy which is non
adjacent to v;. Therefore

> IN (v

vjadjtoviandvjnonpendent

Combining (1) and (2), we get D(v;) < 2m—2d; —d+€p,.

N<2m—di -5 (2

III. BOUNDS FOR THE LARGEST EIGENVALUE

Theorem 3.1. Let G be a graph with minimum degree § > 1
and maximum degree A, then
p(G) < V2A(m+n—-0-1)—4m+8(2—6)+ A4,
where A = ep(2A + 6+ 1) and €p is the number of pendent
vertices of G.
Proof:
Proof: Let D(?)l) {Uj : d(vi,vj) = 2} Let Dl(Ui) =
{v; : d(vi,v;) # 2} and let D{(v;) = Di(vi) — {v;}. Let
r = (21,72,...,2,)7 be the unit eigenvector corresponding
to p(G). Then p(G)z; = >°7_, aijx;. By Cauchy- Schwarz
inequality,
P = (S0 ayj(agge))
< Z'—l zg j=1 (aijxj)Z
< (2m (2di + 30— €r)) X jep(uy) T3» by using
corollary 2.6.

Hence
p(G)? =30 p(G)*x}
<Yy (2m—(2di+ 6 —ep)) ZjeD(vi) %2
=2y 2m—(2di +0—€r))(1 — YXjep,w 7
= Z?:l (2m—(2d;+6—ep,)) — Z?:l (2m — (2d; +

5=t )Y jepi i

:2mn—4m—n5+eF—Z (2m—(2d;+0—e€p,)) Z xf
i=1 JED1(vi)

In (3), we estimate,
€r)) Xjeny ) T

:—iQm Z

J€D1(v;)

_Z:'L:I (2m — (2d; + 6 —

m+2(2d +0—e€p,) Z

JED1(vi)

2 (@)

Now, consider

Z:L 1(2d +6— GF)ZJEDl('Ui)

=i i+ —ep)Ti+ 300 1(2d T0—€r) e (v) a?
= oy 2diat + Zz , 0xf S €T+
P n2d ZJGD'(U) z +Z 6ZjED’1(vi) x?

_Z =1€F; ZJGD’(UI) j

< Z’L 12d‘7; +5Z’L 1.%' +Zz 12d2j€D'(v .%'54‘
szlézjeD’l(vi) .%'

< 2 diw} + 6+ 2AZ?=IZj€D’1(v1) xgz +
03 i ZjeD’l(vz)

03 (n— (d; H

- €Fi) - 1)'%'1'
=230 digf +0+2A 30 (n—di—1)af+2A 37 | ep,a}
+9 Z?=1(” —d; — 1)95? + 52?:1 er‘xzz

eFi) - 1)‘Tz2 +

<230 dia? 40424 (n—di—
+03 (0 —di = 1)a} + dep

=230 dix? +5+2A% " ((n
§3 0 (n—d; — 1)a? + dep

Da?+2Aep y i x?

—d; — 1)z? + 20er +

= AQYL dix} + 230, (n — di — 1)zf) — (2A —
2) Z?:l dsz + 0+ 2Aer
+0( i diwd + 300, (n

—d; —1)x?) =831 dix? + dep

= A@2n — 2) — 2A — 2)Y0"  dix? + 6 + 2Aep +
5(% — 1) — 52?:1 dil‘g + dep

<2A(n—1)=2(A=1)d4+0+2Acp+d(n—1) — 56 + dep
=2A(n—1)—25(A—1)+5+36(n—1)— 6%+ 2Aep + dep
=2An—1)+6(-2(A—1)+ 1+ (n—1)—0) +€er(2A+9)

=2A(n—1)+dn—-2(A-1)=¥8)+er(2A+35) (5

In a similar fashion, we have — """ | 2m Zje D1 (01) 3
= _Zz 1 me _Z? 1 ZmZJED’(UI)
=—2m—2m Zz 1 Z]GD' (vs)
=—=2m-2mY." (n—(d; —eF) —1)a?
==2m-2mY " (n—di—1)a? —2m > " | epa?
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—2m—=2my."  (n—d; — 1)a?
—2m—2m Yy " nxi+2md . dix? +2mYy | a?
—2m —2mn+2m > . d;z? +2m

[l IA

< —=2mn + 2mA (6)
From (3),(4),(5),(6), we get,
p(G)? < (2mn —4m —nd +er) + (2A(n — 1) +6(n — 2
(A—=1)=96) 4+ er(2A+9)) — 2mn + 2mA
=—4dm-—-nd+ep+2An—1)+d(n—2(A—-1)—90) +
= —4dm+ep+2A(n—1)—6(2(A—1)+08)+er(2A+8)+2mA
= —4dm+2mA+2A(n—1)—06(2(A—1)+0) +er(2A+5+1)

= —4m+2mA+2nA —2A—20A+25— 6% +ep(2A+65+1)
=—dm+2A(m+n—06—-1)+ (26 —6*) +er(2A+ 5+ 1)

Hence
p(G) < V2A(m+n—30—1)—4m+6(2—6) + A, where
A=er(2A+d5+1). [ |

Let B be an n x n matrix and let S;(B) denote the ith
row sum of B, ie., S;(B) = 2?21 B;j, where 1 <i<m .

Lemma 3.2. Let G be a connected n-vertex graph and
As its second stage adjacency matrix, with spectral radius p.
Let P be any polynomial. If A is irreducible, then,
minyev (c)Sv(P(A2)) < P(p) < maz,ev (c)Ss(P(Az2))
Moreover, if the row sums of P(As) are not all equal then
both inequalities are strict.
Proof: Since A, is irreducible, the proof is just analogous
to that of Lemma 2.2 in [4].

Lemma 3.3. For each fixed i=1,2, . . . n,
Sy, (A3) = |D(vi)| +
2izj 2o | {ve s d(vk,vi) =2 and d(vg,v;) = 2}
Proof: ij'h entry in b;; in A3 = >0 | ajrak,
Case 1. Let i = j, then b; = >, _; aikan

= [D(vi)| (N

Case 2. Let ¢ # j, a;zar; = 1 if and only if a;; = 1 and
Qi = 1
a;par; = 1 if and only if d(vk,v;) = 2 and d(vg,v;) = 2.
Therefore

bij =Y [{o : d(vk, v:) = 2 and d(vg,v;) =2} (8)
k

Sy (A3) = bis + 3,4, bi
= |D(v;)| + B where
= Yo S How s dloev) =2 and d(vi, ;) =2},

using (7) and (8).

Let G be a simple graph with n vertices and m edges. Let
0 = §(G) be the minimum degree of vertices of G and p(G)
be the spectral be the spectral radius of the adjacency matrix
A of G. Then in [6] it is proved that,
p(G) < (0 —14 /(6 +1)2+4(2m —dn))/2.
Corresponding to the above result, we have the following
theorem for the second stage matrix.

Theorem 3.4. Let G be a simple graph with n vertices
and m edges. Let A = A(G) be maximum degree
of vertices of G and p(G) be the spectral radius of
the second stage adjacency matrix A of G. Then

p(G) < (1 + /4(n—1)A)/2. Proof: Since S,,(A43) =
|1 D(wi)| + Z#J 2o [How : d(vk» vi) = 2andd(vg, vj) = 2} \

S$u(43) T = S (4)
Dizg 2 | {vk t d(vg, vi) = 2andd(vk,vj) =2}
< (n — 1)A. As this holds for every

vertex v € V(G). Lemma 3.2 implies that p(G)? — p(G) <
(n—1) A Solvmg the quadratic inequality, we obtain p(G) <
(1+ \/ (n—1)A)/2.

For a non regular graph, many upper bounds for
the largest eigenvalue of adjacency matrix are found. One
such upper bound is
A1 < A — (1/2n(nA — 1)A? [5]. In the following theorem
we find a similar upper bound for our second stage concept.

Theorem 3.5. If G is connected and not regular, then
A1 <A — (1/4A%n(2m — 36 + €r)).
Proof: Let x be a positive unit eigenvector of Ay(G)
corresponding to A;. We have that A} = A\ ||z
=M\ Zv (2% 12
- 2z:d(uI vj)= Q‘TZ‘TJ
Since the maximum degree of G is A and G is not regular,
we have
A=Al > ¥, ey |Difa?
Thus, A — A\ > ZU cv | Dilx? QZd(vz v;)=2 i
- ZU»LEV ZUJED(m) ‘T -2 Zd(vl v;)=2 Lilj
= Zd(v,;,vj)72( 2x2x1)
= d(vi,vj):2(xi - ‘Tj)Q
From Cauchy-schwarz inequality and |D(v;)] < 2m —
2d; — 6 + €, it follows that Zd(v wopy=a(Ti — 25)? =
(/1D (v, y)=2 |7: = 241)?
> (1/2m — 2d; — o0 +

€F) (X d(os,0;)=2 1% — 51)°
> (12m - 35 +
€r) (X (o, v,)=2 17i — 25])?

Let u and v be the vertices of derived graph G such
that x, = max,,cve; and x, = min,,cyx; and let v =
wowi...w, = v be a path between u and v in the derived
graph G. Then

Z{viﬂ)j}GE |xl IJ| 2 Zl 0 Twy = Lwyyy
2 Zl:o (le - C5wz+1)
= Lwy — Ly,
=T, — Typ.

We have A—)\; > (1/2m—38+ep)(zy, —2,)?. It remains to
estimate 2, — . Since ), oy, 27 = 1, we have z,, > 1/\/n
and x, < 1/y/n . There are three cases to consider.

Case la: x, > 1/y/n + c. Then 2, < 1/y/n and A — \; >
(2/2m — 5+ €F)

Case Ib: 2, < 1/4/n — c. Then z,, > 1/4/n and again A —
A > (2)2m—0+ep) Case Il : 1/y/n—c <z < 1y <
1/v/n+ c. Then z; € (1/\/n — ¢,1/\/n + ¢). Then z; €
(1/y/n—ec,1/y/n+c) holds for each v; € V, and by choosing
s € V' with dy < A’ — 1, which is regular, we get

Al(l/\/ﬁ — C) < MTs
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= Spenem # < (8 = )(1/yi + )
where A’ = maxzD(v;), ¢ = 1,2,...,n and E’ is the edge
set of G’ which implies,
A < (A" =1)(1+ey/n/1—cy/n). In order for the expression
on the RHS to be useful, it must be less than A’, which is
satisfied for ¢ < 1/(2A" —1)y/n). Put ¢ = 1/2A’\/n in cases
Ia and Ib, we get,
A— )X >1/(2m— 36+ ep)4(A)?n
A< A-— (1/(2m — 35+ GF)4(A/)2TL)
While in Ay < (A" = 1)(1+/n/2A"/n/1 —/n/2A"\/n)
< (A"=1)(2A"+1/2A" - 1)
= (2A% + A’ —2A" —1/2A" — 1)
= A — (1/20" — 1)
This implies A\ < A" — (1/2A" — 1)
< A—(1/4(A)2(2m — 36 +€F))
<A —(1/4(A)*n(2m — 36 + €r))
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