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Abstract—In this paper we discuss the various properties of the
space s2. The sequences are taken with terms in a commutative
Banach algebra X with identity e and we have obtained the following
results. s2 is a non separable Banach space which is solid and has
monotone norm.
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I. s2 SPACE

Definition:- Let X be a commutative Banach algebra with
identity e. s2 is the set of all sequences (xk) with xk ∈ X

and ‖xk‖
2k ≤ M∀k where M > 0 is a constant. Let‖.‖ be the

norm in X. The norm of the sequence is |‖.‖|.

II. PROPERTIES OF s2 SPACE

Proposition (1)
s2 ⊂ l∞
where l∞ = {all bounded sequences (xk)with xk ∈ X∀k} .
Proof
We have l∞ = {x : ‖xk‖ ≤ M} .

But
‖xk‖
2k

≤ ‖xk‖ ≤ M∀k

and s2 =

{
(xk) : sup

(k)

‖xk‖
2k

< ∞
}

.

Hence s2 ⊂ l∞.

Theorem 1
s2 is a normed space.

Proof

Put |‖x|‖ = sup
(k)

‖xk‖
2k

.

We have
‖xk‖
2k

≥ 0 ⇒ |‖x‖| ≥ 0 (1)

‖xk‖
2k

= 0 ⇔ |‖x‖| = 0

Hence |‖x‖| = 0 ⇔ x = 0 (2)

|‖αx‖| = sup
(k)

‖αxk‖
2k

= |α| sup
(k)

‖xk‖
2k

= |α| |‖x‖|where α is a scalar (3)
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|‖x + y‖| = sup
(k)

{‖xk + yk‖
2k

}

≤ sup
(k)

‖xk‖ + ‖yk‖
2k

= |‖x‖| + |‖y‖| (4)

Thus |‖x + y‖| ≤ |‖x‖| + |‖y‖| .
F rom (1) , (2) , (3) and (4) , |‖x‖| is the norm of x.

⇒ s2 is a normed space.

Theorem 2
s2 is a Banach space.

Proof
Let

{
x(n)

}∞
n=1

be a Cauchy sequence in s2 where

x(n) =
(
x

(n)
1 , x

(n)
2 , ...

)
∀n.

In other words,

x(1) =
(
x

(1)
1 , x

(1)
2 , ...

)
x(2) =

(
x

(2)
1 , x

(2)
2 , ...

)
. . . . . . . . . .

. . . . . . . . . .

⇒
∣∣∣∥∥∥x(n) − x(m)

∥∥∥∣∣∣ ≤ ε∀n, m ≥ n0.

⇒

∥∥∥x
(n)
k − x

(m)
k

∥∥∥
2k

< ε∀n, m ≥ n0.

⇒
∥∥∥x

(n)
k − x

(m)
k

∥∥∥ ≤ ε2k∀n, m ≥ n0.

⇒
{

x
(n)
k

}∞

n=1
is a Cauchy sequence in X.

But X is complete.
Hence x

(n)
k → xk as n → ∞.

Take x =
{xk

2k

}
. Then x ∈ s2 and x(n) → x in s2.

Therefore s2 is complete.

Theorem 3
s2 is not seperable.

Proof
Let D be any dense subset of l∞.
Let A be the set of all these sequences whose terms are 0 or 1.
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Then A is an uncountable subset of l∞.
Define a surjection f : A → D by

f (x) = zx∀x = (x1, x2, ..., xn, ...) ∈ A with

|‖x − zx‖| <
1
2

(5)

Let x, y ∈ A with x �= y.

But then |‖x − y‖| = sup
(k)

∥∥∥xk

2k
− xk

2k

∥∥∥ = 1 (6)

Now |‖x − y‖| ≤ |‖x − zx‖| + |‖zx − y‖|

and so |‖y − zx‖| ≥ |‖x − y‖| − |‖x − zx‖| ≥ 1 − 1
2

=
1
2
.

But f (y) = zy with |‖y − zy‖| <
1
2
.

Hence zx �= zy or equivalently, f (x) �= f (y) .

Thus, f is a bijection.

Since A is uncountable it follows that

f (A) = D is uncountable.

Consequently, s2 cannot be separable.

Theorem 4
s2 is solid.

Proof

s2 =
{

(xk) :
‖xk‖
2k

≤ Mfor some M > 0
}

.

Suppose that (xk) ∈ s2.

Let ‖uk‖ ≤ ‖xk‖ ∀k (7)

Hence
‖uk‖
2k

≤ ‖xk‖
2k

∀k (8)

But (xk) ∈ s2.

⇒ ‖xk‖
2k

≤ Mfor some M > 0 (9)

From (8) and (9) we get

‖uk‖
2k

≤ ‖xk‖
2k

≤ M.

⇒ ‖uk‖
2k

≤ M

⇒ (uk) ∈ s2

Therefore s2 is solid.

Theorem 5

sα
2 = sβ

2 = sγ
2 = T2 where T2 =

{
(yk) :

∞∑
k=1

2k ‖yk‖ < ∞
}

.

Proof

Since s2 is solid, α, β, γ − duals are equal.

We shall show that sβ
2 = T2.

Let y = (yk) ∈ T2.

Then

∥∥∥∥∥
∞∑

k=1

xkyk

∥∥∥∥∥ ≤
∞∑

k=1

‖xk‖ ‖yk‖

=
∞∑

k=1

‖xk‖
2k

2k ‖yk‖

≤ |‖x‖|
∞∑

k=1

2k ‖yk‖

because |‖x‖| = sup
(k)

‖xk‖
2k

.

Hence y ∈ sβ
2 .

Therefore T2 ⊂ sβ
2 . Similarly sβ

2 ⊂ T2.

Therefore β − dual of s2 is T2.

Thus sα
2 = sβ

2 = sγ
2 = T2.

Theorem 6
s2 has monotone norm.

Proof
Let m > n. Consider the sequence

x[n] = (x1, x2, ...xn, 0, 0, ...) .

But then x[m] = (x1, x2, ...xn, ..., xm, 0, 0, ...) .

Hence
∣∣∣∥∥∥x[n]

∥∥∥∣∣∣ = sup
{‖x1‖

2
,
‖x2‖
22

, ...,
‖xn‖
2n

, 0, 0, ...

}

∣∣∣∥∥∥x[m]
∥∥∥∣∣∣ = sup

{‖x1‖
2

,
‖x2‖
22

, ...,
‖xn‖
2n

, ...,
‖xm‖
2m

, 0, 0, ...

}
Obviously, for m > n, we have∣∣∣∥∥∥x[m]

∥∥∥∣∣∣ ≥ ∣∣∣∥∥∥x[n]
∥∥∥∣∣∣ (10)

Also lim
n→∞

∣∣∣∥∥∥x[n]
∥∥∥∣∣∣ = |‖x‖|

⇒ inf
(n)

∣∣∣∥∥∥x[n]
∥∥∥∣∣∣ = |‖x‖| (11)

From (10) and (11) , s2 has monotone norm.

Definition

c02 =
{

(xk) ∈ s2 :
‖xk‖
2k

→ 0 as k → ∞
}

Theorem 7
c02 has AK property.

Proof
Let x = (xk) ∈ c02.

Then x[n] = (x1, x2, ...xn, 0, 0, ...) .

⇒ x − x[n] = (xn+1, xn+2, ...) .

⇒
∣∣∣∥∥∥x − x[n]

∥∥∥∣∣∣ = sup
k>n

‖xk‖
2k

→ 0 as k → ∞, because (xk) ∈ c02.

Hence c02 has AK property.
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III. CONCLUSION

Thus we have proved s2 as a non separable Banach space
which is solid and has monotone norm.
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