International Journal of Computational and Mathematical Sciences 4:5 2010

Vector Sequence Space 55

K.Chandrasekhara Rao and K.Balasubramanian

Abstract—In this paper we discuss the various properties of the
space s2. The sequences are taken with terms in a commutative
Banach algebra X with identity e and we have obtained the following
results. s2 is a non separable Banach space which is solid and has
monotone norm.
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I. sy SPACE
Definition:- Let X be a commutative Banach algebra with
identity e s is the set of al sequences (xj) with x;, € X
and ”’2”—’;” < MVk where M > 0 is a constant. Let|.|| be the
norm in X. The norm of the sequence is |||.|||.

Il. PROPERTIES OF s3 SPACE

Proposition (1)
So C loo

where loo = {all bounded sequences (xy)with xy, € XVk}.

Proof
We have loo = {x: ||zk|| < M}.

leell s < MVE

and sy = (wk):supw<oo .
] 2

Hence s C l.

Theorem 1
2 1s a normed space.
Proof
£
Put |[|z|]| = sup
w 2
We have M>O:>|||x|||>0 (1)
ok = =
|
oF =0 |[|z[|=0
Hencel||z||| =0 2=0 (2
] = sup 1L g g, 1220
W 2 ) 2
= |a||||z||| where « is a scalar (3
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o+ ol = sup { 122201
(k) 2
o] + e
<oup LTI = g

Thus [z +yll[ < [ll=[I] + [lly]l-
From (1), (2), (3) and (4), |||z||| is the norm of x.

= s9 1S a normed space.

Theorem 2
S is a Banach space.

Proof
Let {x(")}iozl be a Cauchy sequence in sy where

2™ = (zgw, xé”), ) vn.
In other words,

M = (xgl), :cél)7 )

z® = (x?), xéz), )

= ’H:L'(”) — x(m)m < eVn,m > ng.

| = ]

= ok

< eVn,m > nyg.

= Hx,(cn) — x,gm) < eZkVn, m > ny.

- {0}

But X is complete.
Hence m,&n) — X as N — 0.

Take ©x = {%}

. Then x € sy and (™ — x in s,.

is a Cauchy sequence in X.

Therefore so is complete.

Theorem 3
$o 18 not seperable.

Proof
Let D be any dense subset of lo.
Let A be the set of all these sequences whose terms are 0 or 1.

256



International Journal of Computational and Mathematical Sciences 4:5 2010

Then A is an uncountable subset of .
Define a surjection f: A— D by

f(z) = 2,V = (21,22, ..., Ty, ...) € A with
e — 2l < 5

Let x,y € A with x # y.
T €T

k
But then |||z — y]|| ZS(‘;?HQ? - 27H =1

Now |l =yl <z = 2/l + 122 — ylll
1

1
and so |lly = zolll 2 lllz = ylll = fllz - 2| 21 - 5 = 5

But f () = = with [y = 2] < 5.
Hence zy # 2y or equivalently, f(z) # f(y).
Thus, f is a bijection.
Since A is uncountable it follows that
f (A) = D is uncountable.

Consequently, se cannot be separable.

Theorem 4
S9 15 solid.

Proof
52:{($k)1||z:”<MforsomeM>0},
Suppose that (xy) € sa.
Let |lukl < [zl VE
I  boel,
But (zy) € 2.

Hence

”;C—:”SMforsomeM>O

From (8) and (9) we get

[l | [l
2k = 2k s M.

[
7o =M
= (ug) € s2
Therefore so is solid.

Theorem 5

o]
s§ = s = 5] = Ty where Ty = {(yk) : ZQk llyell < oo} .
k=1

Proof
Since sy is solid, o, 3,y — duals are equal.
We shall show that s = Ts.
Let y = (yx) € T».

(6)

oo

Z TEYk

k=1

Then

oo
< Z el llyxl
k=1

o Jlzll

©) = > e

k=1

o]
< [llll Y 2" lyxll
k=1

]|

because |||x||| = sup ——.
) 2

Hence y € sg.

Therefore Ty C sg Similarly sg C Ts.
Therefore B — dual of so is Ts.
Thus s§ = s = 53 = Th.

Theorem 6
so has monotone norm.

Proof
Let m > n. Consider the sequence

.%'[n] — (961,952, ....%'n,o,oa ) .

But then zI™ = (T1,%2y - Tny eeey Tim, 0,0, ...)

lasll Jlaall  flaal
= 0,0,...
‘ Sup{ 2 ) 22 ) ) 27'L ) ) )

[zl llzall  [lzall  lzml
H’x[m]mzsup{ 5 g2 7 gm 7 gm ,0,0, ...

Obviously, for m > n, we have

® == {11 )

Hence ’Hz[n]

()

| = Il

Also lim ‘ Hx["’]

©
| =l (1)

= inf ‘Hx[”]
(n)
From (10) and (11), se has monotone norm.
Definition
002:{(95;?)652:”;:”—>Oask—>oo}

Theorem 7
co2 has AK property.

Proof
Let © = (xx) € coz.

Then zI™ = (21,24, ...20,,0,0,...) .

=z -z = (Tnt1, Tnta, --.) -

24

= ‘Hx — g
k>n 2k

Hence co2 has AK property.
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I1l. CONCLUSION

Thus we have proved s, as a non separable Banach space
which is solid and has monotone norm.
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