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Some New Subclasses of Nonsingular H-matrices

Guangbin Wang™, Liangliang Li, and Fuping Tan

Abstract—In this paper, we obtain some new subclasses of non-
singular H-matrices by using « diagonally dominant matrix.

Keywords—H-matrix, diagonal dominance, « diagonally dominant
matrix.

I. INTRODUCTION
I ET A= (aij)an e C™" M (A) = (mij), where

_ f auli=g, . _
mg; = { Cag i # . i=12,..,n.
Then we call M (A) is the comparison matrix of A. Suppose
A is an n by n matrix over the field of real numbers. If A
can be expressed in the foorm A = ol — B where B is a
nonnegative matrix and o > p(B) the spectral radius of B,
then A is called a nonsingular M-matrix. This class of matrices
has been much studied [,

If M (A) is nonsingular M-matrix, then A is called a
nonsingular H-matrix. If

|a“| > Z |aij|7 = 1,27' s, M,
J#i
then we say A is strictly diagonally dominant. If there exist
positive number x1, o, - - - &, such that

aci|aii|>z:tj|aij|,i=l,2,---,n s
i

then we say A is generalized strictly diagonally dominant[?!.

A matrix A be a nonsingular H-matrix is equivalent to that
A be a generalized strictly diagonally dominant matrix [,

H-matrices have important applications, for instance, in
iterative methods of numerical analysis, in the analysis of
dynamical systems, in economics, and in mathematical pro-
gramming. But how to determine whether an n by n complex
matrix is a nonsingular H-matrix is not easy in practice. In
this paper, we will give some new subclasses of nonsingular
H-matrices.

II. MAIN RESULTS

We will use the following notations:

Ri (A) = > lail, Si(A) =3 |ajil,
J# j#i
ie(n)y:={1,2,---,n},
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IGT |ai;| # le_[ Ri(4)
or II lai| # II Ci(4) [’

i€V i€V

I(A)=veS)

%:{Z E<n>| \a,-j\ >C¥RZ(A)+(1—Q)51(A)},
N =< n > \Ng,

Bo={ic<n>|aR; (A)+ (1 —a)S;(4) >0}.

Definition 4 Let A = (a;;) € C™ ™. If there exists a €
[0,1], |ai;| > aR; + (1 — @)S;(i € N) holds, then we call A
is « diagonally dominant and denote A € Dy(«). If all the
inequations are strict, we denote A € D(a).

Lemma 11 Let A = (a;;) € C™*™. If A € D(a), then A
is a nonsingular H-matrix.

Lemma 24 Let A = (a;;) € C™™. If for a € [0,1],
laiil > aR; + (1 — a)S; holds, and for ¢ which satisfies
|ai;] = aR; +(1—)S; there exists a non-zero elements chain
iy s Qigigs - -y Qi j ?ﬁ 0 such that j € J = {j €N | |a“| >
aR; + (1 — «)S;} # @, then A is a nonsingular H-matrix.

Theorem 1. Let A = (ay4),,,.,, € C™*", for a € [0,1], if

e l-a ) o
|aii| > ;Z |agj|z; + — Z lagily;, i € NT (1)
b Vi G

laii| = 2 ( > laijla; + X2 az’j|>
: JENG i

JENY

11—«
+
Yi

S ajilyi+ D lagl | ieNg @

jeNe FENG,j£i
where 0 < z; < 1, 0 < y; <1 4 € (n). Then A is a

nonsingular H-matrix.
Proof: Let

Tiyi |asi| — yia Y lag| w5 — (L — ) 3 lagi| y;vi
J#i j £

b = s . 3)
yior Y- laigl g + (L —a) X lajil yz
J#i J#i

1€ NT.
From (1) we know that 0 < b; < +o0. Let

;_ |aij| 2, Z lajil y;
¢ =bT e L fi=b e @)
S el T Y agil

jENg JENG
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when Y |a;;| =0, > |aj| =0, we denote ¢; = oo, f; =
jENg jENg
o0, according to the hypothesis of this paper, we have ¢; >
0, fi >0.
We denote

There must exits a small enough positive number &, such

that

0 min< min {¢; min {f;
<e<min{min (e}, min (7).

min {1 —y;}

min {1 —x;
{ xZ}’ieNg\Ng

ieNg\Ng
We choose positive diagonal matrix

D = diag (dy,ds, -, dy)

and
E= diag(€17€2, e 7en)7
where
T; 1€ N? Yi 1€ NY
x;+e 1€ NF\NY yi+e i€ NF\NJ

In the follows, we just need to prove that B = (b;;) = EAD
is a strictly « diagonally dominant matrix.
For Vi € N{, according to (3) we have

) laizy;

laij| iy = (1 + b;) (
J#i

+(L—a) Y lajily;a Q)
i
There will be four cases:
Case one: > |a;j| = Y laj;| = 0, according to(1)we
JENS jENg
have:
bii = yi |aii| v > yiaz laijlz; + (1 — ) Z |ajil y; - @
J#i J#i
=a Y |byl+@—a) Y [bsl
jENS JENg
=aR;(B) +(1—-a)S;(B).
Case two: > |a;;| = 0, > |aj;| # O, in this case,
JENS jENg

la;;] = 0 for any j € Ng. according to (4) we have:

e< fiee Z laji| < bi2|aji|yj

jeNg i
&1+ bz’)z |ajily; > Z lajily; +e Z |ajil.  (6)
J#i i jeNg

With (5), (6) and the hypothesis of the paper, we have:

bii = yi |aii| © = yia (1 + b;) %é: lai;| 2
j#i
+(1-a)1+b) %; |ajil y;vi
JF

Sy Y
jeEN?
JF

|aij| z;

+@L—a) | Y lajilyj+e > lagl |

i JENg
> Y Z |a7;j|xj + x; (1—@) X
JE€NT
JF

lagilyj + D lagly; + Y lagl (y; +e)

>

j c Nf‘ jENg jeNg\N‘;
JFi
=aR;(B)+(1-a)S:(B).
Case three: . |a;;| # 0, |aj;] = 0. As the same
jENg jENg

proof of case tWo, we can obtain
|bii| > Ri (B)* C; (B)' ™.
> laii| #0, > |aji| # 0 according to (4)
jENg

jENg

Case four:

we have:

e<ciee Y lagl <bi Y laijlr

JENZ J#i
< (1+b) Z laijlz; > Z la;jlz; + ¢ Z lag;]-
J#i J#i JENg
From the above inequation and the inequation (6), we have
bii = yilaiil v = o (1 +b;) yi Z;é: |ai;| z;
+«1—ax1+éﬂa§y%4w
i

> |aij|>
jENS

+A -z | X lajly;+e D |ajil
7 JENS

>y | D lailx; +e
i )

laggla; + > (w;+e)|ay]

JENZ\NgZ

>

JENg | JNe

> oy,
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+z; (1 - o) Yo laglyi+ Yo i+ o) lag

jeng Ung JEN3\Ng >@it)a| Y lagle;+ Y ay
JENY j c Ng
JFI

=aR;(B)+(1—-a)5i(B).

For any 7 € Ng, from the choice of ¢ and the positive
diagonal matrices D and E, we know that 0 < d;,e; < 1, for

amy i €Ng. +(@=a) [ D lauly+ D il
Case one: 7 € N3 NNy jeNe jeNg
JFi

[bii| = |ai| > a |ag;| z; + |as|
Z Z > (i te)a Z lag;|zj + Z |aij| (z; +¢€) + Z |aij|

jENY . a
! j ;?‘2 JENY JENg\Ng jENS
A=) | D laply+ D el @i+ + Y Jagil
jENe j € NSANG jENZ
A=) | D laglyi+ D0 il ' iri !
JENY ] c N%
I EX =aR;(B)+(1-a)5:(B).
Case three: ¢ ¢ N2 i € N;, as the same proof of case two,
we can obtain
Sal Y agla+ D ayl Case four: 1 & N*.i ¢ N from (2) we I
jeimNe jene ase four: i ¢ Ng, 4 ¢ Ny, from (2) we have
xT
JFi (yi * €) |aii| (z; +€)

+@-a) | Y laplyi+ Yo lagil >@i+e)a| Y lagloj+ 3 oyl

j€(n)\Ng jeNe JENT j€Ng
EXA JFi
= aR, (B) + (1 — ) S; (B).
Case two: i € N3, i ¢ N, if a # 1, from (2) we have +(1-a) Z laji| y; + Z laji| | (z; +¢)
JENY _]E Ng
(i +¢€) |aiil j#i
Since
zWite)a| X laijlz+ X ay]
jeNt j€Ng
J#i ) ite)a| > lajle;+ > lagl [ > aRi(B),
’ JENT j € Ng
JF
+@A=a)| X lauly;+ X il
JENT jeNg
JFi
H A=a) [ D ajily;+ D lagl | @i+e)
ence jene jeng

JF

|bis| = (i + €) |aii]
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>(1-a)S;(B),
we have

|bii| = (yi + €) |a| (x; + €)

zWite)a| X lagla;+ 3 ayl
JeNy j€Ng

JFi

+@=a) | D lalyy+ Y lagil | (@i+e) (2]
JENT j €Ng (3]

JFi

> aR;(B)+ (1 —a)S;(B).

We see that for any ¢ € (n), we have |b;| > aR; (B) +
(1 — @) S; (B). According to Lemma 1, we know that matrix
B is a nonsingular H-matrix, so matrix A is a nonsingular
H-matrix.

Let A = (asj),,,, € C™*", 0 < x4, y; <1, i € (n) satisfy
the equation (2), we denote

. o l1-«a
K, = z€<n>||aii\>;Z|aij|xj+72|aji|yj
J#i J#i
Theorem 2 Let A = (ay5),,,,, € C™*", for a € [0,1], if
O0<uxz; <1, 0<y; <1, i € (n) satisfy the inequations (2)
and

jasi] > " fags| a2 + ia N Jajily, i€NG®)
R Vi

and K, # 0 , for any ig € (< n > \K,), there exists
a nonzero elements chain a;y;, iy iy - - - G4y, _,i, 7 0 such that
ix € K,, then A is a nonsingular H-matrix.

Proof: we structure two positive diagonal matrices: D =
diag (z1,22, -+, 2,) and E = diag (y1,y2, - ,yn), and
notes B = (b;;) = EAD. So for any i €< n >, we have

biil > aR; (B) + (1 — a) S; (B).
Obviously, K, can be note
K, = {Z e<n> ‘ |b“| > aR; (B) + (1 — Oé)Sl (B)},

for any ig € K,, we have b;,;,bi,i, - - bi,_,4, 7 0 such that
i, € K, . So according to Lemma 2, we know that matrix
B is a nonsingular H-matrix, so matrix A is a nonsingular
H-matrix.

From Theorem 2, we can get the following corollary.

Corollary Let A = (ay),,,,, € C™*" be irreducible, for
a€(0,1),if0<z <1, 0<y; <1, i€ (n) satisfy the
inequations (2) and (8), 7# (), where

275

7= { €S| N wilal i % 1 A ()

S 1€V

Ri(A) =y > laijley, Ci(A) =z lajily;,
i i

then A is a nonsingular H-matrix.
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