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Mean square stability of impulsive stochastic delay
differential equations with markovian switching and
pOISSON jumps

Dezhi Liu

Abstract—In the paper, based on stochastic analysis theory and
Lyapunov functional method, we discuss the mean square stability
of impulsive stochastic delay differential equations with markovian
switching and poisson jumps, and the sufficient conditions of mean
square stability have been obtained. One example illustrates the main
results. Furthermore, some well-known results are improved and
generalized in the remarks.
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I. INTRODUCTION

ANY evolution processes which are changed at cer-

tain moments are always affected by impulsive, such
as, medicine, economics, biology, mechanics and so on. In
recent years, the stability and other properties of impulsive
differential equations have been investigated and many criteria
of stability for these systems have been obtained [see[1]-[4]].
Stochastic effects are often taken into account, which is very
necessary for good results, and some results of stability for
impulsive stochastic delay differential equations (SDDE) have
been gotten [see[10]-[13]]. However, the results of impulsive
SDDE with jumps are very few, so the investigation is very
necessary and valuable.

To the best of author’s knowledge, the stability of impulsive
SDDE have been studied. But the investigation of these
equations which are embedded markov chains and poisson
jumps are blank. In this paper, we will have a try to study
them to fill the gap.

The markov chain and poisson jumps become very popular
in recent years, because they are extensively used to model
on many phenomena emerging in a lot of areas. So the
first attempt that we investigate the mean square stability of
impulsive SDDE with markovian switching and poisson jumps
is very necessary.

This paper is organized as follows: In section II, we present
some basic preliminaries; In section Ill, the main result of
mean square stability and the proof have been given; In section
IV, some well-known results are generalized in the remarks
and an example is given to illustrate our conclusion.

Il. PRELIMINARIES

Let {Q,F,{F:}i>0,P} be a probability space with a
filtration satisfying the usual conditions, i.e., the filtration
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is continuous on the right and Fy-contains all P-zero sets.

Let B(t) = (Bi(t), Ba(t), ..., Bm(t))T be an m-dimensional

Brownian motion defined on the probability space. || || is the

Euelidean norm in R™ and ||z (t)||, = su(g) lz(t + 6)||.
<0<0

Let PC(I,R") = {¢ : I — R"|p(tT) = ¢(t) for t¢€
L;o(t™) exists for t € (to,00),(t7)
ét) for all but points tp € (to,00)}, where
I C Ris an interval, ¢(t~) and ¢(¢*) denote the left-hand
and right-hand limits of function. Let PC(§) = {¢ : ¢ €
PC([-7,0],R™) and |¢||- < d} and PCx,([-T,0], R")
denote the family of all Fy-measurable PC([—7,0], R")-
valued stochastic process ¢ = {p(s) : —7 < s < 0} such

that sup Ell¢(s)||* < oo, and PCY (6) = {p : ¢ €
—7<5<0
PC% ([=7,0],R"), and E|p(s)|]* < d}.
Let {r(t),t € Ry, = [to,+o0)} be a right-continuous

Markov chain on the probability space {Q,F,{F}i>0, P}
taking values in a finite state space S = {1,2,..., N} with
generator I' = (v;;) nxn Qiven by

P(r(t+ A) = j|r(t) =1)
:{WijA+0(A)7 if i#j

where A > 0.Here ~;; > 0 is the transition rate from ¢ to

4,if 4 = j.while
Yii = — Z%‘j-
J#i

We assume that Markov chain =(-) is independent of the
Brownian motion B(-).It is known that almost every sample
path of r(¢) is right continuous step function with a finite
number of simple jumps in any finite sub-interval of R,.

Let {v(dt,du),t € Ry,,u € R} be a centered Poisson
random measure with parameter 7 (du)dt.

Consider the following impulsive stochastic delay differen-
tial equations with markovian switching and poisson jumps:

dz(t) =f(t, x(t), ze, r(t))dt + g(t, x(t), x¢, r(t))dB(t)

“+o0
+/ h(t,z(t), w)v(dt,du) t>to,t #tr (1)
z(ty) =Hp(z(ty)) k=1,2,3..
with the initial condition zo = z(tg + s) = ¢(s) €

PCY% (6), where s € [-7,0] and H(z(t}))
(Hp(x(ty), Hor (2(t;,)), -, Hur(z(t;; )" represents the
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impulsive perturbation and satisfies the global Lipschitz con-
dition as follows:
[ Ho((ty, )| < Ml (t,)

My>0,k=12 ., (2

the fixed moments of time ¢, satisfies 0 < t; <ty < ... <

tr <. hm tp = oo.

In the paper we always assume that under some conditions
the system (1) has a unique solution z(t) = (x1(t), ..., x, ()T
and z; = (T1t, .o, Tnt), Tip = T5(t — 75),0 = {172,...,n} ,
and 7 = i}

T Orél%)%{n}

Assume that:

f:RxR"XR"xS— R";
g:RxR"x R"x S — R"™m,;

h:Rx R"x R— R".

Further, assume that f(¢,0,0,7) = 0 and ¢(¢,0,0,¢) = 0 for
all i € S, and h(t,0,-) = 0, then system (1) has a trivial
solution z(t) = 0.

Denote by C*(R™ x [tg,00) x S; Ry) the family of all
non-negative function V' (z,¢,7) on R™ X [tp, 00) x S which
are continuously twice differential with respect to = and once
differential with respect to t.

For any (z,t,i) € R™ X [tg,00) x S, define an operator L
by
LV(‘/'E? yi t7 Z)
= Vi(z,t,0) + Vo (z,t,0) f(t, z,y,19)
+ ltrace[gT(t,:1:,y,i)Vm(ac,t,z')g(t,ﬂc, y,1)]
2 @)
N +oo
+Z’71]V($at7])+/ [V(:r—&-h(t,q:,u),tj)
=1 >
— Vi, t,i) — Vy(z, t,0)h(t, z,u)|m(du),
where
N OV (z,t,9)
ti) = — 1%
Vila, 1) = =2
N OV (x,t,0) oV (x,t,4) .
Vw(xvtal) - ( a.’El RS 6ln )7
_ 0%V (x,t,1)
Voo (,t,1) = (W)nxn
The generalized Ito formula reads as follows:
EV(x(t+h),t+ h,r(t+h))
(4)

t+h
= EV(x(t),t,r(t +E/ ), s, 8,7(8))ds.
Definition 2.1 The solution of system (1) is mean square
stability if for any € > 0, there exists a scalar § > 0 and
the initial function € PC% (), such that

Ellz®)|? <&, t>to.
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Theorem 3.1Assume that there exit \; > 0, Ay > 0, A4 >
0,X3 € R and a Lyapunov function V(z,t,i) € C*}(R"™ x
[to,00) x S; R4), such that

OMllz@)* < v(z(t),t,1) < Azl 7
(1) LV (z(t), 2, t,1) < XV ((t),t,8) + AV (2, t,4)

MAIN RESULTS

te [tk—latk)a k=1,2,..;
A
(#7)0 < A < 1, where X\ = sup{\g|\p = )\—ZME,
1
k=1,2,..}%
. Ay
(1v)(As3 + 7)(tk —tp—1) < —IlnA, k=1,2,...

where M,k = 1,2,3... have been defined in (2).Then the
trivial solution of system (1) is mean square stability.

Proof For any € > 0, there exists a scalar 6 = d(g) > 0,
such that § < 32e. For any ¢y > 0 and zo = ¢ € PCY%, (6),
let z(t) = z(t, t07 ) be the solution of system (1).

Due to (4), we obtain that

EV(z(t),t,r(t))
= EV(I(tk),tk,T(tk)) + FE
te

LV (x(s),zs,s,7(s))ds

tr
[thstrt1)
®)
For sufficiently small At > 0, such that ¢t + At € t €
[t tes1). We get
EV(x(t+ At), t + At,r(t + At))
= EV(x(tk), te, 7(tk))
t+At
+E/ LV (z(s), zs,s,7(s))ds, t € [ty tri1]

tk

(6)

Using (5), (6) and condition (ii), we observe that
EV(z(t + At), t + At,r(t + At)) — EV(2(t),t,7r(t))

t+At
_ B /

t+AL
< /t (A EV (x(s),s,7(s)) + MEV (x4, s,7(s)))ds,

xS? 87 T(S))dS’

t € [tr,tht1)
therefore,
DYEV (x(t), t,r(t)) < A3EV (x(t),t,7(t))

+ )\4EV(1’t,t7T(t)), te [tk,tk+1).

Now we claim that

V(z(t),t,r(t) < %57 to <t <t @)
Due to o € PCY%, (6) and condition (i), it’s obvious that

EV(x(t),t,r(t))
= EV(a(to +0), to + 0, 7(to + 0))

A
< ME||zo|2 < Xa2b < 726, to—7 < t<t.
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If (7) does not hold, then there exists some s € (o, t1), such
that

EV(x(s),s,r(s)) > %5 > Aad > EV(x(to),to,r(to))-
Let

A
s1 =inf{s € [to, t1)|EV (x(s), s,7(s)) > 72(5}
For any t € [to — 7,to], EV(z(t),t,7(t)) < 324, note that
EV(x(t),t,r(t)) is continuous for variable on [to, 1), then

EV (x(s1), s1,7(s1)) = 329;
EV (x(t),t,r(t)) < 320, to—7 <t < s
DYEV (x(s1),s1,7(s1)) > 0.

(8)

From the inequalities
[to, s1), such that

225 > Ay6, then there exists s €

EV(2(s2), s2,7(s2)) = A2d;

EV(x(t),t,r(t)) > A2d, s2 <t < s1; 9)
DT EV(x(s2), s2,7(s2)) > 0.
Combing (8) and (9), we get
BV (X 1,7(1)) < 526 < < BV (a(t), 1,0(1), € [s2,51]
and
DYEV (z(t),t,7(t))
< NEV(x(t),t,r(t) + MEV (xe,t,7r(t)) (10)

A
< (s + BV (a(t), 1, 7(1))
Therefore, for any ¢ € [sa, s1]

/51 DTEV(z(s), s,7(s))

ds < / (As + %)ds.

S2

EV(x(s),s,7(s))
Applying condition (iii) and (iv), we have

S1 )\ t1 )\4
/ ()\3 + h\ )dS < / ()\3 + T)ds

S2 to

A4
()\3 + N\ )(tl - to) —InA.

So
L DTEV (2(s),s,7(s)) —In
/s2 B ds < —InA.

5,7(s))
At the same time,

1 DTEV (z(s),s,7(s))
EV(x(s),s,7(s))

EV(x(s1),s1,7(s1)) du

AV(m(sz)7SQ7T(32))
A2

/T‘S du

J A28
A2

—InA,

52 u

u

3)

— ln(>\25)
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which is a contradiction, so (7) holds.
Combing (2),(7) and condition (i), we get
EV(x(t1),t1,7(t1)) = EV(Hy(x(ty)), t1,7(t1))
< M E||H(x(t7)])2

I7

< M MPE|a(t)|7
Ao M?
<2271 sup EV(x(t] +0),
1 —r<6<0

ty + 0,7t +0))

A2 Ao
<A=0< b < =6
> )\ > N20 > )\

Now we assume that for m
inequalities hold,

EV(x(t),t,r(t)) <

1,2,.... k, the following

225 b1 <t <ty

for m = k + 1, we claim that
V(z(t),t,r(t)) < %6, te <t <tgyq- (12)

If (12) does not hold, then there exists some p € (¢, tp+1),
such that

EV(z(p),p,r(p))
Let

A
>—26>>\262EV

)\ (l’(tk),tkﬂ'(tk)).

— inf{p € lon OBV el pr(p) > 2265,

For any ¢ € [te—1,t), EV(2(t),t,7(t)) < %24, note that
EV(x(t) t,r(t)) is continuous forvarlable on [tk,t,Hl) then

EV(x(p1),p1,7(p1)) = 326
EV(x(t),t,r(t)) < 326, to—7 <t <py;
D+EV(.%'(p1),p17T(p1)) > 0.

From the inequalities
[tk,p1), such that

EV (x(p2),p2,7(p2)) = A20;

(13)

225 > \54, then there exists p, €

EV (x(t),t,r(t)) > A2d, p2 <t <py; (14)
DT EV (x(p2),p2,r(p2)) > 0.
Combing (13) and (14), we get
BV (X, t,7(1)) < %5 < %EV(as(t),t,r(t)), £ [po,pil,
and
DYEV (x(t),t,r(t))
< AEV ((t),t,7(1) + MEV (@, t,0(t) (45

< O+ 3BV (o) 1,(1)

Therefore, for any ¢ € [po, p1]

PL DYEV (z(s),s,7(s)) P1 E .
/p BV (2(s),5,1(5)) dsf/pz (A + )ds.

Applying condition (iii) and (iv), we have

/Pl
D2

2

4 b A
(A + )ds</ (A3 + ;)d

to

— (g —In\.

h\ )t —to) <
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So
ds < —In.

/pl DTEV (x(s), s,7(s))
v EV(x(s),s,7(s))

2

At the same time,

/pl DTEV (x(s),s,7(s))

BV (2(p1),p1,7(P1)) gy,
ds :/ -

EV(x(s),s,7(s)) u

2 EV (z(p2),p2,7(p2))

which is a contradiction, so (12) holds.
Combing (2),(12) and condition (i), we get

EV (x(te41)s thtr, r(tes1))
= EV(Hpp1 (2t 1)) tes1, m(te41))
< N E|[Hipr (2t )17

< N MZ Bl (ty, )l
Ao MR - - k-
= N —rsgggoEV(x(tkH +0),thr + 0,7ty +0))

A2 Ao
<A< b < =26
> )\ =~ 27)\

By the mathematical induction, we can conclude that

EV (x(t),t,r(t)) < 326, teo1 <t <ty
EV (x(ty), tr,r(tr)) < 326, k=1,2,...

Therefore
A2
EV (x(t),t,7(t) < 75’ t > to,
which yields

A2
<22 o 1>

E 2
Je@)1? < 2

Now, we can obtain that the solution of system (1) is mean
square stability by definition 2.1.

IV. REMARKS AND AN EXAMPLE

Remark 4.1 When r(t) = 0 and h(t,z(t),-) = 0, the
system (1) reduces to

dz(t) =f(t, x(t), z)dt + g(t, z(t), x¢)dB(t)
t>to,t £ty
x(tr) ZHk(l'(t;)) k=1,2,3...

(16)

with the initial condition 2o = z(to + s) = ¢(s) € PC%, (9),
where s € [—,0], which is recently studied in the similar
literatures.That is to say, we generalize the results of the
similar literatures.
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Example 4.1 Consider the following impulsive stochastic
delay differential equations:

(i ) =157 2 ) (20))
“(ai 2 ) Coramnty 1)
(05 08 ) Cartannge 2y
(e ) ()
t > to,t # ty
(o ) =" (or 05 ) (o))
k=1,23..

(17)

where to = 0 and ¢, = tx_1 + 0.15 (k=1,2,...).
Let Ay = 0.5600, A\ = 0.6800, A3 = —1.8670, A4 = 2.1071
and My = 0.62¢ %1% 0 < X\ = 0.313 < 1, then (\3 +
A4)(t), — ty—1) = 0.7293 < 1.1608 = —InA. So the solution
of system (17) is mean square stability by our theory.
Remark 4.2 With the process of example 4.1, we can obtain
that the conditions of mean square stability have become much
easier to be satisfied than the similar literatures.
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