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V-Eventual Stability of Differential System with
Impulses

Bhanu Gupta

Abstract—In this paper, the criteria of W-eventual stability have
been established for generalized impulsive differential systems of
multiple dependent variables. The sufficient conditions have been
obtained using piecewise continuous Lyapunov function. An example
is given to support our theoretical result.
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I. INTRODUCTION

Many evolution processes are characterized by the fact that
at certain moments of time, they experience a change of
state abruptly. The impulsive system of differential equation
are an adequate apparatus for the mathematical simulation
of numerous processes and phenomena studied in biology,
economics and technology etc. That is why, in recent years,
the study of such systems has been very intensive (See [2-
11]).

Akinyele [7] introduced the notion of W-stability of degree
k with respect to a function ¥ € C(R4,R.), increasing
and differentiable on R, where Ry = [0,00) and such that
U(t) > 1 for t > 0 and lim; o V(t) = b,b € [1,00). In [6],
Morachalo introduced the notions of W-stability, ¥-uniform
stability and W-asymptotic stability of trivial solution of the
nonlinear system 2’ = f (t,z). Then Diamandescu [1] proved
some sufficient conditions for W-stability of the zero solution
of a nonlinear Volterra integro-differential system.

The main purpose of this work is to investigate the sufficient
conditions for the existence of W-eventual stability of trivial
solution for generalized impulsive differential system of multi-
ple dependent variables, where U is a matrix function defined
in the section below.

The paper is organized as follows. In Section 2, we introduce
some preliminary definitions and notations which will be
used throughout the paper. In Section 3, we investigate some
sufficient conditions for W-uniform eventual stability and -
uniform asymptotic eventual stability of trivial solution of the
impulsive differential systems. In Section 4, an example to
support our theoretical result has been discussed.

II. PRILIMINARIES

Let R™ denote the Euclidean n-space. Elements of this
space are denoted by z = (z1, %2, ...,7,)T and their norm
is given by ||z|| = max{|z1],|z2], ..., |xn|}. For n x n real
matrices, we define the norm |A| = sup, < [|Az|. Let
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U, : Ry — (0,00),i = 1,2,...,n where Ry = [0,00) be
continuous functions and let ¥ = diag[¥y, Vs, ..., U,].

Let Rj; be the s-dimensional Euclidean space with a suitable
norm ||.| and R§; = {z € R*: ||z|| < H}.

Consider the system
& = ft,x)+gt,y)+ht, 2),t # 7,
= u(t,z,y) +v(t,y,2) +w(t,z,2),t # %,
2 o= lt,z,y,2),t # T, (1)
Azli=r, = A(x)+ Bi(y) + Ci(2),
Ayli=r, = Di(z,y)+ E(y, 2) + Fi(z, ),
Azlimr, = Gi(z,y,2),k=1,2,..,

where t ¢ Ry, x e R", ye R™, 2 € RP, f: Ry x R} —
R, g: Ry xR} — R", h: Ry XxRY; — R", u :
Ry xRy xRy} — R™, v: Ry x Rf} xR}, — R™, w :
RT™ x R}y x R% — R™, | : R" x R}y x R x R¥Y, —
R, Ayt R}y — R", By : Rfy — R", Cy : R}, — R", Dy :
RY% X Rp — R™, Ey: Ry} x RY, — R™, F,: R}y x RY, —
R™, G;:R% x R} x RY, — RP.
Al‘|t:‘l'1c x(Tk) - CE(T];),
y(7 )y Azfe=r, = 2(m) — (7).
Lettg € Ry,z0 € R",y0 € R™, 29 € RP.

Let x(t, to, zo, Yo, 20), ¥(t, to, To, Yo, 20), 2(t to, To, Yo, 20) be
the solution of the system (1) satisfying the initial conditions

z(td) = wo, y(t§) = vo, 2(t) = 2. )

Throughout this article, we assume the following conditions:
(a) The functions f(¢,x),g(t,y), h(t,z),u(t,z,y),v(t,y, 2),
w(t,z,z) and (¢, z,y,z) are continuous in their definition
domains, f(¢,0) g(t,0) h(t,0) = 0;u(t,0,0) =
v(t,0,0) = w(¢,0,0) = 0 and I(¢,0,0,0) =0 for ty € R4.
(b) The functions A;, By, Cy, Dy, By, F; and G are continuous
in their definition domains and A;(0) = B;(0) = C;(0)
D,(0,0) = E,(0,0) = F;(0,0) = G¢(0,0,0) = 0.

y(me) —

Aylt:‘r;C

) If 2 ¢ "y € RYp and z € R,
then [lz + Ai(z) + Bi(y) + Ci(2)| < |,
||y + Dt(‘ray) + Et(z7y) + Ft(x7y)|| S HyH and
2+ Gilw,y,2)ll < 1.

@WO<Ty< T <79 < ...and limg_, o Tx = 00.

() For each point (to,x0,Yo,20) € R, x
" X RY x RE, the solution xz(t,to,Zo,Y0,20),

y(t, to, xo, Yo, 20), 2(t, to, To, Yo, 20) of the system (1) is
defined in (tp,00) and is unique.

Note that ¥(tp) = Po.

Now, we have following definitions:
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Definition 2.1: The zero solution of (1) is said to be W-
uniformly eventually stable if for e > 0, 3§ = §(e) > 0 and
7 =7(€) > 0 such that | U(¢)z(t)+U(t)y(t) +V(t)z(t)| < e
for H\I/().Z‘() + Woyo + \1’020H <dandt >ty > 7'(6).

Definition 2.2: The zero solution of (1) is said to be -
uniformly asymptotically eventually stable if it is uniformly
eventually stable and 3 § > 0 such that for € > 0, there exist
7=17(e) >0 and T = T(e) > 0 such that for (zg,yo, 20) €
R?I X R7Hn X R;;{ and ||\I/0$0 + \I/()yo + \IJQZQH <9 1mplles
1T (t)z(t) + U(t)y(t) + U(t)z(t)| < e for t > tg + Tty >
7(€).

Definition 2.3: A function V : Ry x R}, x R} x R, — R,
is said to belong to class V if
(i) V is continuous on each of the sets [7,_1,7;) X R} X
R x RE;

(ii) V(t,z,y, z) is locally Lipschitizian in all z,y, z on each
of the sets [1x_1,7) X R X Ry x Ry, and V/(¢,0,0,0) =0
fort € Ry;

(iii) For each (z,y,z) € RY x RY x RY, we have,
?im(m’y,z)_)(n:’x“,y()’z()) V(t,x,y,2z) = V(13 , 20, Y0, 20) ex-
1Sts.

Definition 24: Let V € V,, for any (¢,2,y,2) €
[Tk—1,7Tk) X RY x RP x RE, the right hand derivative
V' (t,2(t),y(t), z(t)) along the solution of the problem (1)
is defined as

’ 1
V(¢ 2(t),y(t),2(t) = lim ~[V({t+s,z+s{f(t 2)
+ g(ty) +h(t 2)}y + s{ult, =, y)
+ oty 2) +w(tx,2)}, 2+
SZ(ta Z,Y, Z)) - V(t? Z,Y, Z)]
We define,
K ={w e C(Ry, Ry) : w is strictly increasing and
w(0) = 0},

Ky = {¢ € C(Ry,Ry) : ¢ isincreasing and ¢(s) <
s for s > 0}.

III. MAIN RESULTS

In this section we shall present sufficient conditions for
the W-uniform eventual stability and W-uniform asymptotic
eventual stability of trivial solution of the impulsive
differential system (1).

Theorem 3.1 Assume that there exist functions V €
Vo,a,b € K, ¢ € Ky such that
() b([T((t) + V(L) + V(D)) < V(ta,y,2) <
a([[W(t)x(t) + W (t)y(t) + U(t)z(t)]]),
(t,z,y,2) € Ry x R% x RT} x RE;
(i) V (tx(t),y(t),2(t)) < gt)w(V(t,z(t),y(t),2(t))),
where (t,2,y,2) € [th—1,7k) X R}y X RY} x RY, and the
functions g, w : Ry — R, are locally integrable;
(iii) For all ¥ € N, (z,y,2) € R}y x R x
Rl Vi(ma(ry) + Aa) + Bily) + Ci(=),y(ry) +
Dt(xvy) + Et(yaz) + Ft(Z,l'),Z(Tk._) + Gt(xvywz)) <
oV (7 a(re ), y(7), 2(7))); a
(iv) There exist a constant A > 0 such that ['" g(s)ds < A

—1
andfj (1) _ds > A for any > 0 and k € N.

w(s) =

Then the zero solution of system (1) is U-uniformly eventually

stable.

Proof: Let ¢ > 0 and choose § = d(¢) > 0,7(e) > 0 such

that 6 < a=(4(b(€))),to > 7(€). We are to prove that for

(20,90, 20) € Ry x R x Ry, [Woxo + Poyo + Pozol| < 6

implies

[W()z(t) + W (t)y(t) + W(@)z(t)|| <€t =t = 7(e).

Let to € [Tym—1,Tm) for some m € N. We firstly prove that
V(t,2,y,2) < ¢~ (a(9)), to <t < T, 3)

Clearly,

V(to, %0, 90, 20) < a(||Cozo+Toyo+TYozol) < a(d) < ¢~ (a(d)).

If (3) does not hold, then there is a t1 € (tg, 7, ) such that

V(ty,z(th),y(tr), 2(t1) > ¢~ (a(6)) > a(8) = V(to, z0, Y0, 20)-

From the continuity of V (¢, x,y, z) in [Ty—1,7m), there is an
s1 € (to,t1) such that

¢ (a(9)),
¢ Ha(d)), s1 <t <t (4)
¢ H(a(d)), to <t < sy,

Vi(s1,2(s1),y(s1), 2(51))
V(¢ x(t), y(t), 2(t))
V(t,x(t),y(t), 2(t))

and there also exist an s2 € (£, s1) such that

Vi(s2,2(s2),y(s2), 2(s2)) = a(d),
V(t,z(t),y(t),z(t)) > a(d), s2 <t <s1. (5

>
<

Integrating the inequality given in (ii) within [sq, s1] and by
condition (iv), we get

V(s1,2(s1),y(s1),2(s1)) ds s1 Tm
/ < / g(t)dt < / g(t)dt < A.
V(s2,x(s2),y(s2),2(s2)) w(s) S2 Tm—1 ©)

On the other hand, from the inequalities (4), (5) and condition
(iv), we have

Vsna(s)w(s).250) gy /qs—l(a(a» ds
/ >4, ()

©) w(s)

which contradicts the inequality (6) and so the inequality (3)
holds.

V(saa(sn) y(s2)2(s2)) W)

From condition (iii), we have

V(T (Tim), Y(Tm), 2(Tm))

V (T, 2(7y) + Au(@) + Bi(y) + Ci(2),y(7,,) + Di(z, )
TE(y, 2) + Fi(z,2), 2(7,,) + Ge(w,y, 2))

OV (T, (), y(71), 2(7)))

$(6~*(a(0))) = a(9). ®)

Now, we prove
V(t,2(t),y(t), 2(t)) < ™1 (a(8)), i <t < Tyngr. (9)

If the inequality (9) does not hold, then there exist t e
(T Tm1) such that V(£,x(f), y(0), 2()) > ¢~ (a(d)) >
a(0) = V(tm, 2 (Tm), y(Tm), 2(Tm)).

ININ

78
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From the continuity of V (¢, z,y, 2) in [Ty, Tm+1), there is an
r1 € (Tm,t) such that

V(r,a(r),y(r), 2(r)) = ¢ "(a(d)),
V(t,x(t),y(t),z(t) > ¢ (ald)), r1 <t <i(10)
V(t,z(t),y(t),2(t) < ¢ Hal(d)), to <t <7,

and there also exist an 79 € (7,,,71) such that

V(re,z(re),y(r2), 2(r2)) a(d),
V(t,z(t),y(t), 2(t)) a(8),ry <t <rp. (11)

Again integrating the inequality given in (ii) within [rg,r]
and by similarly as above, we get a contradiction.

So the inequality (9) holds.

From (iii), we have

>

V(T 1, 2(Timt1), Y(Tmt1), 2(Tmt1)
V (Tt 2(T, +1) + Ai(z) + Bi(y) + Ci(2),y
+Di(z,y) + Ei(y, z) + Fi(z, @),
OV (71> T (T 1), Y (T )s 2 (T 1))
$(¢~" (a(6))) = a(9).
By induction, we can prove that in general
V(t,x(t),y(t), 2(t)) < 67 (a(0)), Tinti <t < Tingira,
V(Tmtit1s #(Tmtit1)s Y (Tmtiv1), 2(Tmsit1)) < a(6), (13)
fort=0,1,2,...
(a(9)), it follows that form (3) and (13) that
2(t)) < ¢~ Ha(d)) < ble), t >ty > 7(e).

(14)
Now by condition (i), we have |¥(¢)z

(t) + ¥(t)yt) +
\I’(t)Z((t))II SOH VIt 2(t),y(t), (1) < b1 (b(e)) =€, t >
to > 7(€).

Thus the zero solution of (1) is W-uniformly eventually stable.

(T%H)

VANVAN

As a(8) < ¢~ 1
Vit x(t), y(0),

Theorem 3.2 Let all the conditions of Theorem 3.1 be
satisfied except (iv), which is replaced by
~v r supkeZ{Tk - Tp—1}p < oo, A
sup,sq [i 7 g(s)ds < 0o and B = infysg fg(q) i > A
Then the zero solutlon of system (1) is W-uniformly asymp-
totically eventually stable.
Proof: If all the conditions of Theorem 3.2 holds, then all the
conditions of Theorem 3.1 hold. Thus the zero solutions of
system (1) is W-uniformly stable.
Therefore, for given ¢ > 0, for all ¢ty € R4, we can
choose & > 0,7(q) > 0 such that a(d) = ¢(b(q)), for all
(xo,yo,ZO) € R?{ X Rﬁ X RZ;I, such that ||\I/01‘0 + Yoy +
Ugz| < 6 implies

W) (t) + U(t)y(t) + ¥(@)2(@0)] < g, t > to > 7(q).

Moreover, V(t,z,y,z) < a(||[¥()z(t) + Y()y(t) +
W (t)=(t) (@), t = to = 7(q).

Now, let ¢ > 0 be given, we can find 7(¢) > 0 such that
to > 7(e€).

I‘(f) 7(e) < 7(q), then V (¢, z,y,2) < a(||¥()x(t)+ ¥ (t)y(t)+
U(t)zt)]) < alg),t > to > 7(q) > 7(e).

If 7(¢) > 7(q), then as V(t,z,y,2) < a(]|¥(t)z(t) +

(12)
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U(t)y(t) + U(t)z()|) < alq),t > to > 7(q), it is obvious
that V(t,2,y,2) < a([W()z(t) + ¥(t)y(t) + ¥ (t)z()]) <
a(gq),t > to > 7(e).
So in any case, we have V(t,z,y,z) < a(||U(t)x(t) +
U(t)y(t) + P(t)z(t)||) < a(q) holds for t > tg > 7(e).
In the following, we prove that for T'(¢) > 0 such that
||\110x0+\110y0+\110z0\| <d implies H\If(t).%'(t,to,.%‘(),yo,Z())‘i‘
\I/(t)y(t,to,xo,yo,ZO) + \I/(f)Z(t,tQ,Io,yo,Zo)H < efort >
to+ T(€),to > 7(e).
Now, let
1

M = M(0) = sup{ s 6(b(e)) < 5 < ala))
and note that 0 < M < oo. For b(e) < p < a(q),
we have ¢(ble) < ¢o(p) < p < a(g) and so
B < qu(p) wd(ss) < M(p — ¢(p)), from which we obtain
¢(p) < p— B/M < p—d, where d = d(e) > 0 is chosen
such that d < B 4

2(Tpyi1) + Ge(x,y,2)) Let N = N(e) be the smallest positive integer for which

a(q) < b(e) + Nd and we define T'=T'(¢) = N~.

Given a solution =z = z(t,to, %0, %0,%0),y =
y(tat07$07y0720)az = Z(tat07x0ay0720) of system
(1), where to € [r—1,7) for some integer [, we
will prove that if || Uozg + Poyo + Pozol| < 6

then [|W(t)z(t, o, ¥0,Y0,20) + W(t)y(t,to,Z0,%0,20) +
\I/(t)z(t, to,.%'(),yo, ZO)” S €, t Z to —+ T(G),to 2 7'(6).
Given 0 < D < a(q) and j > 1, we will show that

@ if  V(r,a(r),y(1), 2(75)) < D then
V(t,x(t),y(t),2(t)) < D for t > 753
(b) if in addition D > b(e), then V (¢, z(¢), y(t), 2(t)) < D—d

for t > 7;.

Firstly we prove (a).

If (a) does not holds, then there exist some ¢t > 7; such
that V(¢,2(t),y(t),z(t)) > D. Then let t; = inf{t >

1 ¢+ V(t,x(t),y(t),z(t)) > D} Thus t1 € [Tk, Tkt1)
for some k > j. As V(mk,z(1%),y(e), 2(7%)) <
oV (e x(my ) (7 ),2(7 ) < ¢(D) < D, then
t1 € (T, Th+1)- Moreover, V (t1, z(t1),y(t1), 2(t1)) = D and
V(t,x(t),y(t),2(t)) < D for t € [1;,1].
Let

= 5up{t € [Tkat1] : V(t’x(t)ay(t)az(t)) < ¢(D)}
As V(tl,x(tl),y(t1)7z(t1)) =D > ¢(D),
then ¢ € [rg,t1), V() y(),2(t) = &(D) and
V(t, (1), y(t), 2(t)) = ¢(D) for t € [t, 1]
So integrating inequality V' (¢, z(t),y(t), z(t)) <

g(t)w(V(t, z,Y, Z)) over [Ea t1]7 we get

V(t1,z(t1),y(t1),2(t1)) ds
[
V@ a@,em) WS
V(ty,z(t1),y(t1),2(t1)) ds
Also [y iia ) ity = Joip) wy = B> A.

This is a contradiction, so (a) holds.
Now we prove (b).
On the contrary, assume that there exist some ¢t > 7j,
such that V(¢,z(t),y(t),z(t)) > D — d. Then define
el inf{t > 7 Vt,x(t),y(t),z2(t)) > D — d}
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and let k& > j be chosen such that m € [rg,7r+1). AS
b(e) < D < alq), we have ¢(D) < D — d.

So from (a) and condition (iii),

V(7 2(m), y(Tk), 2(Tk)) < V(7 2(7y ), (7, ),

< ¢(D) < D —d.

2(7i)))

Thus 71 € (T, Th+1)-
Moreover, V(ri,z(r1),y(r1), 2(r1))
t e [me,r), V(L z(t),y(t) < D —d.
Yy

D — d and for

Let 7 = Sup{t € [Tkvrl) V(t,%‘(t ; (t),Z(t)) < ¢(D }
As  V(r,z(r1),y(r1), z(r1)) = D - d >
o(D) = Vim,a(m),y(7k), (1)), then 7 €
[Tk, 71), V (7, 2(7), y(7), 2(7)) = ¢(D)  and
V(t,a(t), y(t), 2(8)) = 6(D) for t € [F, ).
So integrating the inequality V (¢, z(t),y(t),z(t)) <
g()w(V (t, x(t),y(t), z(t))) over [F,r1], we have
V(ry,@(r1),y(r1),z(r1))
/ ds < A
V (7,2 (F),y(F)),2(F) w(s)
Also
V(ry,@(r),y(r1),2(r1)) _ds D—d gs
f V(7,z(7),y(7),2(7)) w(s) f #(D) w(s)
D
= fd)(D) w(s) fD d w(s)

As b(e) < D < a(q), we have
o(b(e)) < ¢(D) <D —d< D <alqg).
Thus <MforD—-d<s<D.

’ w(e)

So we get

Jv

V(ri,a(r),y(ri),2(r)) _ds
V(7,a(7),y(7),2(T)) w(s) =

>B— [} ,Mds=B—dM

>B+A—B=A,
which is a contradiction, so (b) holds.

We define the indices k() for i = 1,2,3..., N as follows.
Let V) = and for i = 2,...N, let k*) be chosen such that
T 1 < Tpi-1) < Tg()-

Then from condition (v), we have 7,y = 71 < to + r, and
fort=1,2,..., N,

Tty < Try_1+7 < Ti-1) +7r. Combining these inequalities,
TE(N) <tg+rN =ty+ T(E)

We claim that for each i = 1,2, ... 2(t)) <
a(q) — id for t > T0).

By setting D = a(q) in (b), by condition (iii) and b(e) < a(q),
we get V(t,z(t),y(t),2(t)) < alq) —d for t > 7,0, as

NVt (t), y (),

V(t, z(t),y(t), 2(t)) < alq) for t € [to, T,y ), which establish
the base case.

We now proceed by induction and assume that
V(t,z(t),y(t),z(t)) < alq) — jd for t > 73 for
some 1 <j <N -—1.

Let D = a(q) —jd. As 75y < Tpun, V(L 2(t),y(t), 2(t)) <
D for t > 7+ and so V(¢,z(t),y(t),2(t)) < D —d =

a(q) — (7 + 1)d for t > 7641
So we have proved our claim by induction.

80

When j = N — 1, we get

Vit x(t), y(1), 2(1)) <

a(q) — Nd < b(e),t > 1.

As to + T(e) > 7,v), by condition (i), we get ||¥(¢)x(t) +
U(t)y(t) + W(t)z(t)|| < e for t >tg+ T(e) and tg > 7(e€).
Thus, the impulsive system (1) is ¥-uniformly asymptotically
eventually stable.

IV. EXAMPLE

In this section, we give an example to illustrate our theo-
retical result.
Consider the system

= cx(t)+dy(t) +ez(t),t # 7,

#(my) = aa(r) + By(r) + 727,
§ = cyt) + diz(t),t £ 7, y(m) = any(r0) + Bz,
2 = ez(t),t# 7 2(me) =mz(ry), k=1,2,3,..., (15)

where 0 < 79 < 71 < 79 < ... and lim_.o 7, = 00,c >
0,d>0,e>0,¢0>0,d >0,e1 >0 a>0, 03>
0, v>0, a7 >0, B4 >0, 77 > 0 and the following
conditions hold:

Me>c,e>e,d>dy, d>e a® > 32 +a2 o >
BF + 77 41

2
(2) Th— Tho1 < ln(3a +3 )+ln2

2(:+d

Let V(t,x,y,2) = (m +y? + 22), #(s) (2% +
B%)s, w(s) = s, g(t) = 2c+d.

Take U(t) = 1/2,a(z) = 422, b(z) = 2/2 € K.

Clearly, s s s
bW () (t) + T(t)y(t) + V(D)) < FHHEL =
K(t z,y,2) < a(|[¥(t)z(t) + W@)y(t) + ¥ (t)z(@0)])-
V’(t,ac,y,z) = xi+4yy+ 2z

2 (t) + da(t)y(t) + ex(t)z(t) + c1y”(t)
+diy(t)2(t) + e12%(t)
2 (t) +y°

IN

() +y%(t) + 22(t)) + d

(t) +2°(t)

2

c(2?
e+ a0 220

9wV (t,z,y,2)).
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Also,
V(rk, z(1; ) + Ae(x) + Be(y) + Ci(2), y(1y, ) + Di(z, )
+Ei(y, 2) + Fi(z,2), 2(1;,) + Ge(z,y, 2))
= Vim,aa(ry) + By(ry) +vz(r )y cna(ryy)
+61y(m, ) + nz(ty )
= () + B )+ 42 ) + 208(r ()
+2Bvy(7, )27y, ) + 20y (7, )2 (7, ) + oFy> (1)
+8322 () + 201 Buy (1 )2 (1) + 327
SO 0) + () + () + 2082 ()
+y° (1) + 22 (7))
CE2P 26y 4P ) + 2007
(202 + 8% (2% (7)) + v2 (73 ) + (7))
= o(V(ry a(ry ) y(r), ()

Now, let A = flnw, then A > 0 and

IN

IN

2
T —In2a*+8%)+In2 2132

fT:_l g(s)ds < (2¢ + d)% = —lnw =A.
L§stly for any p >20,
7 (W) ds _ [Gazigm M ds _ 2

fu wisy = J,eTOT S = ngpTe = A

Therefore by Theorem 3.1, the zero solution of system (15)
is W-uniformly eventually stable.
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