
Nona-Tree Weighted Finite Automata Compression 
of Simple Images 

 
 

T. Lakhavijitlert, and K. Prachumrak 
 

 
 
Abstract�We propose Nona-tree Weighted Finite Automata 

(NWFA) as a new approach to compress simple images. NWFA is 
used as a tool to the lossy compression of simple images which mean, 
in this case, bi-level and simple gray-scale images. An image is 
divided into multi-level of 9 partitions (nona-tree partition) and 
encoded into the form of an automaton. The NWFA compression 
ratios of most of the tested simple images are better than those of 
WFA with quad-tree partition. 

    
Keywords�WFA,  nona-tree partition,  lossy compression,  linear 

combination. 

I. INTRODUCTION 
HIS research proposes Nona-tree Weighted Finite 
Automata (NWFA) as a new way to compress simple 

images, bi-level[1,2] and simple gray-scale images[3], in term 
of lossy compression. Although based on weighted finite 
automata (WFA) compression [4], NWFA shows better 
compression ratio on most of the tested images.  

WFA is one of the techniques which have been used to 
compress digital images [5,6]. WFA represents an image in 
term of a weighted finite automaton with a very good 
compression ratio. WFA is based on the idea of fractal that an 
image has self-similarity in itself. In this case, the self-
similarity is sought from the symmetry of an image, so the 
encoding algorithm divides an image into multi-levels of 
quad-tree segmentations and creates an automaton from the 
sub-images [7]. The idea of this research is that not all images 
are symmetry of the 4 quadrants. We then propose another 
way of partitioning images that should benefit images in 
general which are not always symmetric in four.  

In next section, we describe the notations used in NWFA. 
The encoding and decoding algorithms are explained in 
section III. Section IV shows how to apply the NWFA 
algorithms to simple images. In the last section, we discuss the 
advantages and limitations of NWFA, and also implications 
for further research. 

II. NONA-TREE WEIGHTED FINITE AUTOMATA  

A. Preliminaries  
A finite-resolution image is an image of the size 3mx3m 

pixels. A Multi-resolution image means a collection of 3nx3n  
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a. Positions of the 9 subimages 

 
 

resolution image for n= 0, 1, �, n, where each pixel can be 
defined by a word of the length n over an alphabet Σ={0, 1, 2, 
3, 4, 5, 6, 7, 8}. The addresses of the subsquares of nona-tree 
partitions are shown in Fig. 1a. 
 

b. Some example addresses of the sub-image 
 

Fig. 1 The positions of the sub-images 
 
 

For an image w, the addresses of the sub-images are w0, w1, 
w2, w3, w4, w5, w6, w7, w8, Fig 1b. A multi-resolution image is 
a real function that can be defined by f : Σ*→ℜ  to be an ave-
rage preserving function (ap-function), if 
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An ap-function f can be represented by a finite labeled nona-

tree where the multi-resolution image size is 3nx3n. The 
maximum address length is n when the sub-image becomes 
the size of 1x1 pixel. 
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The intensity of the root (labeled ε) is f(ε), its children 
intensities are f(w0), f(w1), f(w2), f(w3), f(w4), f(w5), f(w6), f(w7), 
f(w8) etc. 

The formal definition of a nona-tree weighted finite 
automaton (NWFA) consists of a 5-tuple A=(Q, Σ, Wa, I, F) 
where: 

1. Q is a finite set of state, 
2. Σ={0, 1, 2, 3, 4, 5, 6, 7, 8} is a finite alphabet, 
3. Wa:QxQ→ℜ is the weight function, for Wa(p, q) the 

weights at edges labeled by a going out of node p to node 
q, for each p,q∈Q, and each a∈Σ, 

4. I:Q→ℜ is the initial distribution, 
5. F:Q→ℜ is the final distribution. 
For (p, a, q) ∈Q×Σ×Q is the transition a from node p to node 

q of A iff Wa(p, q)≠0. 

III. NWFA ENCODING ALGORITHM 
For the original image M which can be defined by an ap-

function f:Σ∗→ℜ 
Ma defines sub-image of address a 
To construct NWFA, we have to construct the following 

vectors [8]: 
 
F(q) = the final distribution of state q 
I(q)  = the initial distribution of state q 
N     = the index of the last state created 
i       = the index of the next processed state 
γ : Q→Σ∗ 
 
input : Image M has the size of 3k×3k 
output : NWFA M  which represents an image M 
 

1. Set N = 0, i = 0, F(q0) = f(ε), γ(q0) = ε 
2. process qi, that is, for w=γ(qi) and each 

a∈{0,1,2,3,4,5,6,7,8} 
a) if there are c0, c1, � , cN  such that 
 

fwa=c0M0 + c1M1 + � + cNMN 
 

where Mj = fγ(qj) for  j = 0,1,�, N then set Wa(qi,qj)=cj 
for  j=0,1,�,N 
b) otherwise set  γ(qN+1) = wa, F(qN+1)= favg(wa)  and 

Wa(qi, qN+1) = 1, N = N + 1 
3. set i = i + 1, if i ≤ N, then go to 2. 
4. set I(q0) = 1, I(qi) = 0 for  j = 1, � , N where I is the 

initial distribution of M 
 

This encoding algorithm uses sub-images of the image M to 
create the linear combination in step 2. Each sub-image 
represents a node of the weighted finite automata. Give φi as 
the brightness value of the sub-images where i = 0, 1, � , 8  
then 

   
φi= 9

1 [φi(0) + φi(1) + φi(2) + φi(3) +    

φi(4) + φi(5) + φi(6) + φi(7) + φi(8)]                (2) 
 

Equation (3) can be expressed in term of linear combination 
[2,9] as follows: 
 

 NNwa cccf φφφ +++= ...1100  (3) 
 
from (2), we can distribute it to be (4) 
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Equation (4) can be written in the matrix form [5,10]: 
 [f]=[φ][C] (5) 
 

where   [φ]   is the matrix size 9k×(n+1)   
    [C]   is the matrix size (n+1)x1 of  coefficient 
    [f]   is the matrix size 9k×1 of  sub-image brightness 

value of image fwa. 

IV.  NWFA DECODING ALGORITHM 
This algorithm shows how to decode an NWFA for an image 

resolution 3n×3n. 
Input : An NWFA specified by Wa, a=0, 1, 2, 3, 4, 5, 6, 7, 8, 

I and F, and a non-negative integer n for an image resolution 
3n×3n. 

Output : The value f(w) for all w∈Σn: 
1. Set ψp(ε) = F(p) for all p∈Q 
2. Do the following step 3 for all i = 1, 2, � , n   
3. For all p∈Q, w∈Σi-1 and a∈Σ compute 

( ) ( ) ( )∑
∈

ψ=ψ
Qq

qap wq,pWaw  

4. For each w∈Σn compute 
( ) ( ) ( )∑

∈

ψ=
Qq

qM wqIwf  

Next we analyze the complexity of the decoding algorithm. 
Denote m as a number of nodes. The time complexities of step 
1, 3 and 4 is O(m), O(mm⋅|Σ|i-1⋅|Σ|)= O(m2⋅|Σ|i) and O(m⋅|Σ|n), 
respectively. Step 3 is repeated for i=1, 2, � , n so that the 
complexity of steps 2 and 3 is O(m(|Σ|+|Σ|2+|Σ|3+�+|Σ|n)) = 
O(m2⋅|Σ|n) then we can compute the time complexity from 
O(m+m2⋅|Σ|⋅n+m⋅|Σ|⋅n)=O(m2⋅|Σ|n) 

V. NWFA IMAGE ENCODING AND DECODING 

A. Encoding Example I 
This section shows intuitively how to build an NWFA from 

an image �ribbon� as in Fig. 2. The encoding algorithm is 
already described in section III. From this image, we explain 
how to construct an NWFA S over Σ ={0, 1, 2, 3, 4, 5, 6, 7, 8}. 
NWFA S is drawn as a directed graph on which each path 
shows the label of the addresses and the weight of the 
intensity. The node of the graph represents the states of 
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NWFA S. The edges represent non-zero elements of the 
transition. If Wa(i,j) = r ≠ 0, there is an edge in the graph from 
node i to node j with label a and weight r. Weights are shown 
in parentheses. To simplify the graph, multiple edges with the 
same weight but several labels are drawn as a single edge. 

 

 
 

Fig. 2 The image �Ribbon�  
 

The image to encode has the size of 243x243 pixels. This bi-
level image has the values of 0 for black and 1 for white.  

In the first step, we define the image Ribbon in Fig. 2. to 
encode to be q0 and F(q0)=1275/9. Then, consider its sub-
images the nine sub-squares 0 to 8 which have the address 
length 1. The sub-image f0 and f1 can not be expressed as a 
linear combination of fε, where fw is the brightness of sub-
image address w∈Σ*.  

Next, we apply step 2b of the encoding algorithm. Define 
W0(q0,q1)=1 and F(q1)=255; W1(q0,q2)=1 and F(q2)=576/9 as; 
the sub-image of address 2  is the same as the node q1, it can 
be expressed as f2=1•f1, and define W2(q0,q1)=1. Then, consider 
that the sub-image of address 3 can not be expressed as a 
linear combination of fε so, we define a new node which 
W3(q0,q3)=1 and F(q3)=576/9. The brightness value of sub-
image f4 is 0, and from (4) when the coefficients are 0, the new 
paths are not created. For sub-image f5, this can not be 
expressed as a linear combination from any node, so we create 
a new node and define W5(q0,q4) and F(q4)=576/9. Sub-image 
6 is the same as sub-image f0 , we define W6(q0,q1)=1. Sub-
image 7 can not be expressed as a linear combination of any 
node, then define W7(q0,q5)=1 and F(q5)=576/9. 

For the sub-images of the address length 2, consider node q1, 
all the sub-images are the same as q1 itself. We can create 8 
paths for q1 to q1 with label 0, 1, 2, � , 8 while each weight is 
1. The next node is q2, we consider all sub-images of q2, for 
sub-image address 0, it can not be expressed as a linear 
combination of any node, so we create a new node which has 
W0(q2,q6)=1 and F(q6)=128; sub-image 1 can be expressed as a 
linear combination f11=f0, then define W1(q2,q1)=1. The sub-
image 2 of q2 can not be expressed as a linear combination of 
any node, then define W2(q2,q7)=1 and F(q7)=128. The sub-
image 4 of q2 is the same as q2 itself, thus we can define 
W4(q2,q2)=1. Sub-image 3 and the rest of sub-images of q2 are 
black squares, thus the brightness is 0 and also the coefficients 
of the linear combination are 0s. In this case, the paths are not 
created. Nodes q3, q4 and q5, are the same as q2. Then, 
consider each of their sub-images. If it can not be expressed as 
a linear combination then create it as a new node. 

For the next step, all nodes with the depth of 3, the sub-
images of the address length 2. For the first node is q6, the 
sub-images 0, 4 and 8 of q6, are the same as q6, then create 
W0(q6,q6)=1, W4(q6,q6)=1 and W8(q6,q6)=1. The sub-image 1, 2 
and 5 are the same as q1 which creates W1(q6,q1)=1, 
W2(q6,q1)=1 and W5(q6,q1)=1. Another node is a black square 
that does not need to create a path to any node. The nodes q7, 

q8 and q9 have the same sub-images as q6. The rest sub-images 
create the new nodes and paths the same way as done in q6. 

Finally, set the initial value for the node q0  as I(q0) =1. For 
the other nodes, the initial values are set to be all 0s. The 
completed NWFA which represents the image in Fig. 2 is 
shown in Fig. 3. 
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Fig. 3 The NWFA  represents the image �Ribbon� in Fig. 2 
 

B. Decoding Example I 
This section shows how to decode the NWFA in Fig. 3 into 

the original image. An NWFA can be specified as a diagram 
with n nodes {1,�,n}. There is an edge from node i to node j 
with label a∈Σ and weight r≠0 iff Wa(qi,qj)=r.  
The multi-resolution image can be read from a diagram as 
follows: for the corresponding pixels, find all paths of the 
corresponding addresses, and multiply the weights with the 
initial and final distribution. Thus, fA(w) is the sum of the 
weights of all paths whose labels form the word w.  

For example, the brightness of the sub-image address 142 
represented by f(142) can be computed as follows: 

f(142) = I(q0) •W1(q0,q2) •W4(q2,q2) •W2(q2,q7) •F(q7) 
 = 1•1•1•128=128. 
If in any node there is no path links to the others, then the 

weight becomes 0 and the final distribution value is 0, for 
example,  f(50) = 1•1•0•0=0. 

C. Encoding Example II 
 This section shows how to encode an image �snow� from 
Fig. 4. Start by creating the state q0 (the parent node) that 
represents the image fε . We can process q0 by expressing all 
nona-tree of fε as the linear combination of the existing states 
or as a new state.  The sub-image of the address length 1 in 
Fig. 4 can be expressed as 0• fε for the addresses 0, 2, 6 and 8, 
and the new states q1, q2, q3, q4 and q5 represent sub-images f1, 
f3, f4, f5 and f7, respectively.  
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 Then, for the address length 2, first, consider the node q1; the 
sub-images 0, 1, 2, 3 and 5 are empty and the sub-images 4, 6, 
7 and 8 are white which we create as a new state q6. We can 
create an edge from q1 to q6 with the weight 1 and labels 4, 6, 
7 and 8. The sub-images of  the ap-functions f3, f4, f5 and f7 are 
the same as the sub-images f1 that they are either black images   

 
Fig. 4. �snow� image for example II 

 
 

 
 

Fig. 5 The NWFA represents the image �snow� 
 
or white images. For the sub-images of the white square, the 
paths are joined to the node q6.  
 Following the same steps as shown in the last section, we 
can create an NWFA S to represent the image “snow” in 
Fig.4. The initial distribution at state qε is 1 and the other 
states are 0. The final distribution at each state is the average 
intensity of the image of the state. 

D. Decoding Example II 
 In this section, the image to decode has the size of 3k×3k 
pixels and each pixel has the address of k length or its depth is 
k. The brightness of each sub-image of the depth n can be 
computed by the method in the decoding example I or by step 
3 and 4 in decode algorithm which also can be written in the 
form of the following equation: 
 
 ( ) ( ) ( ) Qpallforwxq,pWawx

Qq a Qp
qap ∈=∑∑∑

∈ ∑∈ ∈

 

 
 and     ( ) ( ) ( )∑

∈

=
Qp

q wxpIwf  (5) 

 
where  f(w) is the brightness value of the pixel address w and 
|w| = n and xp(ε)=F(p). 

VI. CONCLUSION 
We have studied how to represent simple images by using 

NWFA. This method is a lossless compression. Fig.6 shows 
the WFA and NWFA compression ratio on some simple 
images. From these results, we can conclude that dividing the 

 

 
Fig. 6 The compression ratios of the NWFA  and WFA 

of some images 
 

original image into more nodes (nona-tree) from the beginning 
can reduce the levels of division in the automata, because it 
has higher chance of finding the self-similarity in the sub-
images of the same level. This leads to the reduction of the 
number of nodes as a whole. From this conclusion, our future 
work will be on to study many ways of partitioning an image 
for the better compression ratio. 
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