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Analysis of a Mathematical Model for Dengue
Disease in Pregnant Cases

Rujira Kongnuy, Puntani Pongsumpun®* ., and I-Ming Tang

Abstract—Dengue fever is an important human arboviral
disease. Outbreaks are now reported quite often from many parts of
the world. The number of cases involving pregnant women and infant
cases are increasing every year. The illness is often severe and
complications may occur. Deaths often occur because of the
difficulties in early diagnosis and in the improper management of the
diseases. Dengue antibodies from pregnant women are passed on to
infants and this protects the infants from dengue infections.
Antibodies from the mother are transferred to the fetus when it is still
in the womb. In this study, we formulate a mathematical model to
describe the transmission of this disease in pregnant women. The
model is formulated by dividing the human population into pregnant
women and non-pregnant human (men and non-pregnant women).
Each class is subdivided into susceptible (S), infectious (I) and
recovered (R) subclasses. We apply standard dynamical analysis to
our model. Conditions for the local stability of the equilibrium points
are given. The numerical simulations are shown. The bifurcation
diagrams of our model are discussed. The control of this disease in
pregnant women is discussed in terms of the threshold conditions.

Keywords—Dengue disease, local stability , mathematical

model, pregnancy.
DENGUE a mosquito borne viral disease with a high
capacity for epidemic outbreaks. It has become the most
important arthropod-borne viral disease of human. There are
four serotypes: dengue 1, 2, 3 and 4. This disease is
transmitted to the human through the bite of infected Aedes
mosquitoes, particularly dedes Aegypti [1]. Infection by any
of the four serotypes induces lifelong immunity against re-
infection by the same serotype, but only partial and transient
protection against the others. Dengue fever (DF), Dengue
hemorrhagic fever (DHF) and Dengue shock syndrome (DSS)
are three forms of this disease. Sequential infection by
different serotypes seems to be the main trigger of DHF or
DSS. Infection with dengue virus can result in a wide disease

[. INTRODUCTION

P. Pongsumpun is with the Department of Mathematics and Computer
Science, Faculty of Science, King Mongkut’s Institute of Technology
Ladkrabang, Chalongkrung road, Ladkrabang, Bangkok 10520, Thailand
(corresponding author phone: 662-737-3000 ext. 6196; fax: 662-326-4344

ext.284; e-mail: kppuntan@kmitl.ac.th)* .

R. Kongnuy is with the Department of Mathematics and Computer Science,
Faculty of Science, King Mongkut’s Institute of Technology Ladkrabang,
Chalongkrung road, Ladkrabang, Bangkok 10520, Thailand (e-mail:
89062852@kmitl.ac.th).

I. M. Tang is with the Department of Physics, Faculty of Science, Mahidol
University, Rama 6 road, Bangkok 10400, Thailand.

spectrum, from a mild fever to the life-threatening DHF and
DSS. Symptoms of classical dengue fever, following a 5-8
day incubation period, include rash, severe headache, nausea,
vomiting, chills, malaise, and rash and may include
lymphadenopathy. DHF involves increased blood vessel
permeability that can lead to shock and death in about 10% of
the reported cases. Until now, there is no efficient vaccine to
prevent this disease.

Dengue fever occurs in people of all ages. It has been
estimated that there are between 50 and 100 million cases per
year, with approximately 10,000 infant deaths due to this
disease. DHF follows secondary dengue infections, but may
sometimes follow primary infections, especially in infants. In
such infants, maternally acquired dengue antibodies are
presumed to enhance primary infections. About 30% of
dengue cases are reported in patients older than 15 years [2].
In 1989, there have been reported cases of vertical infection in
Tahiti [3]. Since then, there have been reports of increasing
number of cases in Thailand, Malaysia, France and India [3]-
[9].

There have been reported cases of dengue virus infection in
pregnancy; they are shown in Table 1. More cases of dengue
infection during pregnancy have occurred because of the
increasing incidences of dengue infection among adults. An
infection should be suspected when a pregnant woman is
presented with similar patterns of symptoms and signs like
those seen in non-pregnant human. Dengue infection during
pregnancy should be of greater concern because of the
possibility of increased mortality, particularly in preterm
deliveries with premature babies. Where dengue fever is
endemic, the dengue infection should be highly suspected in
cases of febrile pregnant women, and a thorough investigation
should be conducted to confirm the infection and prevent the
possible maternal and fetal complications which could occur
[10]. According to the CDC (The Centers for Diseases Control
and Prevention (USA)), some vaccine- preventable infections
lead to more severe illness in pregnant women than in non-
pregnant human or can cause serious damage to the fetus.
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TABLEI
REPORTED CASES ON DENGUE DISEASE IN PREGNANCY [24]

No of .

cases Quantity Reference
1989 9 China [11]
1991 5 French [3]
1994  >60 Thailand, Cuba [4, 12]
1997 5 Thailand, Malaysia [2,13]
1999 22 French [14]
2000 38 French [15]
2001 4 Thailand, French [5,6,10]
2003 27 Thailand, Bangladesh, [16,17, 18,19,

Colombia 20]

2004 3 Thailand [21,22]
2005 8 India [8]
2006 26 Malaysia [23]

Antibodies (also known as immunoglobulin) [25] are
gamma globulin proteins that are found in blood or other
bodily fluids of vertebrates, and are used by the immune
system to identify and neutralize foreign objects, such as
bacteria and viruses. There are vaccines that are useful in
preventing infections during pregnancy. Vaccination protects
against infection by stimulating the body’s immune system to
produce antibodies that in many cases are protective. Some
infections are less common in newborn infants because they
have antibodies from their mothers that prevent these
infections.

Mathematical modeling of disease transmission has a long
history. In 1911, an epidemiology model for malaria
transmission was developed by Ross [26]. Mac Donald [27]
later added a layer of biological realism to the model by
providing careful interpretation and estimation of the
parameter, which should go into the model. Mc Kenzie [28]
has pointed out that the utility of a model depends not as much
on how well a mathematical job has been accomplished but on
how well a particular question has been translated. If one is
interested in disease transmission, it is imperative that the
model describes as closely as possible the characteristics of
the disease being transmitted.

Modeling the dynamics of dengue transmission may help to
improve the understanding of the interrelationships between
dengue virus, vector, and host. Esteva and Vargas [29]
introduced a mathematical model to provide a qualitative
assessment for the problem. The model they used is based on
the SIR model often used to model the dynamics of
transmission for some diseases. It does not however describe
the transmission of dengue in pregnant women. The purpose
of this paper is to study the transmission of dengue disease in
a population containing both pregnant and non-pregnant
human through a mathematical model. In section 2, we
introduce a mathematical model to describe the transmission
of dengue disease in pregnant and non-pregnant classes. The
analytical results of the model are presented in Section 3. In
the last section, numerical solutions of the model are
presented.
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II. MATHEMATICAL MODEL

We propose a new model to study the transmission of
dengue virus infection by introducing pregnant and non-
pregnant classes into the SIR model. We classify the human
population into two groups, pregnancy and non-pregnancy.
Each group is constant in size and is divided into three classes,
susceptible, infectious and recovered human populations. The
vector population is divided into two groups, susceptible and
infectious mosquitoes, with the mosquitoes never recover
from the infection. In our SIR model, the dynamic of each
component of the human population is given.

dSpyy - Co (1.1)
= ANpy — tyySpr — & Spirl; .4
o pH — 4uSpr — BynaSpalva N+ O,
iy C . (12)
= Spy 1 - + 1
i € BynuSpualvy Ny +0, (4 + 7R PH
dR, : | 1.3
—diH =7mHrRIPH — M Rpy (1.3)
Sy , o (1.4)
= ANny — U Sy — Svglyy —4—
” NH — HESNE — Byne Sna lve Ny +0,
dlyy Co b, , (1.5)
= Sny 1 - + 1
i BynuSnulvy Ny +0, (4p + 7R NH
and deAt’H = vimrlIng — #u Ryg (1.6)
where SPH , ]PH , and RPH are the numbers of susceptible,

infectious, and recovered pregnant women, respectively;

SNH . ,and R, are the numbers of susceptible,
infectious, and recovered non- pregnant human populations ,
respectively.

The parameters in our model are defined as follows:

I is the percentage of the women to become pregnant,

NT is the number of human population (assumed to be
constant),

O, s the number of alternative hosts available as blood
sources,

b,  isthe average rate of biting per mosquito per day ,

A is the average constant birth rate of the human
population,

. is the average constant death rate of the human
population,

Y i is the constant rate at which an infected human

recovers,

is the transmission probability from vector to non-

ﬂVNH

pregnant human,

is the transmission probability from vector to pregnant

ﬂ VPH

women,
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& is the ratio between transmission probability from
vector to pregnant women and transmission
probability from vector to non-pregnant human.

The last parameter is of most interest to us in this study.
We are interested in the role of this parameter in determining
how the infection in pregnant women progresses.

We now add (1.1) to (1.6), (1.1) to (1.3) and (1.4) to (1.6).
The six equations reduce to the following three equations

dN. . \ ) ) . .

dtT =ANp =ty (Spy + 1 pyr + Rpyy + Sy + Ly + Ryyy)

@2.1)

dN , , ,

de =ANpy =ty (Spy +Lpy + Rpyy) 2.2)
dN \ , ,

dltVH =ANyy =t Sy + Iy + Ryyy) 2:3)

where

NT(=S}’H +I}DH +R}JH + S}VH +I}VH + R}VH ) is the
total human population , NPH = SPH + ]PH + RPH) is the
total pregnant
NNH (= SNH + [NH + RNH) is the number of non-pregnant

human.
We assume that the total population remains constant.

number of women and

Therefore ANy = AN py = AN i =0
dt dt dt
with rpNT _ (100 - rp)NT _ and
100 " 100 N

NT = NPH + NNH. With the number of each human class is

constant, the rate of change in each class is equal to zero.
Setting the right hand side of (2.1), (2.2) and (2.3) to be zero,
we obtain ) = . (birth rate equals to the death rate). The

dynamic equations of the vector population are described by

ds, . . b, : :
dZH =Vy = 1y Syrr = Byev Svn N, +0, (7 pyy + Iypr ),
3.1)
and dly; . b , , C(32)
Lo _pg S 2 (Lt L) — Ly,
Jr By Svn N, 10, (71 py ve) — Hylyy

where SI'/H and [I'/H are the number of susceptibles and
infectives in the vector population, respectively.
Vg is the constant recruitment rate of the vector
population,
My is the average constant death rate of the vector

population ,
ﬂNHV is the transmission probability from non-pregnant

human to vector,
IBPHV is the transmission probability from pregnant women

to vector ,
n is the ratio between transmission probability from

pregnant women to vector and the transmission

probability from non-pregnant human to vector.
When we add (3.1) to (3.2), we get

4
dt

where J is the number of the vector population and it is
v

(SI;H+II;H):VH_ILIVNV, 3.3)

equal to S"/H + ];/H. We assume the number of the vector

population is also constant. Then the right hand side of (3.3)
is equal to zero. This gives Vv, We now introduce the

v

Hy
normalized  populations _ S}’H > - ];’H >
Spy = Ipy =
PH NPH
R, S, /; R;
Rpy =—L > Sy =2 [y =N > Ry, =ML
PH NH NH NH
_ SIV/H and = [V—H
V) V)
Then (1.1)-(1.6), (3.1) and (3.2) can be rewritten as
S b, 4.1
f:ﬂH(l_SPH)_g%SPHII/H(VH//”‘V)NT+0h’ @D
dl b,
af;H = &BpurSenlyn (VH [ty )m — (g + V) o>
(4.2)
ds,,, b 4.3)
SN =y (1=8 ) = B S (V, —, '
o Hy(1=Sy;) ﬂVNH[\fHVH( H//UV)NT+0h
dl b,
d];H = B S Ly (VH/IUV )m — (i + Vi) e
(4.4)
ddl b__
" 7’0{ :ﬁNHV(l_[W-I)NT +0, 1Ny +Lyy Ny )= Ly

4.5)
The dynamic equations for R, Ry, and S, are not

needed, since Spy +Ipy + Ry =15 Sy + Iy + Ry =1 and

Sy + 1y =1

III. ANALYSIS OF THE MATHEMATICAL MODEL

A. Equilibrium Points

The equilibrium points are obtained by setting the right
hand side of (4.1)-(4.5) equal to zero. We get two equilibrium
points, the disease free state E1 :(1’0’1,0,0) and the

endemic disease state  E =(S,,, 1Sy L s Liy)
where
* a
S, = (i (5.1)
a +a,l,
];H _ a,a,1, (5.2)

(al +0‘2];H)(a1 +a;) ’
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Sy =—— (5.3)
ea, +a,l,
I, = %\ Ly : (5.4)
(gal +aylyy )(al +ay)
And where [ ;H are solutions of
ALyy)* + Ayl + 4, =0 6.1)
The solutions of (6.1) are given by
— A, ++JA2—44,4
I* — 2 2 1473 , (62)
VH1 24,
. —A, —\JA2—444
and [, , = 2 2 173 (6.3)
24,
where AS:((ﬁKS_K])g_Kz) & , (6.4)
a, a,

&

Azz((K1+K3)g+K2+K3)[ ]_KI_KZ’ (6.5)

2

and 4, =K, + K, + K, (6.6)

%:}/IHR(NT—l_Oh) K:ﬂwbﬁoﬁ(%)zNPH
K= Buwbon(@)’ Ny, » K=, (N, +0,) (e +a,)(5 )

with &= tt;(N; +0,)

and

b}

Looking at the term in square root of I;Hl and I;HZ ,
A22 —4A4,A4; is positive for M>l. Since

o, K¢

ﬂK3—K1)g—K2 <0, then A, is negative and A, is

2

always positive. Moreover \lAzz —4A4 A, is greater than
A, + A 44,4
2 2 0 and

A, . We can easily see that

24,
—A, —~JA? 44,4
2 2 '3 <0 The solution
24,
. —A, —JA? —44 A
I, =—2 2 "3 is negative. This is physical
24,
meaningless since the infectious vector proportion must be
positive. Hence the solution is defined forR, >1
(R, = oK, +a,eK, ).
0

o, K,¢

B. Local Asymptotical Stability

The local stability of an equilibrium point is determined
from the signs of eigenvalues of the Jacobian matrix of the
right hand side of the above set of differential equations.
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C. Disease Free State

For the system defined by (4.1)-(4.5), the Jacobian matrix
evaluated at E1 is the 5x5 matrix given by

L 0 0 0 LB NTJ:O/,(VH/MJ
0 “Hyy Vi 0 0 B b (K—// /4)
N +0,
J,= 0 0 ~#y 0 B Vilss)
; Ny +0,
0 0 0 “Hor Vi B b (VH/ /4’)
N, +0,
B ™ O Ao 4

The eigenvalues are obtained by solving the characteristic
equation; det(J; —AL;)=0 where I5 is the identity
matrix dimension 5x5. If all eigenvalues for each equilibrium
state have negative real parts then that equilibrium state is

locally stable. The characteristic equation for the disease free
state is given by

(ﬁ’+/uH)(ﬂ'+luH+7/IHR)(/1+IHH)(12 +Blﬁ*+Bo):0’ Q)
where

- _ b,
B() - ILIV(IIJH +yIHR) ﬂNHV[NT + Oh] IBVNH(VH /ILIV)(NNH + SUNHP)’

By =y + 1y + Vi -
From the characteristic (7), the first three eigenvalues are
A=—Hy. A=~y =V and Ay ==, The

remaining eigenvalue is found by solving
A’ +BA+B,=0.

It can be easily seen that ﬂlaﬂz and ﬂ? are always

LB — /B> —4B,

‘o 2

and

negatives. We can see that

_-5 ++/B} —4B,
2

ﬂ“S

. The eigenvalue 14 has a negative

real part. ﬂ’s has negative real part when

1/Blz—4B0 <B, or Bl2—4BO<Bl2 or By>0. So that

v

/’ll/ (ILIH +}/IHR)_ﬂNHVIBVNH (VH //’IV )( )2 (NNH +g77NHP) > 0'

T + Oh
Braw B Vg | 1y, )(N -IV-O )2 (Nyy +ENNp)
and r__h <1. Thus,
My (g + Y i)
the disease free state is locally stable state when
Ry =2t ek ®)

oK,



World Academy of Science, Engineering and Technology 29 2007

D. Endemic Disease State

The local stability of the endemic state, Ez’ is determined

by looking at the signs of the eigenvalues of the Jacobian
evaluated at Ez' The Jacobian matrix for this state is

4By 0 0 0 A
By HrViw O 0 iy
%_0 0 Wé@ 0 é% ’
0 0 gf;ﬂ Hy~Vir gS*/\H
P £
L 0 GGy O drdly w4
with
B= ﬂVNH N, +Oh 4 H ,UV)
b, b,
=Py —— N, +0, NNpyand dy = By, ———— N, +0, NH
where SPH, PH,S;H,I;,H and ];H are defined in (5.1)-

o,K, +a,eK,

(54),(6.1)and R, >1 (R, = (3)
o, K¢

) -

The characteristic equation for the endemic state is given by

A+, + 1) A+ a2 +a, > +ad+a)=0 9.1)
where
a; = [;Hﬂ}/l +00[;H + dOI;/H Vi t3My + My s 9.2)

1 e "
=;(ﬁ([w-1ﬁ_(‘9co + o)+ Ly B g + 20072 + 8y (20 g + 314 ) +
do(ﬁ(l,:'ﬁ(lJr(}’z +S;IH)I;H +R;,H)+I;WS}/3)+CO(}[7[12[:,H +R;’H +];H}"Hl)ﬁ
Hp73)€ + ULy By + €13 1y) 9-3)
1 M PR " PR
= ;((2[VHﬂ+ Hy?y + ¥y +dy (B gy Lviz + Ryyy + Sy Iz ) B+
I:/HI;H]/ZVIHR) + 2(ﬂ(R:/H +I;HS;'H +(elvus + IVHI)]:/H )ﬂH +3]:’H8ﬂf1) +
Co(ﬁ((l;yl"“ +R;H +S;HIVH3)ﬂ+];'[~II;H7/27/IHR)+2(1;H];Hﬁ+(];H +
]Pl“]:’H +R;H)SIB+]:’H8}/IHR)IUH +3]1:H5,u,31)_ﬂ(d075 +COyé)+(l;Hﬂ(1;Hﬂ+
* 2
VoV )+ 2Ly BY s + EV ) My + 3615 1y))) 5 9.4
1 . A S . A n
a4 :;(7ﬁﬂH(d077 +¢o¥y) +dy Ly ¥y Dyvis yme + gy (L Iz + Ry +1VH3SNH),BZ +
ﬁ([;,”}VHl +R;,” + (S;,” +[;”18)];” )y +[;,”8y12, ))+C0(1;H}/IHR}VH5}VH(\ +
Hy ((];H}VIIZ +R;H +}VII3S;H)ﬂ2 + 1y (];H[;Hﬂ+((l;,H2wn +R;H +]:,HS;,H )+

I;H/JH)S)))+]VH5}/4 +Ivreyo i) 9.5)

with

7.=(1+l),72=(1+8) Vs = Vi + 38V = Vi + My Vs = B+ 20y 76 = B+ 260,77 = B+ 1y
=B+l Vo =V €+ My Ipm_l,,H+S,,H Trnz = Loy B+ Shys T = 1+1,,, v _1+I,H

IVH3 IVII +SVII7IVH4 _]VII +7IHR7]VH5 Vllﬁ+luII7IVH6 = Vllﬁ+glull

From the characteristic (9.1), the first eigenvalue
A=ty
are found by solving A* +a,A° +a,A> +al+a,=0. The

—¥mr 18 always negative. The other eigenvalues

signs of these eigenvalues are negatives when they satisfy the
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Routh-Hurwitz criteria [30] which are:

i) a;,>0, (10.1)
ii)a, >0, (10.2)
ii)a, =20, (10.3)
iv)a,a,a, > al +aia, (10.4)

We now map out the regions in a; - € phase space, a,- ¢

2 2
phase space, a, - € phase space and (a,a,a, —a; —a;a, ) - ¢
phase space in which the four above conditions are met and

R, >1. These are shown in the following figures.

04061 C.00001 460
04061
o 000001435
04060 o~ /,o
i d 000001430
a, a, .
0.40%8 -
04057 _',-'/I' 000001445
Pa e
04056 P e
0.00000440 /
04058 4
04054 ; . ; . 0.0000113% . .
o [ 04 s 6 0.3 Lo o [ 04 I 0& [k 10
Aze 140x107 T
| ﬂm
8x10 S8 13800%
o
— / I ;
* ’ L 138x07 | P
a, | s -
| ~
4110 =
o 13710
. ud -~
22107 y
l/. & 136310 | »
o ¥ o
o " : ot 10 135 0®
i o 06 )
g 0 oz 04 g 0o 08 1o

Fig. 1 The parameter space for the endemic equilibrium point which
satisfies the Routh-Hurwitz criteria. The values of the other

parameters 1 =0.000039139 day™

, =0.071428571 day ™', N, =100,000, V,, = 40,000
b, =0.33333 day ', y,, =0.33333 day', N,, =500,
B =0.9, Bugy =0.7, Boyy =0.4, 171=0.5714286,
Ny, =99,500.

From the above figure, Routh-Hurwitz criteria (10.1) to
(10.4) are satisfied for R, >1. Thus, the endemic equilibrium

are

state is locally stable when R, >1.

E. Numerical Results

In this section, we consider the transmission of this disease
among the pregnant and non-pregnant classes. The
trajectories of the solutions when the parameter values will
lead to a disease free equilibrium state and when they will
lead to the endemic equilibrium state are shown in the figures.
The values of the parameters used in this study are

4, =0.000039139 per day. This corresponds to a life
expectancy of 70 years in human. The mean life of mosquito
is 14 days and so is g, =0.071428571 per day. R, is
Ro

defined in (). is the basic reproductive number
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determined from the square root of R0 [29]. We assume that

the number of the non-pregnant human is greater than the
number of the pregnant women and there is no alternative
host. We have taken the ratio & and 77 to be less than one.

The trajectories of the numerical solutions of (4.1)-(4.5) are
shown in the following figures.

Fig. 2 Numerical solutions demonstrate the solution trajectories,
projected into two 3D space  (Spyp, Lpgs> Ly )y (Sars Inar> Lyig )
respectively. The value of parameters are

1ty =0.000039139 day ™, sz, =0.071428571 day ™",

b, =0.33333 day™. y,, =0.33333day ™", By, =0.9,
P =03, By =0.7, Boy =04, £=0.33333,
1=0.5714286. N, =100,000, N, =99,500,

Ny =500.2a) R, <1, Vi = 2,000, Rq =0.209476,

R( =0.457685 . The fractions of populations (Spy;, Lpy,S
Ii> Ly ) approach to the disease free state (1,0,1,0,0). 2b)

NH >

R,>1, Vi =40,000, Ry =4.18953, R'O =2.04683. The
trajectory of the five state variable solution
(Spir> LS > Ingg» Ly ) spirals  into  the  endemic  disease
equilibrium state (0.162904,0.000110251,0.060917,
0.0000982777,0.000359141) .

Fig. 2 shows the trajectories of the solutions of (4.1) — (4.5)

in the 3D (Spy,1py.1vy)space and the (Syy,Iyy,Lyy) for
two values of R,.  We now look at the trajectory of the

solutions when the threshold numbers are different. We show

these trajectories in Fig. 3.

Fig. 3 Numerical solutions  demonstrate the solution
trajectories, projected onto the 3D space for different values
of the ratio &. The values of parameters are the same as those
used to generate the curves in Fig. 2, except for the ratio
between transmission probability of the virus from the vector
to pregnant women and that from the vector to the non-
pregnant human. 3a) For ¢ =0.375, Rg =9.31117,

Rb =3.05142. The trajectories of the five component

solution (Spys LpysSausInus vy ) appears to spiral into the

equilibrium state (0.0698949,0.000109197, 0.0274079,
0.000114185, 0.000372021) 3b) The trajectory

when & = 0.888889 , R() =104.905 , R() =10.2423 .The
trajectories here spiral to the new equilibrium state
(0.00273964,0.000117081, 0.00243598,0.000117117,
0.000381617).

Note that R is the threshold condition, if it is less than one
then the disease free state will be locally stable. But if this
number is more than one, the endemic disease state will be

locally stable. Rb =R 1is the basic reproductive number

of this disease.

IV. DISCUSSION AND CONCLUSION

In this study, we are interested in the transmission of
dengue disease in pregnant and non-pregnant classes. The
threshold number is defined by R where

a,(K, +¢K))

Ry =——F————=
a,eK,

_ ﬁVNHﬂNHVbiNNH (Vu/p,) + ﬁVPHﬂPHVbiNPH e (11)

H, (N +Oh)2(luH + Vi) M, (Ny +Oh)2(:uH + Vi)

The square root of the second term of this number is the
number of secondary infective pregnant women. To see how
this term arises, we first note that
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b, (Vy //”v))( 1

(N; +0,)  (#yy + Vi)

susceptible mosquitoes will bite an infected pregnant women.
Of these, only a fraction of them will end up as a special class
of infectious mosquito. The number of infectious mosquitoes
in the class will be the number of bites multiplied by the
probability that the bite will end up as an infection which

(

)is the number of times that the

is fopy - Of these mosquitoes, only a faction of them
b I

—.(——) will bite a pregnant woman. In turn, only a
Iu\f NT + Oh

fraction (f,p, ) of these pregnant women will become
infectious. The number of secondary infectious pregnant
b, (Vy/u, 1

\( H ,U ))(

women will be the product of (
(N +0,) (M + Vuw)

v

—2 ) times [, . This is just
v T h

the second term in (11). For a disease to be capable of

invading and establishing itself in a host population, the full

threshold number Ry must be greater than one. Otherwise,

every successive generation will get smaller until no

population is left .

times [y, times

(

Fig. 2 shows (Spy, Lpgy» Sy I » Ly ) moving towards their
equilibrium state. =~ We see the trajectory approaching the
disease free equilibrium state (1,0,1,0,0)when R <1.
When R, >1, we see the trajectory is spiraling into the
equilibrium endemic disease state (0.162904,0.000110251,
0.060917, 0.0000982777, 0.000359141).
numerical values for the various parameters which give
R, >1in the expressions for the a’s, (9.2) — (9.5), the

Using  the

characteristic equation becomes a 4™ order numerical
polynomial equation which can be solved by the program
mathematica . The solution of this equation is a complex
number, meaning that the eigenvalues are complex. For the
imaginary part, the program finds that the complex part of the
eigenvalue is approximately 0.005946. This corresponds to a
period of oscillation of 27/0.005946 days or approximately
2.89511 years. The numerical solutions of
(Spi> Loy > Sy Iy Ly ) for - R, >1 when £=0.375 and
£ =0.88889 are shown in Fig.3. We see the trajectories
spiraling toward the different endemic disease states
(0.0698949,0.000109197, 0.0274079, 0.000114185,
0.000372021) and (0.00273964,0.00011708]1,
0.00243598,0.000117117, 0.000381617), for the two
values of &, respectively. The imaginary part of the two
eigenvalues are approximately 0.00900892 and 0.029841.

These imaginary values correspond to periods of oscillation of
approximately 1.91079 years and 0.576863 years.
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Fig. 4 Bifurcation diagrams of the solutions of equations (4a)-(4¢) for

the different values of R,. ©—C— denote the stable solutions

while ~®*—*—* (dcnote the unstable solutions. The values of the

parameters used in the calculations are:

1, =0.000039139 day ',

i, =0.071428571 day ™', b, =0.33333 day ',

Y =0.33333 day™', By =0.9, ey =0.3,

By =0.7, By =04, £=0.33333,77=0.5714286,
N, =100,000, N, =99,500, N, =500,

V,, =40,000 , , =3.91389 ,a, = 56,000 ,a, = 33,333.33 ,

K, =8.18265x10", K, =2.84961x10" , K, =2.92237x10".

The bifurcation diagrams of (4.1)-(4.5) are shown in the
Fig. 4. We can see that, when R, <1, E, will be stable and

for R,>1, E, will be stable. If the threshold number is

greater than one, the normalized susceptible pregnant and
non-pregnant human populations decrease. The normalized
infectious pregnant human, non-pregnant human and
infectious vector populations increase. This subsequent
behavior occurs since there are enough susceptible pregnant
human and non-pregnant human to be infected from infectious
vector.

The ultimate goal of any control effort would be the
reduction of R, to a value below one [29,31,32,33]. If we
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can reduce the second term of the threshold number as defined
in (11), then the number of women during their pregnancies
will be decreased. Consequently, the infants will be not
infected with dengue virus from vertical transmission. This
will reduce the outbreaks of dengue disease in neonates.
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