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On the existence and global attractivity of solutions
of a functional integral equation
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Abstract—Using the concept of measure of noncompact-
ness, we present some results concerning the existence, uni-
form local attractivity and global attractivity of solutions for
a functional integral equation. Our results improve and extend
some previous known results and based on weaker conditions.
Some examples which show that our results are applicable
when the previous results are inapplicable are also included.

Keywords—Functional integral equation, Fixed-point, Mea-
sure of noncompactness, Attractive solution, Asymptotic sta-
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I. INTRODUCTION

Integral equations are one of useful mathematical
tools in both pure and applied analysis. This is par-
ticularly true of problems in mechanical vibrations
and the related fields of engineering and mathemat-
ical physics, where they are not only useful but
often indispensable even for numerical computa-
tions. Many problems of mathematical physics can
be stated in the form of integral equations. In fact,
there is almost no area of applied mathematics and
mathematical physics where integral equations do
not play a role [5], [7].

In this paper we consider the existence and uniform
local attractivity of solutions of the following func-
tional integral equation

r(t) = f(t.2(a(®))
B(t)
([ glt s (9(5)))ds), @

This equation includes several classes of integral
equations. BanaS and Dhage [1] studied the
existence and behavior of solutions for the
equation (1) where h(x) = z under the following
assumptions:

€ [0, 00).
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(1) The functions «, 3, v : Ry = [0,00) — R, are
continuous and «(t) — oo as t — oo.

(2) The function f : R, xR — R is continuous and

there exist positive constants L, M such that

M|z —y|

Fo) = fyl <

for t € R, and for =,y € R. Moreover, assume
that M < L.

The function t — f(¢,0) is bounded on R,
with F' = sup{f(¢,0) : t € R, }.

The function g : R, xR, xR — R is continuous

and there exist functions a,b : R, — R, such
that

®3)
(4)

lg(t, s, 2)| < a(t)b(s),
for ¢t,s € R,. Moreover, assume that

o [ " b (s)ds

and gave their main result as:

lim a =
t—o0

0,

Theorem A. Under the above assumptions
the functional integral equation

£(t) = 71, 2(0(1))
B(2)
s [t s atr@as, ter, @

has at least one solution in the space BC(R.).
Moreover, solutions of equation (2) are globally
asymptotically stable.

Here BC'(R.) is the Banach space of all bounded
and continuous function z : R, — R equipped with
the standard norm

||z|| = sup{|z(t)| : t € Ry}, xr € BC(R).

In this paper we study the uniform local attractiv-
ity and existence of solution for equation (1) and
present some new conditions which our results sub-
stantially extend and improve previous results. We



World Academy of Science, Engineering and Technology 52 2009

will use the concept of measure of noncompactness
and Darbo type fixed-point theorem which proved
by Bana$ and Goebel [3]. Also among definitions of
measure of noncompactness, we take the axiomatic
definition, given by Bana$ and Goebel [3] which is
more useful and convenient in applications.

This paper is organized as follows: in Section 2 we
present some definitions and preliminary results and
in Section 3 we give our main results and provide
some examples to show that these results are appli-
cable where the previous results are inapplicable.

In this section we present some definitions and
results which will be needed in this paper. Let
(E,]].]]) be an infinite Banach space with zero
element 0. We write B(z,r) to denote the closed
ball centered at x with radius » and X, ConvX to
denote the closure and closed convex hull of X,
respectively. Moreover let mg indicates the family
of all nonempty bounded subsets of £ and ng
indicates the family of all relatively compact sets.
We use the following definition of the measure of
noncompactness was given in [2].

PRELIMINARIES

Definition 1.2. A mapping ¢ : mg — R, IS
said to be a measure of noncompactness in F if it
satisfies the following conditions:

19 The family kery = {X € mg : p(X) = 0} is
nonempty and kery C ng,
X CY = puX) < puY),
p(X) = p(X),
u(ConvX) = p(X),
pAX +(1=A)Y) < Ap(X) +
A€ 0,1],

If (X,) is a sequence of close sets from mp
such that X,y € X,(n = 1,2,...) and if
lim,, o p(X,) = 0, then the intersection set
Xoo = N2, X, 1S nonempty.

In the following we state a fixed-point theorem

of Darbo type proved by Bana$ and Goebel [2].

(I—=X)u(Y) for

Theorem 1.2. Let C' be a nonempty, closed,
bounded, and convex subset of the Banach space
FE and let F : C — C be a continuous mapping.
Assume that there exist a constant k& € [0,1) such
that 1(FX) < ku(X) for any nonempty subset of
C'. Then F' has a fixed-point in the set C.
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For any nonempty bounded subset X of BC(R,),
re X, T>0ande >0 let

w (x,¢) = sup{|z(t) — z(s)| : t,s € [0,T],
|t —s| < e},

w? (X, e) = sup{w’ (z,€) : 2 € X},

wi (X) —hmw (X,¢),

wn(X) = I wf(X),

X(t) ={x(t) : x € X},

diamX (t) = sup{|z(t) — y(t)| : x,y € X},

and

u(X) = wo(X) + Jim sup diamX (t).  (3)
Bana$ has shown in [4] that the function p is a

measure of noncompatness in the space BC(R. ).

Let £ be an operator from 2 C BC(R,.) into itself

and consider the solutions of equation

(Fo)(t) = 2(t).

Now we review the concept of attractivity of
solutions for equation (4).

(4)

Definition 2.2. (See [1].) Solutions of equation (4)
are locally attractive if there exist a ball B(xzg,r) in
the space BC'(R,.) such that for arbitrary solutions
x = x(t) and y = y(t) of equations (4) belonging
to B(xg,r) N2 we have that

lim (z(t) — y(t)) = 0. ()

t—o0
When the limit (5) is uniform with respect to
B(zo,7) N1, solutions of equation (4) are said to
be locally attractive (or equivalently that solutions
of (4) are asymptotically stable).

Definition 3.2. (See [1].) The solution = = x(t) of
equation (4) is said to be globally attractive if (5)
hold for each solution y = y(t) of (4).

If condition (5) is satisfied uniformly with
respect to the set €2, solutions of equation (4)
are said to be globally asymptotically stable (or
uniformly globally attractive).
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In this section we study the functional integral
equation (1). Here we consider the following con-
dition:

(4") The function ¢ : R, xR, xR — R is continuous
and there exist y, € R and positive constant D such
that

MAIN RESULTS AND EXAMPLES

B(t)
| lotsolds <D, ter. (@)
0
Moreover,
) B(t)
T [ gt s,2(5)) — gt 5,y(s))|ds =0,

B(t)
| ot s,2() = gt 5, y(s)lds < o0, ()

for any t € R, and uniformly respect to =,y €
BC(Ry) .
Remark 1.3. If a function g : Ry X Ry xR — R
satisfies the condition (4) in Theorem A then we
infer that

/0 it s.0) () /0 " b(s)ds ) < oo,

uniformly respect to x in R, also
B(t)

‘g(t’ Sy $(5)> - g(ty S, y(s)ﬂd‘s
B(t) _

b(s)ds =0,

for z,y € BC(R,). Consequently the condition
(4') holds.
Now we formulate our main theorem as:

|ds < sup{a
teER

lim
t—o0

0

< 2tlim a(t)/

0

Theorem 1.3. Suppose that the conditions
(1), (3) and (4) hold and f is Lipschitz continuous
with constant £ € [0,1). Also h : R — R is a
continuous function such that

|h(x) — h(y)| < ploz —y|7, (8)

for some positive constants p, . Then the equation
(1) has at least one solution in BC(R.). Moreover,
the solutions of (1) are uniformly locally attractive.

T,y €R.

Proof. First of all we define operator F, such
that for any = € BC(R,)

(Fo)(t) = f(t.o(a(®)
B(t)
£ ([ gltsw(1(5))ds),
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By considering conditions of theorem we infer that
Fz is continuous on R,. Now we prove that F'z €
BC(Rry) for any x € BC(R,.). For arbitrarily fixed
t € R. we have

|(Fz)(#)]

<

B(t)
+ ([ gt s.2(r()ds).

By using condition (4') and inequality (8) we obtain

[ ot 5,2((5)))ds)

< Ih [ gtt s 2(a(5))ds)
B(t) B(t)

([ glts.w)ds)] + [ gt s 0)ds)
B(t)

<ol [ ot 5.2 (0(3)) = gt 5.0) sl
B(t)

([ gt s 0)ds)| < i,

where

My = supfol [ Kot 59(5)) — ol 5, u0) s
teERy, ye€ BC(R,)}

+ max{[h(r)| : r € [-D, D]}, 9)
and D is given by (6). Thus
|(Fz)(t)] < Klz(a(t)] + Mo. (10)

Here M, = sup{|f(t,0)] t € Ry} + M.
Hence Fz € BC(R,). Equation (10) yields that F’
transforms the ball B, = B(6,r) into itself where

r = 2 Now we show that F" is continuous on the

ball B,. Let us fix arbitrary e > 0 and take =,y € B,
such that ||z — y|| < e. Then

|[(Fz)(t) — (Fy)(2)]
< [f(t, () aft)) = [t y(a@)))|

(™ gt 2(4(5)))ds)
n( [ gt 5,9(1(5)))ds)
< Hefa(t) = (o)
o[ lglt s, 2(1(5)))
_g<t>say(7(8)>)|d‘9}aa

)~
¢

(11)
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Furthermore, with due attention to the condition (4')
there exist 7" > 0 such that for ¢ > 7" we have

1

)
/oﬂ l9(t,5,2(1())) — g(t, s, y(1(s)lds < (©)7,
‘12
and then from (11) and (12) for ¢ > T we have
[(Fx)(t) = (Fy)(t)] < (k + 1)e.

Now we assume that ¢ € [0,77], then by using
continuity of g on [0,7] x [0, Br] x [—r, 7], where
Or =sup{p(t) : t € [0, T]}, we can obtain

B(t)
[ 19t s,2(1(9) = gl 5,5(3(9)lds 0.

as ¢ — 0. Thus F' is continuous on B,. In the
sequel we show that for any nonempty set X C
By, pn(FX) < ku(X). To do this fix arbitrarily
T > 0 and £ > 0 now let us choose x € X and
t1,ts € [0,T] with |ty — t;] < &, also without lose
of generality suppose that 5(t;) < [(t2) thus we
have

!(Fx)@z) -

+’f(t27 ( (

—Hh(/oﬁ( 2)g(t2,8,$

,x(y(s)))ds)]

< klz(a(tz) — x(alt))] + wl(f,¢)
B(t2)

) /0 g(t2, 5,2(4(s)))ds

B(t1)
_/O g(t1, s, 2(7(s)))ds)|”

< kw®(z,w (o, €)) +wl (f,e)

)
+p2 (/0

(F:E)( )!
) —

" g(t, 5, 2(1(s)))
—g(t1, 5. 2(7(s)))|ds)°

o ([ lolt 5.0 (9) sy
< kw’(z,w (o, €)) + wl (f,¢)
! (g,2)ds)° + (w

(8,6)Gr)7},

where
wy (f,€) = sup{|f(t2, )
r,rl},

—f(t1,$)| : tl,tz € [O,T],

|t2—t1| <ezxe€ [—
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Br = sup{f(t) : t € [0, T},
wvjj<97€> = Sup{‘g(tZ’ Sv$)_g<t1’ Sax)’ :

t1,te € [0, T, |ta —t1] < e,s € [0, Br],x € [—r, 7|}
and
Gy =sup{lg(t,s,2)| : t € [0,T],s € [0, Br],
x € [—rr]}.
Now by using the above estimate we have
wl (FX,e) < kw (X, w” (a,€)) + wl (f,¢)
+o2 ([ Wl (g )ds) + (W7 (3, )G

From continuity of f and g on compact sets [0, 7] x
[—r,r]and [0,T] % [0 6T] [—r, 7] respectively, we
flndw (f,e) = 0, wl(g,e) > 0ase— 0and GT
is a f|n|te constant. Slmllarly we get w?(3,e) — 0
wl(a,e) — 0 as e — 0 thus we obtain

wi (FX) < kwl(X),
by taking 7' — oo we have
wo(FX) < kwo(X), (13)

and for an arbitrarily fixed t € R and z,y € X we
obtain the following estimate:

(Pa)(0) = (F(0)] < Klr(a(t) = (o)
o[ lalts.2(3(s)) = glt. 5, (1()|ds)”
< kdiamX («a(t)) + M(t),

where

M) = swlp([ lgfts.x(5)

— 9(t,5,4(s))|ds)” : 2,y € BO(Ry)}.

By using conditions (4') and a(t) — oo as t — oo,
we deduce that

tlim sup dim(FX)(¢t) < k;tlim supdimX (¢). (14)
Consequently by considering 1 defined by (3) we
have

WFX) < kp(X), (15)

where k € [0,1). Thus from Theorem 1.2 we obtain
that the operator F' has a fixed point z in B, and
thus the functional integral equation (1) has at least
one solution in BC'(Ry).

Now we should investigate uniform local attractivity
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for solutions of equation (1). Let us assume that
xq IS a solution of equation (1) with conditions of
Theorem 1.3. Consider ball B(xq, ro) with ry = MQk
where

My =sup{M(t) :t € R, }.

1

Take y in B(xg,r9) we have

[(F'y)(t) — 2o(t)] [(Fy)(t) — (F'zo) (1)
< klly — xol| + My < 1o,

thus we observe that F' is continuous function
such that F'(B(xg,10)) C B(zo,ro). Similar to the
calculations in (13) and (14) we can show that

p(FX) < kp(X), (16)

for any nonempty subset X of B(xg,ro). Let us
taking Cy = B(xo,10), C, = Conv(FC,_;) for
n 1,2,..., thus we obtain that C,,; C C,
(n=1,2,...) and C,, s are nonempty, closed and convex
sets. By using (16) we have

1(Cn) < K" pu(Co),

for any n 1,2,.... But from the definition of
w’(X,e) and diamX(t) we can easily understand
that w’ (X, ) < 2ry + w’ (z,€), diamX(t) < 2r
and then u(X) < 4ry for any nonempty subset X
of B(xg,10). Consequently we obtain

lim p(Cy) =0,

n—oo

(17)

thus from condition 6° of Definition 1.2 we get that
the set

Coo = m Cn7
n=0

is nonempty, bounded, closed, convex and (C.)
0. Then

Jim sup diamC\(t) = 0,

and this yields that
Jim [=(1) — y(1)| = 0.

We deduce that all solutions of the functional
integral equation (1) with conditions of Theorem
1.3 are uniformly locally attractive in the sense of
Definition 2.2. O

Vz,y € Cy.

Remark 2.3. Condition (4') can be satisfied
in various ways. For instance, one can assume that
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The function ¢ : R, x R, X R — R be continuous
and there exist yo € R and positive constant D
such that

B(t)
/O l9(t,s,90)|ds < D, teERy.

Moreover, there exist function M (t,s) : Ry xRy —
R, such that

(18)

l9(t,8,2) = g(t,s,9)| < M(t,s), Yo,y €R,
B(t)
Jim M(t,s)ds = 0.

0

We can easily deduce condition (4) in Theorem A
implies this condition but the converse is not true.
To investigate this claim we give some examples
which show that our theorem can be applied but
the previous results [1], [2], [6] are inapplicable.

Example 1.3. Consider the integral equation

o) = th sin(z(1))
tsx?(s) + s3(z'(s) + 1)
+ wi(s) + @1y 0 W9
where «a(t) = (t) = y(t) = t, and
(t,2) = — o sine),
ot 5.7) = sx? + 3 (zt + 1)

(*+1)(t*+ 1)
By simple calculation we obtain that

1222
I / (t,5,2)|ds = li
A J, lott s olds = J o e
+ lim t* ER
—_— — i .
t—>oo4(t4+1) s

So the condition (4) in Theorem A is not hold and
this theorem is inapplicable for equation (19). Also
by considering M(t,s) = =, for every z,y € R

we have
lg(t, s,2) — g(t, s,y)| < 1jt4 = M(t,s).
o &
Jim [ M 5)ds =M oGy O

We can easily satisfy another conditions in Theorem
1.3. Then the integral equation (1) has at least
one solution and solutions of this equation are
uniformly locally attractive.
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Remark 3.3. In Example 1.3 we observe that
the condition (4) in Theorem A cannot be satisfied.
In addition to if ¢ has the form

g(t,s,x) = 1(x)a(t, s) + s3(t, s), (20)

where ;, i = 1,2,3 are continuous and positive
functions such that

diw) < by, i [l )ds =

t
lim/ Ps(t, s)ds < oo,

t—oo Jo

0,

where k; is a positive constant. Then we have

hm/ lg(t, s, x)|ds = hm/ Ps3(t, s)ds,

lg(t, s,2) — g(t, s,y)| < kaiha(t, s) = M(L, 5),
t t

lim/ M(t,s)ds =k tlim/ Po(t, s)ds = 0,

t—oo Jo

for z,y e R. If

t
0< tlirn/ Wws(t, s)ds

then we cannot use Theorem A for the integral
equation (1) with this g. The functions below are
the examples of function g which satisfied the above
assumptions and inequality (21) :

(21)

|x|8" 2yt + 1)

n(t, >1
ot s.1) = In(1 + s|z|) + sinh(s)(1 + 2?)
(1 + 22)(1 4+ cosh(t))
We can easily see
1
11m/ lgn(t, s, x)|ds = —
n’
Sn—2
gn(t, 5, 7) — gn(t, s,y)| < i M(t,s)
t -1
lim [ M(t,s)ds = lim =0,
t—oo Jo t—o00 1 -+ tn
and
_ cosh(t)
1 / (t,5,2)|ds = lim =
i lg(t, 5, x)lds = =% 1+ cosh(t) cosh(t)
24 2s
4 —g(t — = M(t
lg(t,s,2) — g(t,s,9)| < I+ cosh(7) (. 5),
t 2
lim/ M(t, s)ds hm&—o.
t—oo Jo t—o0 (1 —|— COSh( ))

Thus all of results presented by Bana$ and Rezepka
[2], Banas and Dhgae [1] and Liu and Kang [6]
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which in their theorem have the condition (4), are
inapplicable to integral equation (1) with h(z) =
and ¢ satisfied in above examples. But by using
our theorem we can find this integral equation has
at least one solution which is uniformly locally
attractive.

Corollary 1.3. If in Theorem 1.3 in addition
to Lipschitz continuous with constant & € [0, 1), f
be bounded then the solutions of functional integral
equation (1) are globally attractive.

Proof. Suppose that

|f(t,2)| < Ms, VteER,, Vr€R,

then for any = € BC (R, ) we have

(Fa

where M is the constant in (9). The inequality (22)
yields that F'(BC(R;)) C B,, = B(#,r) then all
solutions of the equation (1) are in B,,. Similar to
the proof of Theorem 1.3 we can show that

p(FX) < kp(X),

Y| < Mz + My =1y, (22)

for any nonempty subset of B,, and we can find the
subset C,, such that this set includes all solutions
of equation (1) and u(C) =0 i.e.

—y()] =0,

thus solutions of functional integral equation (1)
are globally attractive. O

Jim |z (t) Vz,y € Cx,

Example 2.3. Consider the following integral
equation:

 In(1+2?)
"0 = 3T )1+ )

2 In(1+ sla(v/5))) + s(1 +2%(v/3))
+ arctan(/o 0+ 90+ 22(v3) (ZC;S))
Notice that the equation (23) is a special case of
equation (1) where

a(t) = y(t) = Vi,

h(z) = arctan(x),
In(1 + 2?)

plt) =2, f(t,7) = 3(1+22)(1+ %)
In(1 + s|z|) + s(1 + 2?)
(1 +t4)(1 + 2?)

g(t,s,x) =
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By simple calculation we can find that f, «, 3, v
and h satisfy in conditions of Theorem 1.3 and f is
a bounded function and

t2 t2
tliglo 0 |g(t,87$>|d8 :tliglo 0 mds = 57
1+ s
t —g(t < = M(t
lg(t, s, ) g(,s,y)l_1+t4 (t,s),
) t? 2t 4t
Jim f Mt s)ds = Jim o= =0

Hence the conditions in corollary 1.3 are provided
thus the equation (23) has at least one solution and
solutions of this equation are globally attractive.
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