
 

Abstract—In this paper a mixed problem with nonlocal 

boundary conditions on a rectangular domain is considered. Error 

is estimated effectively, i.e. only the known problem data 

participate in this estimate.By applying the net method error 

estimates of approximate solution of the Laplace equation usually 

contain maximums of modulus of derivatives of the desired 

solution. And this naturally makes difficult to use estimates in 

practice. Error estimates of some methods expressed by basic 

problem data are known in the references. So Wazov [2] has 

estimated error of the Fourier discrete method for the Dirichlet 

problem of the Laplace equation by the paper [1]. As well E.A. 

Volkov as distinct from these papers applying the Gershgorin 

majorant method, summability method on layers has estimated 

error also only with the known data. 
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I. INTRODUCTION 

N this paper first for nonlocal mixed problem, error of the 

Fourier discrete method is estimated effectively, i.e. error is 

estimated with the help of the known data. 

The following nonlocal mixed problem is considered. It is 

required to find a solution of the equation 

0=∆u  on Π ,                           (1) 

satisfying the boundary conditions 

0=
∂
∂
x

u
 on 42 , ΓΓ ,                       (2) 

0=u  on 3Γ  

)10(),(),(),( <<+= xxfcxucxu α            (4) 

where it is assumed that )(xf  is thrice continuously differentiable 

and 0)1()0( =′=′ ff . 

Here }0,10:),{( byxyx <<<<=Π , and iΓ  ( 4,1=i ) are the 

sides of the rectangular Π  numbered counterclockwise starting 

with lower-side except for the ends. Introduce the following 

notation: 
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Introduce quadratic net by straight lines 

),1,(, njijhyyihxx ji ===== . Denote  

},0,,,:),{( njijhyyihxxyx jih ======Π , )4,1( =Γ iih   
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is a set of net nodes lying on iΓ  and U
4

1=

Γ=Γ
i

ihh  respectively, as 

well as hhh ΓΠ=Π U . 

Let’s construct the difference scheme of corresponding problem 

(1) – (4) in the following form: 

0=∆ hhu  on hΠ     (5)  

hyyxhyyx onuu
h

onuu
h

42 0
2

,0
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Γ=+Γ=+−  (6) 

,0 3hh onu Γ=     (7) 

)1(,),()0,( <+= αα hhh fcxuxu   (8) 

Here it is assumed that the point c  coincides with on of nodes. 
We prove that the solutions of problem (1) – (4) and (5) – (8) are 

defined by the following formulae respectively 
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At first we prove formula (9). We’ll search a solution in the form 

)()(),( yYxXyxu ⋅= . 

 Then  

,0=−′′ kXX    (12) 

,0=+′′ kYY   (13) 

where k  is some constant. 

In order the function ),( yxu  satisfy boundary conditions (2) the 

function )(xX  must satisfy the conditions 

0)1()0( =′=′ XX           (14) 

We must find a solution of equation (12) satisfying condition 

(14). If assume 2λ−=k , then the general solution of equation (12) 

will be  

xCxCxX λλ sincos)( 21 += . 

Condition (14) gives  

,0)0( 2 ==′ CX λ  

.0cossin)1( 21 =+−=′ λλλλ CCX  
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Consequently, 02 =C  certainly and we can take 
1C  being 

equal to zero only provided 

,0sin =λ  

i.e. if λ  is a number divisible by π : 

,...).2,1( == nnπλ  

 At πλ n=  we obtain the solution  

,...).2,1(cos)( == nxnCxX π  

Substituting 22
)( πλ nk −=−=  in (13) we obtain for Y  the 

equation  

0)(
2 =−′′ YnY π  

whose solution is defined by the formula 

yshnCychnCY ππ 21 += , 

where 21,CC  are arbitrary constants 
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This function satisfies equation (1) and boundary conditions 

(2), it remains to select the constants nA  and nB  such that to 

satisfy boundary condition (3) and (4). 

 According to these solutions  
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By immediate testing it is easy to be convinced that ),( yxuh  

defined by formula (10) is a solution of problem (5) – (8). 

 It is known that ([1])  

)
1
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We’ll get the solution of difference scheme (5) – (8) ),( yxuh  as 

a approximate solution of problem (1) – (4). 

We estimate error of method. From (9) and (10) we have 
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We estimate || na . Using the formula of integration by parts 

(twice) we obtain  
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 Hence it follows that  
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Consequently, in order to estimate )2,1( =iRi  it is necessary to 
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 It is easy to note that  
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We’ll use below the following obvious inequalities  
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 It follows from (16) and (17) 
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