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Numerical Solution of One Nonlocal Mixed
Problem

G.Mehdiyeva, A.Aliyev

Abstract—In this paper a mixed problem with nonlocal
boundary conditions on a rectangular domain is considered. Error
is estimated effectively, i.e. only the known problem data
participate in this estimate.By applying the net method error
estimates of approximate solution of the Laplace equation usually
contain maximums of modulus of derivatives of the desired
solution. And this naturally makes difficult to use estimates in
practice. Error estimates of some methods expressed by basic
problem data are known in the references. So Wazov [2] has
estimated error of the Fourier discrete method for the Dirichlet
problem of the Laplace equation by the paper [1]. As well E.A.
Volkov as distinct from these papers applying the Gershgorin
majorant method, summability method on layers has estimated
error also only with the known data.
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I. INTRODUCTION
IN this paper first for nonlocal mixed problem, error of the
Fourier discrete method is estimated effectively, i.e. error is
estimated with the help of the known data.
The following nonlocal mixed problem is considered. It is
required to find a solution of the equation

Au=0 on IT, (1)
satisfying the boundary conditions
6_u:0 on I, Iy, 2
ox
u=0 on Ij

u(x,c)=ou(x,c)+ f(x), (O<x<1) 4)
where it is assumed that f(x) is thrice continuously differentiable
and f'(0)=/'(1)=0.

Here IT={(x,»):0<x<10<y<b}, and T; (z'=1,_4) are the

sides of the rectangular I1 numbered counterclockwise starting
with lower-side except for the ends. Introduce the following
notation:

TI=nyr

Introduce quadratic net by straight lines

x=x;=ih, y=y; = jh (i,j:l,_n) . Denote
M, ={(x,p):x=x; =ih, y=y; = jh, i,j=0.n}, Ty (i=14)
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4
is a set of net nodes lying on I'; and T’ = UFih respectively, as
i=l
well as TT), =TT, UT}, .
Let’s construct the difference scheme of corresponding problem
(1) — (4) in the following form:

Apuy, =0 on IT, (5)

2 2
—ZM;C +14)7y:0 on th, ;M} +M)7y:0 on F4h (6)

uh=0 on F3h’ (7)

up(x,0)=ouy(x,c)+ f, (a<l) (8)
Here it is assumed that the point C coincides with on of nodes.
We prove that the solutions of problem (1) — (4) and (5) — (8) are
defined by the following formulae respectively

o0

_ a9 _
() =g s b)+2ang(y,m>cosmx, ©
n=
1/h
by B,
=0 (b4 Y bg(y, :
63 = e () Z; (. B2y cosn
p
(10)
1 1
zM:ZIkamnmﬁ,aO:jﬂﬂﬁ,
0 0
1/h 1/h
b, = ZhZ fy(khycosnzih, by = hz (kb
k=1 k=1
shz(b—y)
)=y 1
§.2) shzb —ashz(b—c) an
sh& = sinnh—”
2

At first we prove formula (9). We’ll search a solution in the form
u(x,y)=X(x)-Y(y).
Then
X"—kX =0,
Y'+kY =0,

12)
(13)

where k is some constant.

In order the function u(x, y) satisfy boundary conditions (2) the
function X (x) must satisfy the conditions

X'0)=Xx'(H=0 (14)

We must find a solution of equation (12) satisfying condition
(14). If assume £ = —22, then the general solution of equation (12)
will be

X(x)=CjcosAx+C,sindx.
Condition (14) gives
X'(0)=2C, =0,
X'1)=-AC;sin A+ ACy cos A =0.
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Consequently, C ) = O certainly and we can take Cl being
equal to zero only provided
sinA =0,
i.e.if A is a number divisible by 7 :
(n=12,..).
At A =nz we obtain the solution
X(x)=Ccosnmx (n=12,..).

A=nrx

Substituting & = 22 = —(n/r)2 in (13) we obtain for Y the
equation
Y —(nr)*Y =0
whose solution is defined by the formula
Y =Cichnny + Cyshnny ,

where C},C, are arbitrary constants

u(x,y)= Z[A,,chnﬂy + B, shnny]cosnm+ Ayy+ By .
n=1
This function satisfies equation (1) and boundary conditions
(2), it remains to select the constants A’7 and B , such that to
satisfy boundary condition (3) and (4).
According to these solutions

o0
D (A, chnb + B, shnableosnzz+ Agb + By =0,

n=l

0
ZA,, cosnm+ By =

n=l1

0
= a{Z[A,,chnﬂt+anhnﬂ'c] cosnmx+ Ayc+ By} + f
n=1

On the other hand subject to

o0
. a
f(x)= E a, cosnﬂx+70,
n=l

where
1 1
a, = ZJ.f(x)cos nmedx, a :If'(x)dx,
0 0

Hence comparing the coefficients of series we obtain

. | S
O Dli-a)h+ac] 2A(1-a)b +ac]
shnb
An = Ay,
(1—achnrc)shnrb + ashne - chnmb
chnmb

Bn - ap
(1—achnmc)shnab + ashnzc - chnzb
Thus

N (y-b)+

U ) = o b ]

S hnz(b—
+3a, IO o
— shnnb — ashnz(b—c)
By immediate testing it is easy to be convinced that u,(x, )

defined by formula (10) is a solution of problem (5) — (8).
It is known that ([1])

a,=b, (n= 0,1,...,%) .

We’ll get the solution of difference scheme (5) — (8) u,,(x,y) as
a approximate solution of problem (1) — (4).
We estimate error of method. From (9) and (10) we have
lu—uy <R +R,,

where
1/h Y 1/h

Ry = le\ byllgnm) =g 2L Ry = ;/\han | g(r.nm)].
n= n=

We estimate | a,, | . Using the formula of integration by parts

(twice) we obtain

4 " —
|ay \S(—)“maX\f 0=k, (15)
nw

where
4 "
k=—4max\f (x)]-
T
Hence it follows that
b, |<kn™  (n=12,...1/h).  (16)
Consequently, in order to estimate R; (i =1,2) it is necessary to

estimate

|g(y,z)| and

g(y,nm)—- g(%%) :
It is easy to note that

1

l-a

lg(y.2)| < (17

By

g(y,nr) —g[y,Tj . We have

We estimate

Z—g = %[shbz —ash(b—c)z]7% {2b— y)shyz — ysh(2b— y)z -
zZ

—al2(b—c) = (y=c)sh(y—)z—(y=c)sh(2(b—c) = (y =)z}
Subject to
(2b—y)shyz<y-sh(2b-y)z

and
QOB-c)=(y=-cNsh(y —c)z < (y —c)sh(2(b - c)x—(y - ¢))z.
We obtain

< %[shbz —ash(b—c)z]"% -[ysh(2b - y)z +

og(y,2)
Oz

+a]y - csh(2b - c - y)z]. 18)

We’ll use below the following obvious inequalities
shkt < exp((k —1)t)sht 0<k<D), (19)

sht > %(1 —exp(=2t)))exp(t) (t>1 > 0), (20)

insﬁﬁnﬁ
3 h

Using formula (19) and assuming

1
(<n<). @D

0<k=1-2<1, t=2b-2,
2b

0<k=1-Y <1 r=2:
2b

respectively we obtain

sh(2b—y)z = sh(l —Z—J;j%z <exp(—yz)sh2bz , (22)
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sh(2b—c—y)z= sh(l —C;—byj2bz <exp(—(c+ y)z)sh2bz

(23)
Now assuming

4
t=bz, y=—bn
3

in (20) at z > % using formula (21) we obtain
shbz > % a- exp(—San)) exp(bz) .

Henceat n>1 and z Z% Z%n we obtain
[shbz —a - sh(b— c)z]_2 < {% (1 - exp(—%D exp(bz)—
_ 1 8b
—ash(b—c)z] ? =| =| 1—exp| —— | |-
ash( c)z] l:z[ exp( 3 D
—a exp(—bz)sh(b— c)z]f2 -exp(—2bz) <
8b 2
< 4{1 - exp(—?j -a exp(—cz)} exp(—2bz) <

)

Allowing for (22), (23) and (24) in (18) obtain

-2

exp(=2bz). (24)

og(»,2)

oz

x exp(—2bz)[y exp(—yz)sh2bz +
+a]y - exp(—(c + y)z)sh2bz] <

-2
< 2(1 - exp(—i—bj e’ exp(— %D X

x[yexp(-yz) +a(y —c)exp(—(c+ y)z)]x

-2
xexp(—2bz)sh2bz < (1 - exp(_%j —a exp(_%j] «

x[yexp(=yz) +a(y —c)exp(=(c + y)2)].
Thus, at 1<n<1/h and B,/h<z<nz,0<y<b we
obtain

-2
19200 [ expf -2 |- _4) &
e < (1 exp( 3 j a exp[ 3 D

x[yexp(—yz)+a(y+c)exp(—(c+y)z)].

Then
g[y,%j -g(y,nr)

S (BE -

+a(y+c)exp(=(c+y)2)]

<

)
[y-exp(-yz) +

3
(nhr) <
6h

<”—3n3 1—ex —& — ex] —i 72><
6 P 3 P 3

x {y exp[—%ynj +a(y+c) exp[—%(y + c)nﬂh2 .(25)
It follows from (16) and (17)
0 3
R,<kYn™ <k
n:H—l 3
h

It follows from (15) and (25) that

3 (1/h S
|R1|Sk% ;(n‘%ﬁ{yexp(—%nj+a(y+c)exp(—@nﬂ}x
-2
x(l—exp(—%}—aexp(——n W=
-2

1/h n 1/h n
X yZ(exp(—i;jj +a(y+c) (exp(——4(y3+ C)jj
n=l1

n=1
2

Slkﬂ'3h2 l—exp(—ﬁ]—aexp(—ﬁj X
6 3 3

y exp(— 4%) (y+0) exp(—mj

3
X +a

1- exp(%) 1- exp( 4(y3+ ) j

3 —2
V4 8b 4c P
<k—((+a)|1—exp| —— |- aexp| —— h-.
5 )( p[ 3j p( 3D
Thus

|u—uh|£k %+%ﬂ3(1—exp[—i—bj—aexp[—%n (1+a) h?
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