
 
Abstract—A methodology to design a nonlinear observer in a 

bond graph approach is proposed. The class of nonlinear observer 
with multivariable nonlinearities is considered. A junction structure 
of the bond graph observer is proposed. The proposed methodology 
to an electrical transformer and a DC motor including the nonlinear 
saturation is applied. Nonlinear observers for the transformer and DC 
motor based on multivariable circle criterion in the physical domain 
are proposed. In order to show the saturation effects on the 
transformer and DC motor, simulation results are obtained. Finally, 
the paper describes that convergence of the estimates to the true 
states is achieved. 

Keywords—Bond graph, nonlinear observer, electrical 
transformer, nonlinear saturation

I. INTRODUCTION

OND graph methodology provides a formal and 
systematic language for modeling dynamic systems. It 

incorporates physical assumptions and issues made about 
system models in an explicit and precise way. In practical 
engineering, bond graphs are typically used to help generate 
the differential or the state equations of systems for standard 
numerical simulation. However, they can also be used for 
various forms of qualitative reasoning which made no 
reference to system differential equations at all. 

Hence, the bond graph approach has been developed in 
recent years as a powerful tool for modeling dynamical 
systems. It essentially focusses on the exchange of energy 
between the system and its enviroment and between different 
elements within the system. It is this energy exchange that 
determines the dynamics of any system. 

The bond graph method is acknowledged to be highly suited 
for dynamic modeling because of the following reasons: (a) the 
derivation of system equations can be algorithmized; (b) 
nonlinear elements are easily modeled. 

On the other hand, the principle of observability intuitively 
establishes the possibility to rebuilt the state variables from the 
measured outputs and given inputs. With observability 
conditions, the observation problem consists in seeking a state 
estimation by means of an auxiliary dynamic system, the 
observer [4].  
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In [14] presents a new method using bond graph 
methodology to derive information on structural 
controllability/observability properties of a system. 

Also, some papers have been published applying bond 
graph to construct an observer. In [5] proposes a control in 
bond graph using state estimated feedback for MIMO LTI 
systems. In [6] a bond graph approach to built reduced order 
observers for LTI systems is described. This approach uses the 
bicausality concept to simplify the construction and the 
calculation of the observer. A bond graph representation of 
model-based control, which allows the design of controllers in 
the physical domain is described in [7]. 

In other wise many papers have been published on 
observers, for example [8] gives an approach to estimate the 
state of a nonlinear system from the point of view of 
differential algebra. However, in [9] and [10] globally 
convergent observers are designed for a class of systems with 
multivariable nonlinearities. Also, most of the existing 
nonlinear observer designs restrict the system to be linear in 
the unmeasured states. 

Thus, the main contribution of this paper is to design an 
observer in a bond graph approach for systems with 
multivariable monotone nonlinearities. In this paper a bond 
graph model of a transformer with two windings is proposed. 
Also, a basic electromagnetic model for the magnetizing 
branch of a transformer with two windings in the physical 
domain is described. This magnetizing branch consists of a 
resistor and inductance. However, in order to introduce the 
magnetic saturation a nonlinear function is used. 

According with transformers, in [11] a magnetic circuit 
model of power transformer which takes into account the 
nonlinear hysteresis phenomenon is analyzed. However, this 
paper uses a special nonlinear function to introduce the 
hysteresis. In [13] a bond graph model of a transformer based 
on a nonlinear conductive magnetic circuit is described. Here, 
the state space nonlinear magnetic model has to be known. 
Also, the nonlinear function to armature inductance of a DC 
motor is applied. Then, an observer for the DC motor is 
designed. 

Section II gives some basic elements of the modeling in 
bond graph. Section III describes the observers design for a 
class of nonlinear system with multivariable nonlinearities. A 
nonlinear observer in the physical domain is presented in 
section IV. A bond graph model of a transformer with two 
windings considering the nonlinear core is proposed in section 
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V. In this section, nonlinear observer in the physical domain of 
the transformer is presented. Section VI, describes a bond 
graph of a DC motor and the bond graph observer is proposed. 
Finally, section VII gives the conclusions. 

II.M ODELING IN BOND GRAPH

The bond graph methodology allows to model a system in a 
simple and direct manner. Using fields and junction structures, 
one may conveniently study systems containing complex 
multiport components using bond graphs. In fact, bond graphs 
with fields prove to be a most effective way to handle the 
modeling of complex multiport systems [2]. 
Consider the following scheme of a multiport LTI system 
which includes the key vectors of Fig. 1 [2], [14].

Fig. 1 Key vectors of a bond graph 

In Fig. 1, ( ),MSe MSf , ( ),C I , ( )R  and ( )D  denote the 

source, the energy storage, the energy dissipation and the 
detector fields, and ( )0,1, ,TF GY  the junction structure with 

transformers, TF , and gyrators, GY . 
The state nx ∈ℜ  is composed of energy variables p  and q
associated with I  and C  elements in integral causality 
assignment, pu ∈ ℜ  denotes the plant input, qy ∈ℜ , the plant 

output, nz ∈ℜ  the co-energy vector, and r
inD ∈ ℜ  and 

r
outD ∈ ℜ  are a mixture of e  and f  showing the energy 

exchanges between the dissipation field and the junction 
structure. 
The relations of the storage and dissipation field are, 

( ) ( )z t Fx t=  (1) 

( ) ( )out inD t LD t=  (2) 

The relations of the junction structure are [2], [14], 

( )
( )

( )

( )
( )

( )

11 12 13

21 22 23

31 32 33

in out

x t S S S z t

D t S S S D t

y t S S S u t

� � � �� �
� � � �� �=� � � �� �
� � � �� �� �� � � �

�

 (3) 

The entries of S  take values inside the set 

{ }0, 1, ,t gK K± ± ±  where 
tK  and 

gK  are transformer and 

gyrator modules; 11S  and 
22S  are square skew-symmetric 

matrices and 
12S  and 21S  are matrices each other negative 

transpose. The state equation is, 

( ) ( ) ( )p px t A x t B u t= +�  (4) 

( ) ( ) ( )p py t C x t D u t= +  (5) 

where 

( )11 12 21pA S S MS F= +  (6) 

13 12 23pB S S MS= +  (7) 

( )31 32 21pC S S MS F= +  (8) 

33 32 23pD S S MS= +  (9) 

being 

( ) 1

22M I LS L
−= −  (10) 

It is very common in electrical power systems to use the 
electrical current as state variable of this manner taking the 
derivative of (1) and (4), we have 

( ) ( ) ( )p pz t A z t B u t= +�  (11) 

( ) ( )p py C z t D u t= +  (12) 

where 
1

p pA FA F −=  (13) 

p pB FB=  (14) 

1
p pC C F −=  (15) 

Next section describes the design of an observer for systems 
with multivariable monotone nonlinearities. 

III. A N ONLINEAR OBSERVER

This design represents the observer error system as the 
feedback interconnection of a linear system and a state-
dependent sector nonlinearity [9]. 
Firstly, this observer uses the multivariable nonlinearities 

( ) : l lγ • ℜ → ℜ  which satisfy a multivariable analog of the 

monotonicity property: 

0
T

lγ γ υ
υ υ

∂ ∂� �+ ≥ ∀ ∈ℜ	 
∂ ∂� �
 (16) 

 With this property, the state nonlinearity that arises in the 
observer error system a multivariable sector condition. For our 
observer design, we consider the plant 

( ) ( ) ( )( ) ( )
( ) ( )

p p

p

x t A x t G Hx t B u t

y t C x t

γ= + +

=

�
 (17) 

where nx ∈ℜ  is the state, qy ∈ℜ  is the measured output, 
pu ∈ ℜ  is the control input, and the multivariable nonlinearity 

( ) : l lγ • ℜ → ℜ  satisfies (16). 

With this assumption, our observer has the same form as in 
[16]: 

( ) ( ) ( )( )
( ) ( ) ( )( )( ) ( )

ˆ ˆ ˆ

ˆ ˆ

p

p

x A x t L Cx t y t

G Hx t K Cx t y t B u tγ

= + − +

+ − +

�
 (18) 

Our task is to determine the observer matrices l qK ×∈ℜ  and 
n qL ×∈ℜ  to make the observer error ( ) ( ) ( )ˆe t x t x t= −

approach zero. From (17) and (18), the dynamics of the 
observer error ( ) ( ) ( )ˆe t x t x t= −  are governed by 

( ) ( ) ( ) ( ) ( )p pe t A LC e t G γ υ γ ω= + + −� �� ��  (19) 

where 

( ) ( ) ( )( )ˆ ˆ, pHx Hx t K C x t y tυ ω= = + −  (20) 
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We begin the observer design by representing the observer 
error system (19) as the feedback interconnection of a linear 
system and multivariable sector nonlinearity. To this end, we 
view ( ) ( )γ υ γ ω−  as a function of υ  and 

( )z H KC eυ ω= − = + ; that is, a state-dependent 

multivariable nonlinearity in z: 

( ) ( ) ( ), zϕ υ γ υ γ ω= −  (21) 

Substituting (21), we rewrite the observer error system (19) as 
( ) ( ) ( ) ( )
( ) ( ) ( )

,p p

p

e t A LC e t G z

z t H KC e t

ϕ υ= + +

= +

�  (22) 

To show that ( ), zϕ υ  satisfies a multivariable sector property, 

we make use the Mean Value Theorem [9], and rewrite 

( ), zϕ υ  as 

( ) ( ) ( )

( )
( )

1

0

1

0

,

s

s z

z

d
s

s

υ λ ω υ

υ λ

ϕ υ γ υ γ ω

γ υ ω λ

γ
= + −

= −

= −

∂� �= −� �∂� �

∂� �= � �∂� �







 (23) 

Thus, from property (16), 

( )
1

0

1
, 0

2

T
T

s z

z z d z
s s

υ λ

γ γϕ υ λ
= −

� �∂ ∂� � � �= + ≥	 
� � � �	 
∂ ∂� � � �� �

  (24) 

Thanks to this sector property, asymptotic stability is 
guaranteed from the circle criterion if the linear system with 
input ( ), zϑ ϕ υ= −  and output z  is SPR, that is, if a matrix 

0TP P= > , and a constant 0ς >  can be found such that [9] 

( ) ( ) ( )
( )

0
0

T T

T

A LC P P A LC I PG H KC

G P H KC

ς� �+ + + + + +
≤� �

+ +� �� �

(25) 

Thus, the observer design for system (17) consists on solving 
(25), which is LMI in 0TP P= ≥ , , ,P L K  and 0ς ≥ . 

Next section presents a general scheme to obtain an observer 
in the physical domain. 

IV. AN OBSERVER BASED ON A BOND GRAPH

A direct graphical technique to obtain the observer of a 
system represented by bond graph is presented. It is important 
to note that the magnetizing inductance is a nonlinear function 
described by (41). Thus, the proposed observer is a nonlinear 
system. The general structure of the complete system is shown 
in Fig. 2. 

Fig. 2 Block diagram of an obsever in the physical domain 

The objective to represent the model and the observer in 
block diagrams is to obtain the complete system in terms of the 
junction structure matrices. This let us to know, the change of 
S due to the observer with the purpose the assign the gains of 
the observer. 
The structure of the observer is given by, 

( )
( )

( )

( )
( )

( )
( )

ˆ ˆ

ˆˆ ˆ

ˆ
in out

x t z t

D t S D t Sz t

y t u t

•� �
� �� �
� �� � = +� �� �
� �� � � �

� �

�
 (26) 

The state space representation of the observer is, 

( ) ( ) ( )ˆ ˆˆ ˆp px A x t B u t SFx t
•

= + + �  (27) 

( ) ( ) ( )ˆˆ ˆp py t C x t D u t= +  (28) 

where 

( )11 12 21
ˆ ˆ ˆ ˆˆ

pA S S MS F= +  (29) 

13 12 23
ˆ ˆ ˆˆ ˆ

pB S S MS= +  (30) 

( )31 32 21
ˆ ˆ ˆ ˆˆ

pC S S MS F= +  (31) 

being 

( ) 1

22
ˆM̂ L I S L

−
= −  (32) 

Next section proposes a two windings transformer including 
the linear and nonlinear core in the physical domain. Also, a 
nonlinear of the observer is designed. 

V. BOND GRAPH OF A TWO WINDINGS TRANSFORMER WITH 

CORE

Charles P. Steinmetz (1865-1923) developed the circuit 
model that is universally used for the analysis of iron core 
transformers at power frequencies [1]. However it is good idea 
to consider transformers first from the point of view of basic 
linear circuit theory to better appreciate the Steinmetz model. 
Consider the magnetic coupling between the primary and 
secondary windings of a transformer shown in Fig. 3 [12]. 

Fig. 3 Magnetic coupling of a two-winding transformer 

The total flux linked by each winding may be divided into 
two components: a mutual component, mφ , that is common to 

both windings, and a leakage flux components that links only 
the winding itself. In terms of these flux components, the total 
flux by each of the windings can be expressed as, 

1 1l mφ φ φ= +

and 
2 2l mφ φ φ= +  where 1lφ  and 2lφ  are the leakage flux 

components of windings 1 and 2, respectively. Assuming that 
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1N  turns of winding 1 effectively link mφ  and 1lφ , the flux 

linkage of winding 1 is defined by, ( )1 1 1 1 1l mN Nλ φ φ φ= = +  the 

leakage and mutual fluxes can be expressed in terms of the 
winding currents using the magneto-motive forces (mmfs) and 
permeances. So, the flux linkage of winding 1 is, 

( )1 1 1 1 1 1 1 2 2l mN N i P N i N i Pλ = + +� �� �
 where 1

1
1 1

l
lP

N i

φ=  and 

1 1 2 2

m
mP

N i N i

φ=
+

. 

Similarly, the flux linkage of winding 2 can be expressed as, 

( )2 2 2l mNλ φ ϕ= +  and using mmfs and permeances for this 

winding, ( )2 2 2 2 2 1 1 2 2l mN N i P N i N i Pλ = + +� �� � . The resulting 

flux linkage equations for the two magnetically coupled 
windings, expressed in terms of the winding inductances are, 

1 11 12 1

2 21 22 2

L L i

L L i

λ
λ
� � � � � �

=� � � � � �
� � � � � �

 (33) 

where 11L  and 22L  are the self-inductances of the windings, 

and 12L  and 21L  are the mutual inductances between them. 

Note that the self-inductance of the primary can be divided 
into two components, the primary leakage inductance, 

1lL  and 

the primary magnetizing inductance, 1mL , which are defined 

by, 
11 1 1l mL L L= +  where 2

1 1 1l lL N P=  and 2
1 1 1m mL N i P= .  

Likewise, for winding 2 
22 2 2l mL L L= +  where 2

2 2 2l lL N P=
and 2

2 2 2m mL N i P= . 

Finally, the mutual inductance is given by, 
12 1 2 2 mL N N i P=  and 

21 1 2 1 mL N N i P= , taking the ratio of 
2mL  a 

1mL , then 
2

2
2 1

1
m m

N
L L

N

� �
= 	 

� �

. 

The induced voltage in winding 1 is given by, 
1 1 2

1 11 12

d di di
e L L

dt dt dt

λ= = +  replacing 
11L  by 

1 1l mL L+  and 
2 2lL i  by 

2 1 2 1/mN L i N , we obtain ( )( )1 2 1 21
1 1 1

/
l m

d i N N idi
e L L

dt dt

+
= + . 

Similarly, the induced voltage of winding 2 is written by, 
( )( )2 1 2 12

2 2 2

/
l m

d i N N idi
e L L

dt dt

+
= + . 

Finally, the terminal voltage of a winding is the sum of the 
induced voltage and the resistive drop in the winding, the 
complete equations of the two windings are, 

1
1

1 1 1 1 1 1

2 2 2 22 2 2

l m m

m l m

di
v r i L L a L dt
v r i diaL L L

dt

−
� �
� �� �+� � � �

= + � �� �� � � � +� � � � � �� �
� �� �

 (34) 

where 
1 2/a N N= . 

The final concept involved in the Steinmetz transformer 
model is a scheme for handling the nonlinearity of the core and 
the core losses. The Steinmetz model approaches the problem 
of representing core excitation by first dividing it into two 
parts: magnetization and core losses [1]. In order to consider 
the core losses of a transformer a bond graph model is 
presented in Fig. 4. 

Fig. 4 Bond graph of a complete transformer 

The key vectors of the bond graph of Fig. 4 are, 

2 2 2

6 6 6

9 9 9

3 3
1

5 5
10

11 11

; ;

; ;in out

p e f

x p x e z f

p e f

f e
e

D f D e u
e

f e

•
� � � � � �
� � � � � �= = =� � � � � �
� � � � � �� � � � � �

� � � �
� �� � � �= = = � �� � � �
� �� � � �� � � �

 (35) 

the constitutive relations of the fields are, 

{ }1 2, , mL diag R R R=  (36) 

1 2

1 1 1
, ,

l l m

F diag
L L L

� �
= � �

� �

 (37) 

and the junction structure is given by 

12 21 13

11 22 23

1 0 1
1 0

1
0 1 ; 0 1

0 0
0 0 1

0

TS S S
a

S S S

− −� �
� �� �− � �� �= − = − = � �� �
� �� �� �

� �

= = =

 (38) 

By substituting (36), (37) and (38) into (6) and (7), the state 
space representation of the transformer is, 

( )1

1 1 1

1 2

2 2 2

1

2

ˆ

1
0 0

ˆ
1

0 0

m m m

l l l

m

m m
p

l l l

m m m

m m m

T

l
p

l

R R R R

L aL L

R
R

R Ra
A

aL L aL

R R R

L aL L

L
B

L

− +� �−
� �
� �
� �� �− +� �	 
− −� �� �=
� �
� �

− −� �
� �
� �
� �

� �
� �
� �=
� �
� �
� �

 (39) 

The incorporation of nonlinear effects such as magnetic 
saturation and hysteresis is achieved in the transformer model 
with the appropriate modification of the inductance mL  in the 

bond graph of Fig. 4. 
In Fig. 5 the saturation curve is illustrated and this curve is 

approximated with the equation [15], 
1

tan
m

m
L

L
i

λ
β α

� �= 	 

� �

 (40) 

where 0.3215α =  and 0.8642β = . 
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Fig. 5 Saturation curve of equation (40) 

In other wise the magnetization inductance of the transformer 
is defined by 

2 21
m

m
m m

d
L

di i

λ αβ
β

= =
+

 (41) 

and substituting into (39) we have 

( ) ( ) ( ) ( )( )pz t Az t B u t G Hz tγ
•

= + +
�

 (42) 

where 
( )

( )

1

2 1 1

2
2

2 2 2

/

m m m

l l l

mm m

l l l

m m m

R R R R

aL aL L

R R aR R
A

aL aL aL

R R R

aαβ αβ αβ

− +� �−
� �
� �
� �− +−� �=
� �
� �−� �
� �
� �

�
 (43) 

( ) 2 2 3
1 3 2 3 3

1mR
G Hz z z z z z

a

βγ
α

� �= + −	 

� �

 (44) 

also 

0 0
T

mR
G

β
α

� �= � �
� �

 (45) 

( ) 2 2 3
1 3 2 3 3

1
z z z z z

a
γ υ = + −  (46) 

and 

1

2

3

1
1 1

z

Hz z
a

z

υ
� �

� � � �= = −� � � �� �
� �� �

 (47) 

therefore 

2
32 0

T

z
γ γ υ
υ υ

∂ ∂� �+ = ≥ ∀ ∈ℜ	 
∂ ∂� �
 (48) 

The numerical values of the parameters of the bond graph of 
Fig. 4 are 

1 11.05lL mH= , 
2 11.05lL mH= , 0.3215α = ; 

0.8642β = ; 
1 5.8R = Ω , 

2 5.8R = Ω , 100LR = Ω , 10a = , 

4mR K= Ω  and ( )1 120sin 377tυ = . If we introduce (40) to the 

bond graph model of Fig. 4, the nonlinear phenomena is 
incorporated. Fig. 6 shows the saturation performance in the 
bond graph model of the transformer. 

Fig. 6 Nonlinear performance of the transformer of Fig. 4 

The primary and secondary current of the bond graph model 
of the transformer are shown in Fig. 7. Note that the saturation 
and hysteresis affects both electrical currents on the electrical 
transformer. 

Fig. 7 Primary and secondary current of a transformer with nonlinear 
core 

The observer design using bond graph allows to know the 
relation between the plant and the observer in an easy way. 
From (48) the monotonicity property of the electrical 
transformer is satisfied. Hence, a nonlinear observer for the 
transformer can be applied. Fig. 8 shows the modeling in bond 
graph of the nonlinear observer. 

Fig. 8 Observer for the transformer in the physical domain 

The nonlinear section for the observer on the bond graph by 
using modulated gyrators 

31:MGY Ld  and 
32:MGY Ld  with 

active bonds 37 and 38 is introduced. 
In order to prove that the complete bond graph of Fig. 8 

represents a system with multivariable monotone 
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nonlinearities, the mathematical model is obtained. Thus, the 
key vectors for the transformer is given by (35) and for the 
observer are, 

35 35 35

53 53 53

48 48 48

234 34

650 50

45 45 35

39 39 53

ˆ ˆ ˆ; ;

ˆ ˆ; ;

ˆ
in out

p e f

x p x e z f

p e f

ff e
y

ff e
D D

f e f
y

f e f

•
� � � � � �
� � � � � �= = =� � � � � �
� � � � � �� � � � � �

� �� � � � = � �� � � �
� �� � � �= =

� � � � � �
=� � � � � �

� � � � � �

 (49) 

the constitutive relations of the elements are, 

1 2

1 1 1
, ,

l l m

F diag
L L L

� �
= � �

� �

 (50) 

{ }1 2, , ,m LL diag R R R R=  (51) 

and the junction structure is 

11 12

11 21 22 13

31 32

1
12 31

22 23 32 33

0 1 0
ˆ ˆ0 ; 0 1

0 0 0

1 0 1 0
1 0 0ˆ0 1 1 ;
0 1 0

0 0 1 0

ˆ ˆ ˆ ˆ 0

Ld Ld

S Ld Ld S

Ld Ld

S a S

S S S S

−

� � � �
� � � �= =� � � �
� � � �� � � �

− −� �
� �� �= − − − = � �� � � �� �� �

= = = =

 (52) 

From (29), (30), (50), (51) and (52) the state space 
representation is, 

�

1
11

11 12
1 1 1

1 1
22

21 22
2 2 2

1
31 32

m m

l l l

m m
p

l l l

p pm m m

m m m m m

a R RR
G G

L L L

a R a RR
A G G

L L L

L LR a R R

L L L L L

−

− −

−

� �−− + +� �
� �
� �− −−= + +� �
� �
� �− −� �+ +
� �� �

 (53) 

11 12

21 22

31 32

1 0 0

0 1 ; 0

0 0
0

p p

p p

m m

G G

B A G G

L L

L L

� �
� �− −� � � �

� � � �= = − −� � � �
� � − −� � � �

� �
� �

�

where 
11 1 mR R R= + ; 

22 2 L mR R R R= + + ; 
11 11 1/ lG Ld L= ; 

2 12 1/l lG Ld L= ; 
21 21 2/ lG Ld L= ; 

22 22 2/ lG Ld L= ; 

( )31 31 1d mLp Ld K L= + ; ( )32 32 2p d d mL L K L= + . 

In order to verify that (53) is the same observer respect (42). 
By substituting (41) into the third line of ̂

pA  from (53) we 

have, 

( ) ( )1 1 2
3 1 2 3 1 2 3 3ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆm mR R

z z a z z z a z z z G
β

αβ α
•

− −= + − + + − +  (54) 

where 

( ) ( ) ( ) ( )1 1 2 2
31 1 32 2

ˆ ˆ
d m d m

m m

z z z z
G Ld K L Ld K L

L L

− −
= + + + (55) 

and using one more time (41) into (55) we obtain, 

( ) ( )

( ) ( )

2
1 1 1 31 1 1 3

2
2 2 2 32 2 2 3

ˆ ˆ ˆ

ˆ ˆ ˆ

d

d

G K z z L z z z

K z z L z z z

β
α

β
α

= − + − +

− + −

 (56) 

Finally, from (18) the original observer gains are 

[ ]
11 12

21 22 1 2

31 32

;

L L

L L L K K K

L L

� �
� �= =� �
� �� �

 (57) 

Therefore, the relations between the graphical gains in bond 
graph and the original gains for the observer are: 

11 11 1d lL L L= • ; 
12 12 1d lL L L= • ; 

21 21 2d lL L L= • ; 

22 22 2d lL L L= • ; 
31 31dL L

α
β

= ; 
32 32dL L

α
β

= ; 31
1 1 2d

L
K K

β
= −

and 32
2 2 2d

L
K K

β
= − . 

By substituting the values of the parameters of the complete 
system according with (17), we have, 

[ ] [ ]

362515.83 3619909.50 361990.95

3619909.50 36208669.68 3619909.50

14396.75 143967.59 14396.75

90.49 0
1 0 0

0 0 ;
0 1 0

0 0

1 0.1 1 ; 0 0 10752.09
T

A

B C

H G

− −� �
� �= − −� �
� �−� �

� �
� �� �= = � �� �
� �� �� �

= − =
The linear matrix inequality LMI must be feasible (25), 

which guarantees a strict positive real (SPR) property for the 
linear part of the observer error system, for this system, we 
obtain 

404427 404427 0.000566

404427 404427 0.000836

0.000566 0.000836 0.000093

P

− −� �
� �= − −� �
� �− −� �

104334.8 1035963.5
5.09

104334.8 1035963.5 ;
0.79

2306330.8 22903046.7

T

L K

− −� �
� �� �= − − = � �� �
� �� �− −� �

with 100υ = . 
The performance of the electrical transformer with the 

observer is shown in Fig. 9 and 10. Fig. 9 illustrates the 
primary current on the transformer, 

2f  and on the observer, 

35f . 

Fig. 9 Primary currents on the transformer and on the observer 
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The secondary currents on the transformer, 
6f  and on the 

observer, 53f  are shown in Fig. 10. 

Fig. 10 Secondary currents on the transformer and on the observer 

Therefore, the convergency of the estimates respect the true 
states of the electrical transformer including nonlinear 
saturation and hysteresis is guaranteed. 

VI. BOND GRAPH OF A DC MOTOR

Of all electric machines the direct (DC) machine is perhaps 
the most straightforward to analyze. Although a rigorous 
deviation of the voltage and torque equation is possible it is 
rather lengthy and little is gained since these relationships may 
be deduced. The armature coils revolve in a magnetic field 
established by current flowing in the field winding, which is 
shown in Fig. 11. We know that voltage is induced in these 
coils by virtue of this rotation and we can write the field and 

armature voltage equations as f
f f f f

di
v r i L

dt
= +  and 

a
a a f a a a

di
v wL i r i L

dt
= +  where 

fL  and 
aL  are the self 

inductances of the field and armature windings, respectively. 
The rotor speed is denoted as w  and 

afL  is the mutual 

inductance between the field and the rotating armature coils.  
The expression for torque is 

e af f aT L i i=  and the torque and 

rotor speed are related by 
e L

dw
T J fw T

dt
= + +  where J  is the 

inertia of the rotor and in some cases the connected 
mechanical load, the constant f  is a damping coefficient 

associated with the mechanical rotational system of the 
machine and mechanical load. 

Fig. 11 Scheme of a DC motor with an independent excitation 

The bond graph of the DC motor is shown in Fig. 12.

Fig. 12 Bond graph of the DC motor 

The key vectors of the bond graph are 

3 3 3 2 2 1

7 7 7 6 6 7

; ; ; ; ;in out

p e f f e u e
x x z D D

p e f f e y f

• =� � � � � � � � � �
= = = = =� � � � � � � � � � =� � � � � � � � � �

the constitutive relations are 
1 1

,
a

F diag
L J

� �
= � �

� �

 (58) 

{ },aL diag R b=  (59) 

and the junction structure is 

[ ]

11 13

12 21 31

22 23 32 33

0 1
;

0 0

; 0 1

0

T

n
S S

n

S S I S

S S S S

−� � � �
= =� � � �
� � � �

= − = − =
= = = =

 (60) 

The state equation of the DC motor is 

1 1
; ; 0 ; 0

0

a

a
p p p p

a

R n

L J
A B C D

n b J

L J

− −� �
� � � � � �� �= = = =� � � �� − � � �� �
� �
� �

Now, if we consider a magnetic saturation of the inductance, 

aL , according to the model given in (40), the state equation 

with saturation is 

( )
3
1

3
1

;

a a

p

R n R
x

J
A G Hz

n b
x

J

β
αβ αγ

β
αβ α

− −� � −� �
� � � �
� �= = � �

−� � � �
� � � �� �� �

the vector ( )G Hxγ  can be decomposed as 

( )
2

11
2

21

1
0

1 03 03
1 0 13 0

0
3

a xR x
G Hx

xx

βγ
β

−� �
� � � � � �� �= � � � � � �� �− − � � � �� � � �
� �� �

then 
( )

3
1

3
1

3

3

aR
x

x

β
αγ υ

β
α

� �
� �

= � �
−� �

� �� �

and 1

2

1 0

0 1

x
Hx

x
υ � �� �

= = � �� �
� � � �

the monotonicity property applied to this example, gives, 
( )

( )
1 2

1 2

0,

0,

x x

x x

υ∂ � �
= � �∂ � �

then (16) is satisfied. 
Thus, an nonlinear observer is designed and is shown in Fig. 
13. 

Fig. 13 Observer of the DC motor 
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The key vectos for the observer are, 

29 29 29 28 28 1

33 33 33 32 32 34

ˆ ˆˆ ˆ ˆ; ; ; ; ;in out

p e f f e u e
x x z D D

p e f f e y f

• =� � � � � � � � � �
= = = = =� � � � � � � � � � =� � � � � � � � � �

the junction structure for the observer is 

1 1
11 13

2 2

21 12 2 22 23

0 0 1ˆ ˆ; ;
0 0

ˆ ˆ ˆ ˆ; 0T

n L L
S S S

n L L

S S I S S

− −� � � � � �
= = =� � � � � �− � �� � � �

= − = = =

�
 (61) 

From (27), (29), (30), (58), (59) and (61), the observer state 
equation is 

1 1

1
22

0
1

ˆ ˆ
0

0

a

a

a

R n L L
L J Jx x x e

LL fn

JL J

•

− +� � � �−� � � � � �� �= + +� � � �� �− � �� �
� � � �� �� �

if we consider the magnetic saturation given by (41) then 

( ) ( )21 1
1 1 2 2 2 1 1 2 2ˆ ˆ ˆ ˆ ˆ ˆa aR RL kn

x x x x x x x x x u
J J J

β
αβ α

• − � �= − + − + + − +	 

� �

and ( ) ( )22 1
2 1 2 2 2 1 2 2 2ˆ ˆ ˆ ˆ ˆ ˆ

L kn f
x x x x x x x x x

J J J

β
αβ α

• � �= − + − − + −	 

� �

The numerical parameters of the DC motor are: 
1 10e = , 

3n = , 0.5aR = , 1.5f = , 1α = , 1β = , 1.5J = , 
2H I= , 

2

1

3
G I

−= , { }0.56,0.33P diag= , [ ]1 1
T

L = ; [ ]0 1.33
T

k = − . 

Hence, simulation results of each state variable are shown in 
Fig. 14 and 15. 

Fig. 14 State and observer of 1x

Fig. 15 State and observer of 2x

VII. CONCLUSIONS

A bond graph approach to design observers with 
multivariable nonlinearities is proposed. Hence, models of a 
power transformer and a DC motor incorporating the nonlinear 
saturation in the physical domain is presented. In order to 
prove the results, the graphical simulations are shown. The 
convergence of the estimates and the states of the transformer 
by using simulation is described. 
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