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An Adverse Model for Price Discrimination in
the Case of Monopoly
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Abstract—We consider a Principal-Agent model with the The literature on optimal nonlinear pricing is amgind

Principal being a seller who does not know perjehttw much the
buyer (the Agent) is willing to pay for the goodhel buyer’s

preferences are hence his private information.mbeel corresponds
to the nonlinear pricing problem of Maskin and Ril&/e assume
there are three types of Agents. The model is dolusing

“informational rents” as variables. In the lasttimt we present the
main characteristics of the optimal contracts inynasetric

information and some possible extensions of theaghod
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[. INTRODUCTION
HE development of the incentives theory represents

major accomplishment of economic research in tis¢ Ia‘D

forty years. One major class of models correspadshe
adverse selection problems — describing situatiwhere a
Principal offers a contract to an Agent having arév
information about some characteristics that infaeenthe
contract’s results. This private information deteres the
Agent’s type and affects the Principal’s utilityr (orofit). The
literature on adverse selection models is amplerefats both
to theoretical developments (Maskin and Riley (D@83,

evolved during thirty years of research. In onghaf starting
papers on nonlinear pricing, Maskin and Riley (1)9843]
study the problem of price discrimination via quignt
discounts and monopoly pricing of products withfetiént
gualities; they also present an application cossistusing a
nonlinear price schedule to discriminate among wowss.
Armstrong (1996) [1] shows that usually it is opainfor the
Principal to exclude some consumers from its prtsluc
order to extract more revenue from other higherueal
consumers. Sibley and Srinagesh (1997) [18] analyee
multiproduct nonlinear pricing in the case when stoner
tastes are characterized by more than one tassmpéter.
Rochet and Chone (1998) [15] show that for thosesoemers
who participate it is usually optimal to induce agcee of
unching so that consumers with different tastesfarced to
choose the same bundle of products. Armstrong aochd&
(1999) [2] provide a throughout analysis of a soheg model
with two dimensional private information and diderdypes;
they offer a complete set of solutions to their eloty
characterizing the optimal screening mechanismteiims of
correlation and the symmetry of types. Rochet amdleS
(2002) [16] presented and solved a model of stahdar
nonlinear pricing in which the participation comstt is

Guesnerie and Laffont (1984)[6], Rochet and Chonmodeled as a random variable, also private infaonaaf the
(1998)[15], Armstrong and Rochet (1999)[2], Jullienconsumer. Brighi and D’Amato (2002) [5] presentase of
(2000)[7], Rochet and Stole (2002)[16], Laffont andmonopoly regulation and derive the optimal regubatmolicy

Martimort (2002)[9], Bolton and Dewatripont (2003)[
Kessler et al (2005)[8]) and empirical studies (m@ar
pricing, financial contracting, regulation, insucancontracts,
labor contracts, optimal taxation).

The problem presented in the paper refers to thanap
nonlinear pricing of a monopoly in the case of astric
information. The problem of monopoly pricing — whethe
seller designs “quality/quantity price contractst fach type
of buyer was first studied in a one-dimensional tern
(Spence (1980) [19], Armstrong (1996)[1], Roched &hone
(1998)[15]). In the last twenty years, the problehmonopoly
pricing was studied in multidimensional framewor{&aak
(2007)[17], Brighi and D’Amato (2002)[5], Sibley @n
Srinagesh (1997)[18], Rochet and Stole (2002)[MEtthews
and Moore (1987)[14]).
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of a monopolist producing two goods and with two-
dimensional private information about costs. Thegvjgle a
complete characterization of the optimal mechaniBwiton
and Dewatripont (2005) [4] provide a useful progedto
handle with more than two types of agent in thetexnof
monopoly pricing. In the paper we provide a con®let
characterization of the optimal nonlinear pricindgiemn the
buyer has some private information about his valnadf the
good. Our approach is partially similar to thatBiflton and
Dewatripont (2005) [4]. The difference consistsaiving the
seller’'s optimization problem using as variablese th
informational rents of the Agents. This approachrather
closer to that of Laffont and Martimort (2002) [Next, we
derive the conditions of the optimal contract whea fully
separate the types of Agent (there is no bunchintypges).
The paper is organized as follows: the main assompbf the
model are described in Section Il. Next we tramsfdhe
model using a change of variables with an imporganomic
significance (i.e. the informational rents). In gec IV we
provide a fully characterization of the optimal trawct
(mechanism) in both situations: symmetric and asgtrim
information. In the end we formulate some conclgdin

dumitru.marin@c:sie.ase.roremarkS
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Il. THE MODEL

A. The main assumptions

We study the problem of a monopoly pricing, whefirma
designs quantity-price bundles for each buyer'stgpd the
buyers self select the bundle they wish to consWeassume
the Principal (the seller being a monopolist) pratia good

C.The optimization problem of the Principal
The Principal objective is to maximize his expecpedfit

obtained from the contractual relation, when theemtg
consumes the good produced by the Principal:

@,q)f(t],?ﬁf,a){z(l ~cq)+vf -ca)+v(f-ca) 2

at a marginal cost (& be this cost) and he has no fixed costs S-t all participation and incentive compatibildgnstraints.

(without loosing generality). The utility functias:

V=t-cq (1)
wheret represents the transfer received from the Agehe T
seller is therefore risk neutral.

The preferences of the agent are described byutiliy
function:

U(a.t) = au(a)-t 2)
with U’ > 0,u" < 0,u(0) = 0.

[ll.  THE MODEL TRANSFORMEDUSINGTHE VARIABLES
INFORMATIONAL RENTS-QUANTITIES

Using the approach suggested by Laffont and Martimo

(2002), we define thénformational rent for each type of
consumer (Agent) as:

Let g be the quantity consumed andthe payment (the and:

transfer) to the Principal.
We assume the differences in consumers’ tastesaptared

by the parametéd, representing the valuation of the good

This valuation is private information for the buyeFhe
parameter belongs to the seﬁD@:{Q,H,g}, where

é—Q:AHandé—é:At%x. The valuation
corresponds to one of these three values with éspective
probabilities:V,V, U with: V +V +1V =1,

B. The set of incentive feasible contracts

As in the standard Principal-Agent models, we asstimat
the Principal has all the bargaining power, sudrehis no
negotiation between the parties. The Agent acceptejects
the Principal’s offer.

The economic variables of the problem consideredtlae
guantity q and the transfetr. A selling procedure (a contract
between the Principal and the Agent) is then a dudeeof

pairs (t, q) which the seller offers to the buyers.

The set of incentive feasible contracts satistiesfollowing
constraints:
- participation constraints:

tufg)-t=0 @)

au(g)-t=0 @)

ou(@)-t=0 5)

- incentive compatibility constraints:

Qu(g)—; > Qu((j) —1{ (local upward constraint) (6)
Hl,l(g) -t QU(ﬁ) —t (global upward constraint)

élJ(Q) -t éj((_]) —1 (local upward constraint)

é.l(ﬁ) -{> élj(q)—l (local downward constraint)  (9)

99

U =6u(q)-t (13)

U = au(g)-f (14)

U =6u(g)-t. (15)

Using these new variables, we can rewrite the caimss as

follows:

i) now the participation constraints become signst@ints:
Uu=0 (16)
U=0 (17)

U=0 (18)
i) the incentive constraints are:
U =U -Aau(q) (19)
U >0 -2(a8+x)u(g) (20)
U =0 -(a8+x)u(d) (21)
G 2U +aau(g) 22)
U =U +(a8+x)u(g) (23)
U 2U +(2A8+x)u 9) (24)

And with this change of variables, the objectivediion is:
max fv|eu(q)-cq|+v[bu(d)-cd+
uuuada - -

(25)
+7[Gu(q)-cq ] —(gg +U +|7U)}

IV. SOLVING THE PROBLEM

A. First best production and transfer levels
First we suppose there is no asymmetric information

) between the seller and the buyer. The optimal echtis
represented by the optimal
(8) optimization problem:

solution of the follagvin
(max)t - cq}
tq

(P]_) S.t.
Bu(q) -t =0

g=0,t=0
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The first order conditions for the above probleratéils in
Appendix) are:
c=ar(q)
v=alq’)
Some remarks:
1. The above conditions show that, in the situatimin
symmetric information, the Principal produces argity such
that his marginal cost of production is equal te thgent's
marginal utility and the Agent pays to the Printiparansfer
equal to his valuation of the good.

2. For each type of Agent, the optimal quantity arahsfer
levels are:

(26)

c-av(a)
- for the type&: -
t"=6u(q’)
- [e=du(d)
-forthe type@: ¢
e=a(a)
_ le=6u (GD)
-forthetype@: < _
t"=6u (61 )
3. We haved < 6<8 and then% <% < % . Hence:
u(g)>u(a)> (@) (27)
It follows immediately:
9D < qD < aD (28)

Therefore, the buyer with the highest valuationthas
highest consumption level.
B. Second best production and transfer levels

Now, we suppose the good valuation represent trentgy
private information. In this situation, the Prinaipoffers a

menu of contracts{(‘g,q),(f,c]),(t_,q)}, hoping that each
Agent selects the contract designed for his type.

Solving the problem we use some important regiltsn in
the followingpropositions:

424 (31)
Similarly, using the constraints (3) and (5):
U =0 -(a8+x)u(@) (32)
U >U +(a6+x)u(q) (33)
and adding these two constraints we get:
0= (26 +x)[u(d)-u(@)] or u(@)= u(d)
This implies:
q=4 (34)

From the conditions (31) and (34) it follows that
g< (4 <Qq. This is exactly thémplmentability condition.

The meaning of this proposition is somewhat
straightforward. The buyer with the highest evatrahas the
incentive to consume more than the other typesobdérial
buyers.
Proposition 2. The constraint (20) and (24) are not relevant for
the optimization program. The incentive compatipili
constraint (7) is implied by the constraints (185d21). The
incentive compatibility constraint (24) is impliedy the
constraints (22) and (23).
Proof:

We use the constraints (1) and (3) as follows:

U>U-26u(g)=2U -(88+x)u(q)-26u(§)

>U -(206+x)u(@)

In the above inequality we used the implementabilit
condition: < T. We getU >U —(2A8+ x)u(q) and
this corresponds to the constraint (2).

Similarly, we can show that the constraints (9) §mh@)
imply the constraint (11). We use the result of di®ove
proposition to reduce the number of relevant cairsts in the
Principal’s optimization problem.

Proposition 3. The only relevant participation constraint is the
one corresponding to the type with the least vanat(The

participation constrainté) =0 and U = 0 are implied by
the participation constraintU 20 and the incentive

compatibility constraints).

It is easy to proof this proposition using only the
participation and incentive constraints. We leavéhe reader
to check this result.

Proposition 1. If the set of incentive feasible solutions is

nonempty, then the implementability condition (IC)
g<g<q holds.
Proof. We use the constraints (1) and (4):
U =U -A6u(g) (29)
U =U +46u(q) 130

Adding these two constraints, we get:

02 A@[u(g) —u(cﬁ)] or u(d)=u(g).

The utility function u([)] is strictly increasing, so that we
have:
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Some remarks:

The types with the higher valuation do not pretthvat they
have lower valuation for the good produced by thadpal.
Therefore, we can neglect for a while the constsajh9) and
(21) and we check (after solving the problem) thzse
constraints are satisfied at the optimum.

With all these remarks, the only relevant consteadme (22)

and (23) and the participation constraiot:> 0.
The optimization program becomes:

(P2)
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e=u(d) 8-
= U'(EI{Q—

After deriving the solution of the unconstraingdlgem, we
must check if this solution satisfies also the iempéntability
condition.

We have already proved thg® < (" <q =q>

optimal solution satisfies the right side of thgplementability
condition. We are interested now in deriving thaditons for

(rg+ X)} andso:G® <" (36)

<) <>| <|

v AH} and so:gSB < QD (37)

The nextproposition considerably reduces the optimization,e optlmal solution to satisfy the left side o&thinequality,

problem.

Proposition 4. The constraints (22), (23) and (16) are bmdmd}e q

at the optimum.
Proof. The constraintJ =0 is binding at the optlmum

Otherwise, we could reduce all the informationaltsdJ , U

and U by a small positive numbeg and the Principal’s
optimal profit would increase by¥ and this contradicts the
definition of the optimal solution.

The constraintL]Z(A9+X)u(9) is binding at the

optimum. Otherwise, we could redul‘j} andU by € and
the Principal’s profit would increase b&(l) + |7).

Similarly, the constraint (10) is binding; otherevigie could
reduce the informational rert) by &, and the Principal

would gain a profit surplugi .
Therefore, it is optimal:

U =0, U :Aéu(g) and
0 = AH[u(d) + u(g)] +xu(g)

With this new result, the program we have to soisve
reduced to the following optimization problem:

{v[u(a)-ca] +0] u(6)-ca+

+|7[§u(6|) —CG]—QAGU(Q) -vxu(g) -
(Py) —VAH[U(Q) +u(g)]}
St.
q<q4=<q (1C)

We solve the problem as if it was an optimizatioalglem
without constraints and then we state the condititor the
optimal solution to satisfy the implementabilitynchition (see
the Appendix for details).

The first order conditions written for the aboveinyzation
problem yield to:

c= gu'(ﬁ) andsoG® =q" (35)
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Proposition 5. The optimal solution in asymmetric information
satisfies the implementability condition if:

X U=
< =
%%

38
A (38)

If it is not true, then the program leads to anothgtimal
solution, corresponding to sorbanching of types.
Proof. From the first order conditions (35)-(37):

C:ul(qu)l:ﬁé_%(AH"'X)}:u’(g )[E 0+v

6——A6}
Rearranging the terms, we get:

ut ) A6?+x)
H e N 9
6-"_" 08

The implementability condition is satisfied,(ifSB < QSB

This yields to:u'(gSB)> u'(a®).
The left-hand side of the fraction from (39) didis the
above condition, i.e.:

ula®)
w(o®) ™

(40)
if and only if:
é-@e+@>e—“+VAe 41)
or
6-9-Y 0o+ po>x% (42)
vV % v
and this can be written as:
X 1 v X VvV-w
— < — or — < = (43)
A Vv vV AG w

V.CONCLUSION

We can now summarize the characteristics of thé@mapt
contract in asymmetric information:



World Academy of Science, Engineering and Technology 65 2012

Theorem. In the above adverse selection model with three

types of Agents (assuming that the condition fromp®sition
5 is satisfied), the optimal contract entails:
A. The Agent with the highest valuation has ancéfit level

of consumption (the same as in symmetric infornmatio

situation), given by:
c=6u'(q) with g= =g"°

B. The Agents with the lower valuations have iraéit levels

of consumption with respect to the first best comstion

levels. The second best consumption levels arendiye

c= u’(q)[é—%(A9+ x)} with % < g

and

c= U’(g){é—

C. The optimal informational rents are:

QSB =0 (the Agent with the typé gets no
informational rent);

U® =A6u (933) (the Agent with typeé gets a
positive informational rent);

U= =A9u(gs'3)+(A6’+ X)U(QSB) (the Agent with

V+v

AH} with 95'3 <9D

type 2] gets the highest informational rent).

D. The optimal transfer levels received by the &tpal are:
t* = u(q®) (44)

(if the Agent has the least efficient valuationvti# pay to the
Principal a transfer equal to his utility valuatiofthe good).

{® :éu(qss)—AHu(f) (45)
[ :ﬁu(q*)—Aﬁu(ﬁ$)—(A9+ x)u(qSB) (46)

In this paper we have analyzed the optimal noalimeicing
problem for a monopolist facing with more than ttypes of
buyers. We provided a full characterization of thgimal
nonlinear pricing in the case when the buyer's aatuin was
his private information. In this situation, the bése Principal
can do is to offer a menu of price-quantity schedhloping
that each type of buyer chooses the contract degifpr him.

It seems worthwhile to apply these technigte®ther
areas of mechanism design such as optimal regulatioa
multiproduct firm with unknown costs, optimal desigf
financial contracts and optimal design of labor tcacts or
public utilities regulation.

APPENDIX

A. First best production and transfer levels
The optimization problem is:
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(maxt -ca}
st.
fu(g)-t=0

g=0,t=0

LetA be the multiplier assigned to the participation
constraint. The Lagrange function is:

L(t,q,4) =t-cq+A[6u(q) -]

The first order conditions are:

(47)

a—LSO, tZOandt[%ZOor(l—)l)SO,tZO
andt(1-1)=0
a—LSO, g=0 and qu—::O or—C+6U'(q)SO,

420, g[-c+Aqu'(g)]=0

Lso A0 and =0 or &
04 oq

(a)-t=0,

120, Aau(g)-t]=0
If A =0 then1l< O in the first order condition. It follows

that A # O; therefore, the participation constraint is birgdat
the optimum. The Agent’s optimal transfer to thén&ipal is

given by t* =Hu(q*) witht” >0.And A =1.
Assuming the good is producedq*(>0), we find
immediately:c = 8u'(q’) .

B. The optimal second best solution
The optimization problem is:

(max i (§={v] () -cal+]&u(

4.

6) - |+

+7[Bu(q) -aq |- (g) -rxu(g) -
—VAH[U(Q)+U(9”}

st.

gq<q<g (1C)

The first order conditions for the unconstraingtimization
problem are:

a';—_([)] =0=vlou(g)-c|=0 (“8)

q
or ¢ = 6u'(q) and sog ™ =q".
H (Do slau(d)-cl- (&) =
% —0:>|/[6?u(q)—c}—v(A0+x)u(q)—O

(49)
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(5]
(6]

<] <

orc= u'(ﬁ){é -

oH (0

(rg+ x)}

=0= v|ar(a)-c|-vmar(g)-raar(g)=o

(71
(8]

(50)
orc:u'(g Q—I7+|7A<9 : E)
From (48) it foIIow_s: [10]
q¥=q" (51) 1]

so there is no distortion of the quantity consuntsdthe
highest valuation type of Agent.

The equation (49) can be rewritten as: [2]
o[ 8w (6)-c|=7(a6+x)u'(4) (52) 13
[14]

Using the result from symmetric information sitoat
c= &J'(@D), the above relation yields to:

vlar(a®)-ar(@”)|=vae+xu(a®)

Or
ﬁé[u’(dSB)— u'(qu)] =v(a6+ x)u'(dSB)> 0 (54)
The right hand side of the above relation beingitpe@, we
have therefore:

u(@®)>ula) (55)
and this yields to (using the monotonicity propedfy the
function U’ ([)]):

[15]
53
(53) (18]
[17]

(18]

[19]

6% <q". (56)
We can rewrite the equation (40) as:
v[au(a)-c]=(r+7)aeu (q) 7
or
veule®)-ule )= 0 +r)aarle®) o

The right hand side of the above relation beingitpe, it
follows:

u(e®)-ule’)>00rg® <"
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