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some of the dihedral groups.
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I. INTRODUCTION

In his classic paper [15] of 1965, Zadeh introduced the
notion of fuzzy sets and fuzzy set operations. In an anal-
ogous application with groups, Rosenfeld [12] formulated
the elements of a theory of fuzzy groups. One of the most
important problems of fuzzy group theory is to classify the
fuzzy subgroups of a finite group. This topic has enjoyed a
rapid evolution in the last years. Many papers have treated the
particular case of finite cyclic groups. Thus, in [8] the number
of distinct fuzzy subgroups of a finite cyclic group of square-
free order is determined, while [9]-[11], [13] deal with this
number for cyclic groups of order p™¢™ (p, ¢ primes). In the
present paper we establish the recurrence relation verified by
the number of distinct fuzzy subgroups some of the dihedral
groups. First of all, we present some basic notions and results
of fuzzy subgroup theory (for more details, see [3], [6]).

Il. PRELIMINARIES

The dihedral group of order 2n, for n > 2, denoted by D,,.
A fuzzy subset of a set X is mapping p :— [0, 1]. Fuzzy subset
w of a group G is called a fuzzy subgroup of G if
(G1) pxy) > (@) A p(y)Ve,y € G,

(G2) p(z™1) > p(x)Ve € G.
The set of all fuzzy subgroup of a group G denoted by F(G).

Definition 2.1: Let G be a group and p € F(G). The set
{z € G|u(z) > 0} is called support of x and denoted by
SUpp.

Let G be a group and i € F(G). We shall write Imy for the
image set of p and F), for the family {u|t € Impu}.

Definition 2.2: Let G be a group, and u, v € F(G). In [5]
defined three equivalence relation as follow respectively:
(i) We say that u is equivalence v, written as p ~
F,=F,.

(il) We say that p is equivalent to v, written as y ~ v if

v if

1) p(x) > ply) & viz) > v(y), forall z,y € G.

2) ulz)=0&v(z)=0, foral z € G.
(iii) We say that p is equivalence v, written as u ~; v if there
exists an isomorphism f from suppp to suppv such that for
all z,y € suppp,

() > ply) < v(f(x) >v(f(y))

Definition 2.3: Let G be a group and p,v € F(G). We
say that p is equivalence v, written as p ~; v, if and only if
F,, = F, and suppy = suppv.
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Let F1(G) be the set of all fuzzy subgroups x of G such
that u(e) = 1 and let ~; be an equivalence relation on
F1(G). We denote the set {v € F1(G)|v ~, p} by £~ and

R

the set { [ € F1(G)} by %}f)

Theorem 3.1: Let G be a finite group. then \@\ =
‘FI(G) +1

N2
The number of the equivalence classes ~ on F;(G) will be
denoted by r¢.

Theorem 3.2: Let G be a finite group and H be a subgroup
of G. Then the number of distinct fuzzy subg*roups of G such
that their support is exactly equal to H is %

Theorem 3.3: Let G be a finite group and H be a subgroup
of G. Then the number of distinct fuzzy subgroups of G such
that their support is exactly a subgroup of H is ”’2—’1

Proposition 3.4: [5]. Let n € N. Then there are 27+! — 1
distinct equivalence classes of fuzzy subgroups of Z .

Example 3.5: Let GG be the dihedral group of order 6. Then
re = 19.
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Example 3.6: Let G be the dihedral group of order 10. Then
re = 27.
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Theorem 3.7: Suppose that p is a prime and p > 3. If G is
the dihedral group of order 2p, Then r =4p + 7.

Proposition 3.8: Suppose that p is a prime and p > 3. If G
is the dihedral group of order 2p?, Then rf = 8p? + 8p + 15.

Proposition 3.9: Suppose that p is a prime and p > 3. If G
is the dihedral group of order 2p?, Then rf = 16p® + 16p* +
16p + 31.

Theorem 3.10: Suppose that p is a prime and p > 3. If G is

n—1
the dihedral group of order 2p™, Then 7, = - p'rf, -+
i=1 Pt

2
" n+2 n
%+2 + +4p™ — 1.

Corollary 3.11: Suppose that p is a prime and p > 3, Then

" _ 2" lp(pn—1) nt+2
T(Dypn) = o1 + 2 1.

1V. COUNTING OF THE DISTINCT FUZZY SUBGROUPS OF
THE DIHEDRAL GROUP Dgn

Now in this section, we determine the number of distinct
fuzzy subgroups of the dihedral group Ds-. First notice some
examples as follows:

Example 4.1: Let G be the dihedral group of order 4, then
r& = 15.
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Example 4.2: Let G be the dihedral group of order 8, then
r& = 9L
Example 4.3: Let G be the dihedral group of order 16, then
& = 54T.
Example 4.4: Let G be the dihedral group of order 32, then
g = 3283.
Example 4.5: Let G be the dihedral group of order 64, then
r& = 19699.
Theorem 4.6: Let G be the dihedral group of order 2. If

n—2
n >3, then rg, = 272 4 4( > 27t )~ L

Corollary 4.7: 1f n > 3, then r{p, ) = 6r7p )41 Thus
76x6™"%—1
—.
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