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Abstract—We introduce the notion of commuting regular I'-
semiring and discuss some properties of commuting regular I'-
semiring. We also obtain a necessary and sufficient condition for
I'-semiring to possess commuting regularity.
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I. INTRODUCTION

ommuting regular rings and semigroups were studied
by H. Doostie, L.Pourfaraj in [4] and by Amir H

Yamini, Sh.A.Safari Sabet in [1]. The notion of I'-semiring
was introduced by M.Muralikrishna Rao [7]. All definitions
and fundamental concepts concerning I'-semirings can be
found in [5],[7]. In this paper we introduce the notion of
commuting regular I'-semiring. We also discuss some proper-
ties of commuting regular I'-semiring and obtain a necessary
and sufficient condition for I'-semiring to possess commuting
regularity.

Let S and I be two additive commutative semigroups. Then
S is called I'-semiring if there exists a mapping S xI' x .S —
S(image to be denoted by aab for a,b € S, € I) satisfying
the following conditions.

(1) aa(b+ ¢) = aab + aac

(ii) (a + b)ac = aac + bac

(iii) a(a+ B)b = aadb + aBb

(iv) aa(bBc) = (aab)Bc, for all a,b,c € S and for all
a, B el

A non empty subset A of a I'-semiring S is called a sub
I'-semiring of S if A is a sub semigroup of S and AT'A C A.
A T'-semiring S is said to be commutative if aab = baa
for all a,b € S and for all @ € I'. An element e in a I'-
semiring S' is said to be an idempotent in S if there exists an
a € I' such that e = eae. In this case, we say that e is an
a-idempotent. If every element of S is an idempotent, then
S is called an idempotent I'-semiring. For an element a in a
T'-semiring S, if there exists an element b € S and «, 3 € T
such that a = aabfa and b = bBaab, then b is said to be
an (o, By inverse of a. In this case, we write b € V(a). we
also denote it by a;jg ie., a;jg € V2(a). An element s in
a I'-semiring S is said to be regular if s € sI'ST's, where
sI'ST's = {saxfs;x € S;a,3 € T'}. A T'-semiring S is said
to be regular if every element of S is regular. A I'-semiring
S is called a rectangular I'-band if aabfa = a for all a,b €
S and o, € I'. Two elements a and b of a I'-semiring S
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are said to commute with each other if aab = baa for all
a € I'. An element of a I'-semiring S which commutes with
every element of S, is called a central element of S. A regular
I"-semiring with the central idempotents is called clifford I'-
semiring.

II. COMMUTING REGULAR I'-SEMIRING

Definition IL.1. A I'-semiring S is called commuting regular if
for each x,y € S, there exists an element s € S and o, 3,7 €
T such that ray = yaxBsyyax.

Theorem IL.2. Let S be a rectangular 1'-band. Then S is
commutative if and only if S is commuting regular

Proof: If S is a commutative I'-semiring, then for each
a,b € S, there exists an o € I" such that aab = baa. Since
S is a rectangular I'-band, there exists an element ¢ € S and
8,7 € I such that aab = baafcybaa. Hence S is a com-
muting regular I'-semiring. Conversely if S is a commuting
regular I"-semiring, for each x,y € S, there exists an element
z € S and a, 3,7 € S such that zay = yaxfzyyax. Since S
is a rectangular I'-band, zay = yaxfzyyaxr = yax. Hence
S is a commutative I'-semiring. |

Theorem IL.3. If S is a commuting regular I'-semiring with
set E of the idempotents, then E is a regular sub I'-semiring of
S. Moreover for every element a of E, there exists an element
a € T such that a € VS (a).

Proof: If S is a commuting regular I"-semiring, then for
each a € S, there exists an element s € S and o, 3,7y € T’
such that aaa = aaafsyaaa. If acafs = b, then byb =
(acafs)y(acafs) = (acafsyaaa)Bs = acafs = b. Hence
E is not empty. For elements xaxr = x and ydy = y in F,
there exists an element ¢t € S and «, 3,y € I such that zray =
yaxftyyax. Now (zay)d(zay) = za(ydy)oazftyyox
za(yaxftyyar) = (zax)ay = zay. Consequently, F is a
sub I'-semiring of S and zaxax = x yields that E is a regular
sub I'-semiring of S. Hence = € V.%(z).

Corollary I1.4. Let S be a commuting regular I"-semiring with
set E of the idempotents. Let a € S and let o, 3,y € . If
b € VP(a), then for any ~y-idempotent e of S, (i) acevb is
(B-idempotent (ii) bBevya is a-idempotent.

Proof: Let b € VP(a). Then (aab)B(acbd)
(aabBa)ab = aab and (bBa)a(bfa) = (bBaab)Ba = bfa.
Since (eybBa)a(eybfBa) = evybBa and (eyaab)B(eyaab)
eyaab, by theorem I1.3, evybfa,eyaab €
Now, (aceyb)B(aceyb) = aa(eybBaceybfa)ab

E.
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acey(bBaab) aaeyb. Moreover, (bfevya)a(bBeya) =
bB(eyaabBeyaad)Ba = bBevy(aabfa) = bfBevya. [ |

Theorem IL.5. Let S be a commuting regular T'-semiring with
set E of a-idempotents. Let e, f € E and o € T'. Then the
set S%(e, f) = {9 € V&(eaf)NE; gae = fag = g} is a
regular sub I"-semiring of S.

Proof: Since S is commuting regular I'-
semiring, there exists an element s € S and
a,B,y € T such that eaf faeBsyfae. Then

(caf)aleaf) = faefsyfalcae)af = (faeBsyfac)af =

a

ea(faf) = eaf. Now, (eaf)aleaf)aleaf) = eaf,
(eaf)ae = faeBsyfaleae) = eaf and
faleaf) = (faf)aeBsyfae = eaf. This yields
(eaf) € S%,f) and we can also prove that
fae € S%(e,f) which implies S%(e, f) # ¢. Let

z,y € S% e, f). Since S is a commuting regular I'-
semiring, there exists an element ¢ € S and o,(3,7y € T
such that zay yaxftyyax. Then (xay)a(zay)
za(yay)azftyyar = za(yazftyyax) = (vax)ay = zay.

(eaf)a(zay)aleaf) = (eafazxaeaf)ayaeaf =
eafayaeaf = eaf. (zay)aleaf)a(ray) =
za(yae)a(far)ay = (zay)a(zay) = zay. Hence

zay € VY (eaf)N E. Moreover, (zay)ae = za(yae) = zay
and fa(zay) = (fazr)ay = zay. Let ¢ € S¢(e, f). Then
za(eaf)axr = (zae)a(fax) = xaxr = x. This shows that
s&(e, f) is a regular sub I'-semiring of S.

Remark IL.6. The set SS (e, f) is called the (o, ) sandwich
set of e and f. It has an obvious alternative characterization
Sq(e, f) = {gag = g € S; gae = g = fag, eagaf =
eaf}.

Lemma I1.7. Let S be a commuting regular I'-semiring. Let
a,b € S and let a,3,y € T. Suppose o' € VP(a) and
v € Vg (b). Then for each g € S (a'Ba,bBlt), Vagaa' €
Vﬂﬁ (aceb).

Proof: (acd)B(V agaa’)B(aad)
aa(bBb ag)aad’ Baab aa(gaa’ Ba)ab aagab
aa(a’ BaagabBb)ab (acd’ Ba)a(bBY ab)
aab.  Moreover (b agaa’)B(aad)B(V agaa’)
b a(gaa’ Ba)a(bpb ag)aad b a(gag)aa
Hence b’ agaa’ € Vﬁﬁ(aab).

b agaad'.
|

Theorem IL.8. Let S be a commuting regular I'-semiring. Let
a,be S and o, €. Then Vﬂa(b)FVf(a) - Vﬂﬂ(aab).

Proof: Let a,b € S and let o, € T'. Suppose d
VB(a) and V' € V' (b). Then by lemma IL7, b'agaad’
Vﬂﬁ(aab) for all g in S2(a’Ba,bpl’). Now, (a'Ba)a(a’ fa)
(¢’ Bacad)Ba = a'Ba and (bBY )a(bpb') = (bBY ab)sb
b3 . Then by theorem IL5, bBb aa’Ba € S (a’Ba,bpb’). By
lemma 1.7, b’ a(bBb ad’ Ba)aa’ € V;(aab). Hence b'ad’ €
Vﬁﬁ(aab). |

Theorem I1.9. Let S be a commuting regular I'-semiring with
set E of idempotents. Let o, 3 € T. Then V.2 (e) C E for every
ein E.
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Proof: Suppose x € VZ(e). Then zfBeax x and
eaxfe = e. Since xfe is a-idempotent and eax is -
idempotent, zfe € V. (zfe) and eax € Vﬁﬁ(eax). Then by
theorem 118, (eax)B(zfe) € Vi'(xfeaeax) which implies
that eazfBrfe € V§(z). Now z = zf(eazfrfe)ax
(zBeazx)B(xPBeax) = xfz which implies z € E.

Theorem IL.10. Let S be a I'-semiring. Then S is a commuting
regular if and only if ST'S is a clifford T'-semiring

Proof: Suppose S is a commuting regular I'-semiring.
Then for z € S and an a-idempotent e € S, there exists

s € S and a,8,7y € T such that zae = eaxfsyeax.
Now, eazae = (eae)axfsyear = eaxfBsyear = xae.
Symmetrically, ecxae = eax. Hence eax = xae which

follows that the idempotents in S are central. For any
x,y € S, there exists z € S and «a1,31,71 € I such that
ra1y = yayxB1zy1yarr. Moreover, there exists v € S and
a2, 02 € T such that zyiya1x = yoyryizaoubeyca; Ty12.
Hence zaiy (ya1z61yanx)y1zasufBayarzyr 2. Since
yarxfryarx is regular in commuting regular I'-semiring

S, yoajxfryarx = yorxfryarxazvfsya iy x
for some v € S and a3,83 € TI. Let e =
yoqzfryaixazv. Then e is a [s-idempotent in S
such that yajzfiyaix = efsyaixfiyoir and  so

zary = efBs(yarzfryariryizoouboyonzyiz) = efsrary.
Now, there exists w € S and a4,04 € T such that
ef3rary rayyPzeagwlBiraryfPze. Then xaqy
rayyfzeaswfi(rayfze) = (rany)Bs(ecawbiefs)(zary)
which implies that za;y is regular. Hence ST'S is regular.
Conversely suppose ST'S is a clifford I'-semiring. Since the
idempotents of S are central, for any x,y € S and o, 3 € T,
there exists an idempotent e such that zay efB(zay).
Let u = eax and v = eay. As u,v € SIS, there
exist v/,v" € S and §,7,0 € T such that uBu'éu = u
and vév'yv v. Since ufBu’ and v'yv are central
idempotents,  (yax)B(u'dv’ Beyrayyu' ov')y(yax)
vé (ufu' v’ Buyvyu' ov'yv)du

(v6V"y) 6V Buyvyu' 5 (ubu'du) ((vév") Bu)yvyu'du =
uB(vév'yv)y (v du) (uBu'du)y(vév'yv) uyv
ev(zay) = xay. Hence S is a commuting regular.

III. GREEN’S EQUIVALENCES IN COMMUTING REGULAR
I'-SEMIRING

Definition IIL.1. If a is an element of a T'-semiring S,
the smallest left ideal of S containing a is STa U {a}. An
equivalence £ on S is defined by the rule that a£b if and only
if STaU{a} = STbU{b}. Similarly we define the equivalence
R by the rule that afRb if and only if al'SU{a} = bI'SU{b}.

Lemma IIL.2. Let a and b be elements of a I'-semiring S.
Then a£b if and only if there exist x and y in S and o, f € T
such that xaa = b and yBb = a. Also, aRb if and only if
there exist u and v in S and v, € I" such that ayu = b and
bév = a

Lemma II1.3. The relations £ and R commute

Theorem II1.4. Let S be a commuting regular I'-semiring and
a,b € S. Then a£b if and only if aRb.
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Proof: Suppose that a£b. By lemma III.2, there are z
and y in S and o, 8 € T such that zaa = b and yB3b = a.
So, there are t1,t5 in S and 71, 72,01, d2 in T" such that b =
raa = aaxyitiyeaear and a = yBb = bPyd1tad2yBb where
u = xy1t1y2a0x, v = yd1tadoyBb. This implies aRb. Proof
of the converse is similar. [ |

Remark IILS. The equivalence ® is a two sided analogue of
£ and R. Also, we define the equivalence J by the rule aJb
if and only if STa U al'S U STal'S U {a} = STbUBL'S U
STbI'S U {b} if and only if there exist x,y,u,v € S and
a1, a9, 01, B2 € T such that xaaasy = b and ufB1bPv = a.
It is immediate that £ C J and R C J. Hence since ® is the
smallest equivalence containing £ and ‘R, we get ® C J.

Theorem IIL.6. If S is a commuting regular 1"-semiring, then
D=3

Proof: By remark IIL5, it is enough to show that J C
®. For elements a and b in S, let aJb. Then there are
z,y,u,v € S and aq, a9, 01,02 € T such that zajaasy =
b;ufB1bfov = a. So there exists an element ¢; in S and
1,72 € T such that a = uf1bB2v = (ufrzara)as(yfav) =
(yBavasufrxarayrtiyayBovasu) b (zara) = wifBic where
wy = yPovasufirarayitiyayLevasu and ¢ = xaja and so
afc. Combining the relations zajacsy = b and ¢ = zoa,
we get casy = b. Then there exists an element ¢t € S
and 01,92 € I such that ¢ = zaja = (zaqu)fr(bfBv) =
bBa(vB1xaud1tadabfovfizaiu) = bfaws, where wy =
v xaud1tedobBovGixau. This shows that ¢Rb. Hence
JCc®. [ ]

REFERENCES

[1] Amir H Yamini, Sh.A.Safari Sabet, Commuting regular rings, Int. J.
Appl. Math., 14, No.4, 3357-3364(2003).

[2] Clifford A.H. and Preston G.B., Algebraic theory of semigroups, Volume
I, American Mathematical Society, Providence(1961).

[3] Clifford A.H. and Preston G.B., Algebraic theory of semigroups, Volume
II, American Mathematical Society, Providence(1967).

[4] Doostie H., Pourfaraj L., On the minimal ideals of commuting regular
rings and semigroups, Int. J. Appl. Math., 19, No.2, 201-216(2006).

[5] Dutta T.K. and Sardar S.K., On the operator semirings of a I'-semiring,
Southeast Asian Bulletin of Mathematics, 26(2)(2002), 215-225.

[6] Howie J.M., Fundamentals of semigroup theory, Clarendon press, Ox-
ford, Newyork(1995).

[7] Murali Krishna Rao M., I'-semirings-I, Southeast Asian Bulletin of
Mathematics, 19(1)(1995), 49-54.

83





