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Induced Acyclic Graphoidal Covers 1in a Graph

K. Ratan Singh, P. K. Das

Abstract—An induced acyclic graphoidal cover of a graph G is a
collection 1) of open paths in G such that every path in 1) has atleast
two vertices, every vertex of GG is an internal vertex of at most one
path in v, every edge of G is in exactly one path in 1 and every
member of i is an induced path. The minimum cardinality of an
induced acyclic graphoidal cover of G is called the induced acyclic
graphoidal covering number of G and is denoted by 71;4(G) or 7iq-
Here we find induced acyclic graphoidal cover for some classes of
graphs.

Keywords—Graphoidal cover, Induced acyclic graphoidal cover,
Induced acyclic graphoidal covering number.

I. INTRODUCTION

graph is a pair G = (V,E), where V is the set of

vertices and F is the set of edges. Here, we consider
only nontrivial, simple, finite and connected graphs. The order
and size of G are denoted by p and ¢ respectively. The
concept of graphoidal cover was introduced by B.D. Acharya
and E. Sampathkumar [1] and the concept of induced acyclic
graphoidal cover was introduced by S. Arumugram [4]. The
reader may refer [3], [5] and [6] for the terms not defined
here.

Definition 1.1. [/] A graphoidal cover of a graph G is a
collection 1 of (not necessarily open) paths in G satisfying
the following conditions:

(i) Every path in 1) has atleast two vertices.

(ii) Every vertex of G is an internal vertex of at most one path
in .

(iii) Every edge of G is in exactly one path in 1.

The minimum cardinality of a graphoidal cover of G is
called the graphoidal covering number of G and is denoted
by 1(G).

Definition L.2. [4] An induced graphoidal cover of a graph G
is a collection 1 of (not necessarily open) paths in G satisfying
the following conditions:

(i) Every path in 1) has atleast two vertices.

(ii) Every vertex of G is an internal vertex of at most one path
in .

(iii) Every edge of G is in exactly one path in 1.

(iv) Every member of 1 is an induced cycle or an induced
path.

The minimum cardinality of an induced graphoidal cover
of G is called the induced graphoidal covering number of G
and is denoted by n;(G) or ;.

Let v be a graphoidal cover of G and Z be a cycle of
G. Then for any edge e of Z, the family ¢; = (¢ \ {Z}) U
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{Z — e} U{e} is again a graphoidal cover of G. Thus one can
successively break up every cycle member of ¢ into paths
eventually yielding a graphoidal cover ¢; of G that has only
path members. Motivated by this observation, S. Arumugam
and Suresh Suseela [2] introduced the concept of acyclic
graphoidal cover and acyclic graphoidal covering number of
a graph.

Definition L.3. [2] A graphoidal cover v of a graph G is
called an acyclic graphoidal cover if every member of i is a
path. The minimum cardinality of an acyclic graphoidal cover
of G is called the acyclic graphoidal covering number of G
and is denoted by 1n,(G) or 1.

Definition L4. [4] A graphoidal cover v of a graph G is
called an induced acyclic graphoidal cover if every member of
1 is an induced path. The minimum cardinality of an induced
acyclic graphoidal cover of G is called the induced acyclic
graphoidal covering number of G and is denoted by 1;.(G)

or Mjq-

Definition 1.5. Let i) be a collection of internally edge disjoint
paths in G. A vertex of G is said to be an internal vertex of
W if it is an internal vertex of some path in 1), otherwise it is
called an external vertex of 1.

II. MAIN RESULTS

The following result for graphoidal covering number also
holds for induced acyclic graphoidal covering number.

Theorem IL.1. /3] For any induced acyclic graphoidal cover
Y of a (p,q)- graph G, let ty denote the number of external
vertices of 1 and let t = min ty, where the minimum is
taken over all induced acyclic graphoidal covers 1 of G then

nia(G) =q—p+t

Corollary IL.2. For any graph G, n,,(G) > q — p. Moreover,
the following are equivalent

(i) nia(G) = q —p.

(ii) There exists an induced acyclic graphoidal cover of G
without external vertices.

(iii) There exists a set Q of internally disjoint and edge disjoint
induced acyclic graphoidal path without exterior vertices
(From such a set Q of paths, the required induced acyclic
graphoidal cover can be obtained by adding the edges which
are not covered by the paths in Q).

Corollary IL.3. If there exists an induced acyclic graphoidal
cover ¢ of a graph G such that every vertex of G with degree
atleast two is internal to 1, then ) is a minimum induced
acyclic graphoidal cover of G and 1;,(G) = q— p+n, where
n is the number of pendant vertices of G.
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Corollary I1.4. Since every graphoidal cover of a tree T
is also an induced acyclic graphoidal cover of T, we have
Nia(T) = n— 1, where n is the number of pendant vertices of
T.

Theorem IL5. Let G be a complete graph K,. Then
nia(Kp) =g

Proof: The result follows from the fact that every member
in an induced acyclic graphoidal cover 1 of K, is an edge.
|

Theorem I1.6. Let G be a complete bipartite graph K, ,,
then
(1) Mia(K1pn)=n—1, n>2

(1) Nia(Kopm)=q—p+2, n>2

—p+2 ifn=345;
(i) mia(Ksn) =1 P27
q—p ifn > 6.

(“}) nia(Km,n) =q—-p ifm7n > 4.

Proof: Let X = {v1,va,v3,...,0m} and
Y = {wy,wq,ws,...,w,} be a bipartition of K, ,.
(1). Since K;, is a tree with n pendant vertices. Hence
nia(Kl,n) =n-—1.
(ii). When n > 2. Let X = {v,v2} and
Y = {wy,wq,ws,...,w,} be a bipartition of Kj,,.

Let P, = (vl,whvg),i =1,2,...,n. Then ¢p = {PZ|Z =
1,2,...,n} is an induced acyclic graphoidal cover of Ks,,
and |¢)| = ¢ — p + 2. Hence 1;,(K2,) < ¢ — p + 2. Further,
for any induced acyclic graphoidal cover ¢ of K» ,, atleast two
vertices are external vertices so that ¢ > 2. Hence 7;, (K 2,71,) =
qg—p—+2.

(iii). When n = 3,4,5. Let X = {v1,v2,v3} and
Y = {wy, w2, ws,...,w,} be a bipartition of K3 .

Let P; = (v1,w;,v2),4 =1,2,...,5 and Q = (w1, v3, ws).
Then ¢ = {P;,Q}US, i =1,2,...,5, where S is the set of
edges not covered by the paths P;,7 = 1,2,3,4,5 and Q is an
induced acyclic graphoidal cover of K3 ,, and |¢)| = ¢—p+2.
Hence 1, (K3,,) < ¢—p+2. Further, for any induced acyclic
graphoidal cover 9 of K3, atleast two vertices are external
vertices so that ¢ > 2. Hence 1, (K3,,) =q¢—p+ 2.

When n > 6. Let X = {v1,v2,v3} and
Y = {wy, w2, ws,...,w,} be a bipartition of K3 .

Let P, = (wl,vl,wg),Pg = (wg,vg,w4),

Py = (w5, v3,ws), Py = (v2,w1,v3), P5s = (v2,w2,v3),

P6 = (’Ul, ws, U3), P7 = (Ul, Wy, 1)3), Pi+3 = (Ul, Wy, UQ),i =
5,6,...,n. Then ¢ = {Py, Pa,..., P35} US, where S is
the set of edges not covered by Pi, P, P5,...,P,4+3 is an
induced acyclic graphoidal cover of K3, and every vertex is
an internal vertex of some path in 1. Hence, 1, (K3 ,,) = ¢—p.

(iv). When m,n > 4. Let X = {v,va,...,vn} and
Y = {wy,wq,ws,...,w,} be a bipartition of K, ,.

Let P, = (wl, U1, UJQ), P, = (’UJQ, Vo, ’wg),

P3 = (w3, v3,ws), Py = (w1,v4,ws), Ps = (v2,w1,v3),
Ps = (v3,wa,v4), Pr = (v1,w3,v4), Pg = (v1, Wy, v2),
Qi_4 = (Ul,’wi,’Ug), 1= 5,6, e,y
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Rj_4 (w1,vj,w2),J 5,6,...,m.. Then 1

{Pl,Qi,4,Rj,4} us,l =1,2,...,8,i = 5,6,...,m;j
5,6,...,m and S is the set of edges not covered by
P, Qi—4,Rj_4 is an induced acyclic graphoidal cover of
K,,,» and every vertex is an internal vertex of some path in
1. Hence, 0;(Km.n) = ¢ — p. [ |

Theorem IL.7. For the wheel W), = K1 4 C,_1, we have

6 ifp=4
nia(Wp): .
p ifp>5.

Proof: Let V(W,) = {vo,v1,...,vp_1} and E(W)) =
{vovi : 1 <1 <p—1YU{vwiq1 : 1 <i <p—2}U{vivp_1}
If p=4 then Wy = K4 and so 1;,(W,) = 6.

If p > 5 Let P, = (Ul,UQ,’Ug),PQ = (’()1,’[}0,7}3)7P3 =
(v3,V4,...,0p—1,v1). Then ¥ = {Py, Py, P3} U S, where S
is the set of edges of W, not covered by P;, P, and Pj is
an induced acyclic graphoidal cover of W, and || = p.
Hence, 7;,(G) < p. On the other hand, for any induced acyclic
graphoidal cover i of W, atleast two vertices are external
vertices so that ¢ > 2. Hence 7;,(W,) > ¢ —p+ 2 = p. Thus
nia(Wp) =D u

Theorem IL.8. If G is a unicyclic graph with n pendant
vertices and the unique cycle Cy, and j denote the number
of vertices of degree greater than or equal to 3 in C}, then
when

(i) k=3
3 ifj=0;
n+2 ifj=1,
1ialG) = /7
n+1 ifj=2;
n otherwise.
(ii) k>4
2 ifj=0;
(G) = n+1 ifj=1;orj= 2 and the two vertices
Mhia B of deg>3 are adjacent in Cl;
n otherwise.
Proof: Let C, = {v1,v9,vs,...,0,v1} be the unique
cycle in G.

(i). Case(a). When j = 0 then G = Cj5 so that 1;,(G) = 3.

Case(b). When j = 1. Let v; be the unique vertex of
deg > 3 in C3. Let T G — {v1v2,v9v3} be the tree
with n + 1 pendant vertices so that 7n;,(7) = n. Let
be a minimum induced acyclic graphoidal cover of T'. Then
1 = 1p1 U{v1v9,v9v3} is an induced acyclic graphoidal cover
of G and so [¢)| = n + 2. Hence, 7;,(G) < n + 2. On
the other hand, for any induced acyclic graphoidal cover v
of G, the n pendant vertices of G and atleast two vertices
in C}, are external vertices so that ¢t > n + 2. Hence,
Na(G)=q—p+t>q—p+n+2=n+2.

Case(c). When j = 2. Let v; and v9 be the vertices of deg >
3in C5. Let T = G — {vavs, v3v1 } be the tree with n pendant
vertices so that 77;,(7") = n— 1. Let ¢; be a minimum induced
acyclic graphoidal cover of 7. Then ¢ = 1)1 U{vavs, vgv1} is
an induced acyclic graphoidal cover of G and so |¢)| = n+ 1.
Hence, 7;,(G) < n + 1. On the other hand, for any induced
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acyclic graphoidal cover ¢ of G, the n pendant vertices of
G and atleast one vertex in (), are external vertices so that
t > n+1. Hence, 1;,(G) = ¢—p+t > q—p+n+1l=n+1.

Case(d). When all the vertices in C5 are of deg > 3. Let
T = G — (v1v3) be the tree with n pendant vertices. Let T} be
the induced subgraph of T formed by v along with vertices
connected to ve such that vs occurs as an pendant vertex.
Then 73 has n; + 1 pendant vertices so that 7;,(71) = ny.
Let ¢ be a minimum induced acyclic graphoidal cover of 77.
Also, T, = T — T} is also a tree with ny pendant vertices
so that ny + no = n and 7;,(72) = na — 1. Let ¢ be a
minimum induced acyclic graphoidal cover of 75. Then ¢ =
11 Uta U (v1v2), is an induced acyclic graphoidal cover of G
and every vertex of degree greater than 1 is an internal vertex
of some path in . Hence, 7;,(G) = n.

(ii). Case(a). When j = 0, then G = C}, so that 1;,(G) = 2.

Case(b). When j = 1. Let v; be the unique vertex of deg>3
in Cy. Let P = (v1, vk, Vg—1,...,04,v3) be an induced path
of length atleast 2. Then T' = G—P is a tree with n+1 pendant
vertices so that 7;,(T) = n, with ¢; as a minimum induced
acyclic graphoidal cover. Then ¢ = ; U P is an induced
acyclic graphoidal cover of G and so [)| = n + 1. Hence,
Nia(G) < n + 1. Further, for any induced acyclic graphoidal
cover ¢ of G, the n pendant vertices of G and atleast one
vertex in C}, are external vertices so that ¢ > n + 1. Hence,
Na(G)=q¢—p+t>q—p+n+l=n+1l

When j = 2 and the two vertices of deg>3 are adjacent
vertices in CY, the proof is similar to that for j = 1.

Case(c). When j = 2. Suppose vy, v3 are the two non adja-
cent vertices of deg > 3. Let P = (vy, vk, Vk—1,- - -, V4, V3) be
an induced path of length atleast 2. Then 7' = G — P is a tree
with n pendant vertices so that 7,,(7) = n — 1, with ¢); as a
minimum induced acyclic graphoidal cover. Then ) = ¢ U P
is an induced acyclic graphoidal cover of G such that every
vertex of degree greater than 1 is an internal vertex of some
path in v. Hence, 1;,(G) = n.

When j > 3. Take two non adjacent vertices v; and v; of
deg>3 in C}. let T be the induced subgraph of GG containing
all vertices on one side of the arc v; and v; of G such that
these two vertices appear as pendant vertices and 71" has n +2
pendant vertices so that 7;,(71) = ny + 1. Let ; be the
minimum induced acyclic graphoidal cover of T. Then T =
G — T is a tree with ny pendant vertices so that n = ny +
ng and 7;,(T") = na — 1. Let ¢ be the minimum induced
acyclic graphoidal cover of 7”. Then ¢ = )1 U 19, is an
induced acyclic graphoidal cover of G and every vertex of
degree greater than 1 is an internal vertex of some path in ).
Hence, 7;,(G) = n. ]

Theorem I1.9. Let G be a bicyclic graph with n pendant
vertices containing a U(l;m) and j be the number of vertices
of degree greater than or equal to 3 in U(l;m). Then when
(i)l,m=3

if G =U(l;m);

5
iaG:
ia(G) {n+6—j if1<j<5s.

(ii)l=3,m>4
4 if G =U(l;m);
n+4 ifj=1; orj= 2 and the other vertex
of deg>3 is adjacent to ug in C,;
n+3 ifj =2 and ug is adjacent to the other
i (G) = vertex of deg>3 in Cj; or j > 2 and all
vertices of deg>3 are in C,.
n+2 ifj=3inCj orj=4and Cy, has
only one vertex other than ugy of deg>3
which is adjacent to ug;
n—+1 otherwise.
(iii) l,m > 4
3 if G=U(l;m);
n+3 ifj=1;orj= 2 and the other vertices
of deg>3 is adjacent to ug, or j = 3 and
the other vertices of deg>3 are adjacent
Nia(G) = to ug in Cpp;
n+2 if 5 > 2 and all vertices of deg>3 are in
Cy or Cy,; or j = 2 and the other vertex
of deg>3 is nonadjacent to ug;
n+1 otherwise.

Proof: Let the l—cycle be C; = {ug,u1, ..
and the m—cycle be C,,, = {ug, uj, w41, . -
G.

(). If G = U(l;m) then n;,(G) = 5.

Otherwise, Take G’ = G — {e}, where e is an edge with
end vertices of degree 2 in G.

If j =1 then G’ is a unicyclic graph with n + 2 pendent
vertices so that 7;,(G’) = n+4. Let ¢); be a minimum induced
acyclic graphoidal cover of G’. Then ¢ = v, Ue is an induced
acyclic graphoidal cover of G and || = |1 +1 = n +
5. Hence, 7;,(G) < n + 5. Again, for any induced acyclic
graphoidal cover ¢ of G, the n pendant vertices of G and
atleast four vertices in U(l;m) are external vertices so that
t >n+4. Hence, 1i,(G) =q—p+t>14+n+4=n+5.

If j = 2, similar as above.

If j = 3, similar as above if no vertex of C; except ug is
of deg>3.

If j = 3 each of C; and C),, has a vertex other than ug of
deg>3. Let e be an edge in U(l;m) not adjacent to ug, then
G’ = G —e is a unicyclic graph with n+ 1 pendent vertices so
that 7;,(G’) = n + 2. Let ; be a minimum induced acyclic
graphoidal cover of G’. Then ¢ = 11 Ue is an induced acyclic
graphoidal cover of G and || = |¢1] + 1 = n + 3. Hence,
1ia(G) < m + 3. Again, for any induced acyclic graphoidal
cover ¢ of GG, the n pendant vertices of G and atleast two
vertices in U(l;m) are external vertices so that ¢t > n + 2.
Hence, 7,o(G) =q—p+t>1+n+2=n+3.

If j = 4, similar as above.

If j = 5. Let e be an edge in U(l;m) not adjacent to uyg.
Then G; = G —e is a unicyclic graph with n pendant vertices
so that 7;,(G1) = n. Let 91 be a minimum induced acyclic

. ,Ulfhuo}
S Ulpm—2,Ug} iN
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graphoidal cover of G1. Then 1 = 1)1 Ue is an induced acyclic
graphoidal cover of GG and every vertex of degree greater than
1 is an internal vertex of some path in 1. Hence, 7;,(G)
q—p+t=n+1.

(ii). Case(a). G = U(l;m). Then n;,(G) = 4.

Case(b). When j = 1. Then G; = G — (), is a unicyclic
graph with n pendant vertices so that 17;,(G1) = n+2. Let ¢,
be a minimum induced acyclic graphoidal cover of G;. Then
¥ = 1 UC,, is an induced acyclic graphoidal cover of G and
|| = |¥1] + 2 = n + 4. Hence, 1;,(G) < n + 4. Again, for
any induced acyclic graphoidal cover ¢ of G, the n pendant
vertices of G and atleast three vertices in U(l; m) are external
vertices so that ¢ > n + 3. Hence, 1;,(G) = ¢ —p+1t >
1+n+3=n+4

When j = 2 and wy is adjacent to the other vertex of deg>3
in Cy,. Then G; = G—C} is a unicyclic graph with n pendant
vertices so that 1;,(G1) = n+1. Let ¢; be a minimum induced
acyclic graphoidal cover of Gi. Then ¥ = ; U C} is an
induced acyclic graphoidal cover of G and |[¢p| = |11 + 3 =
n+4. Hence, 7;,(G) < n+ 4. Again, for any induced acyclic
graphoidal cover ¥ of G, the n pendant vertices of G and
atleast three vertices in U(l;m) are external vertices so that
t >n+3.Hence, n;,(G) =q—p+t>1+n+3=n+4

Case(c). When j = 2 and the other vertex of deg>3 is in
Ci. Then G; = G — C,, is a unicyclic graph with n pendant
vertices so that 1;,(G1) = n+1. Let 1 be a minimum induced
acyclic graphoidal cover of G;. Then ¢ = ; U C,, is an
induced acyclic graphoidal cover of G and |¢)| = |[¢1| + 2 =
n+ 3. Hence, 7,,(G) < n+ 3. Again, for any induced acyclic
graphoidal cover ¢ of G, the n pendant vertices of G' and
atleast two vertices in U(l;m) are external vertices so that
t >n+2. Hence, ;,(G) =¢—p+t>1+n+2=n+3.

When j > 2 and all vertices of deg>3 are in C,,. Then
G1 = G — () is a unicyclic graph with n pendant vertices
so that 7,,(G1) = n. Let ¢, be a minimum induced acyclic
graphoidal cover of Gy. Then ¥ = 1, U C; is an induced
acyclic graphoidal cover of G and [¢)| = |¢1| +3 = n +
3. Hence, 7;,(G) < n + 3. Again, for any induced acyclic
graphoidal cover ¥ of G, the n pendant vertices of G and
atleast two vertices in U(l;m) are external vertices so that
t >n+2. Hence, n;,(G) =q—p+t>1+n+2=n+3.

Case(d). When j = 3 and all vertices of deg>3 are in Cj.
Then G, G — C,, is a unicyclic graph with n pendant
vertices so that 7;,(G1) = n. Let ¢; be a minimum induced
acyclic graphoidal cover of G;. Then ¢ = ; U C,, is an
induced acyclic graphoidal cover of G and |¢)| = |[¢1| + 2 =
n+2. Hence, 7,,(G) < n+ 2. Again, for any induced acyclic
graphoidal cover ¢ of G, the n pendant vertices of G' and
atleast one vertex in U(l;m) are external vertices so that ¢ >
n+ 1. Hence, 1;,(G) =q¢—p+t>14+n+1=n+2.

When j = 4 and exactly one vertex, say u;, of deg>3 is
adjacent to ug in C,,. Let e be an edge not adjacent to ug in Cj.
Then G; = G —e is a unicyclic graph with n pendant vertices
so that 7;,(G1) = n+1. Let ¢, be a minimum induced acyclic
graphoidal cover of G1. Then 1 = 1)1 Ue is an induced acyclic
graphoidal cover of G and || = |¢1]| + 1 = n + 2. Hence,
Nia(G) < m + 2. Again, for any induced acyclic graphoidal
cover ¢ of G, the n pendant vertices of G and atleast one
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vertex in U(l;m) are external vertices so that ¢ > n + 1.
Hence, 7, (G) =q—p+t>1+n+1=n+2.

Case(e). When j > 4. Let e be an edge in C; not adjacent
to ug. Then G; = G — e is a unicyclic graph with n pendant
vertices so that 1;,(G1) = n. Let ¢; be a minimum induced
acyclic graphoidal cover of G1. Then ) = 11 Ue is an induced
acyclic graphoidal cover of G and every vertex of degree
greater than 1 is an internal vertex of some path in ). Hence,
Nia(G) =q—p+t=n+L1

(iii). Case(a). G = U(l;m). Then n;,(G) = 3.

Case(b). When j = 1. Here, G; = G — C,,, is a unicyclic
graph with n pendant vertices so that 7;,(G1) = n+1. Let ¢,
be a minimum induced acyclic graphoidal cover of G1. Then
1 = 11 UC,, is an induced acyclic graphoidal cover of G and
|| = 1| +2 = n+ 3. Hence, 1;,(G) < n + 3. Again, for
any induced acyclic graphoidal cover ¢ of G, the n pendant
vertices of G and atleast two vertices in U(l;m) are external
vertices so that ¢ > n + 2. Hence, 17;,(G) = ¢ —p+t >
1+n+2=n+3.

Similarly, we can prove for 7 = 2 and the other vertex of
deg>3 is adjacent to ug.

When j = 3. Suppose u; in C; and u;4,,—2 in C,, are
of deg>3 and both are adjacent to ug. Let P be an induced
path w; — uj4,,—o of length atleast two in C,,, such that G; =
G — P is a unicyclic graph with n + 1 pendant vertices and
$0 71ia(G1) = n + 2. Let ¢, be a minimum induced acyclic
graphoidal cover of G;. Then ¢ = 1); UP is an induced acyclic
graphoidal cover of G and || = |¢1] + 1 = n + 3. Hence,
Nia(G) < m + 3. Again, for any induced acyclic graphoidal
cover i of GG, the n pendant vertices of G and atleast two
vertices in U(l;m) are external vertices so that ¢ > n + 2.
Hence, 7,(G) =q—p+t>1+n+2=n+3.

Case(c). When j > 2 and all vertices of deg>3 except ug
are in C), or j = 2 with the other vertex v of deg>3 is
nonadjacent to ug in G. Then G; = G — (] is a unicyclic
graph with n pendant vertices so that 7;,(G1) = n. Let
be a minimum induced acyclic graphoidal cover of G;. Then
1 =11 U is an induced acyclic graphoidal cover of G and
|| = |[¢1] + 2 = n + 2. Hence, 1;,(G) < n + 2. Again, for
any induced acyclic graphoidal cover 1 of G, the n pendant
vertices of GG and atleast one vertex in U(l;m) are external
vertices so that ¢ > n + 1. Hence, 1;,(G) = ¢ —p +t >
l+n+1l=n+2.

Case(d). When j = 3 and v € C}, w € C,, of deg>3 are
non adjacent to ug. Let P = (ug,...,v) be a path of length
atleast 2 in Cj such that G; = G — P is a unicyclic graph with
n pendant vertices and o0 7,,(G1) = n. Let 11 be a minimum
induced acyclic graphoidal cover of G;. Then ¢ =11 U P is
an induced acyclic graphoidal cover of G and every vertex of
degree greater than 1 is an internal vertex of some path in .
Hence, 7;,(G) =n + 1.

When j > 4, Take two non adjacent vertices v; and v; of
deg>3 in Cj (or C},). Let T be the induced subgraph of G
containing all vertices on one side of the arc v; —v; of Cj (or
C),) such that these two vertices appear as pendant vertices
and T has n; + 2 pendant vertices so that 7,,(T) = ny + 1.
Let %1 be the minimum induced acyclic graphoidal cover of
T. Then G; = G — T is a unicyclic graph with ny pendant
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vertices so that n = ny + ng and 7;,(G1) = na. Let ¥3 be
the minimum induced acyclic graphoidal cover of G;. Then
1) = 11 U1bg, is an induced acyclic graphoidal cover of G and
every vertex of degree greater than 1 is an internal vertex of
some path in 1. Hence, n;,(G) =n + 1. [ |

Theorem I1.10. Let G be a bicyclic graph with n pendant
vertices containing a D(l,m;i) and j be the number of
vertices of degree greater than or equal to 3 in cycles in
D(l,m;1). Then when

(i)l,m=3

Nia(G) = {5 if G = D(l,m;1);

n+7—j5 if2<35<6.
(ii)l=3,m>4

4 if G = D(l,m;i);

n+4 ifj=2; orj= 3 and the third vertex of
deg>3 is adjacent to uj4;—1 in Cp;

if j = 3 and the third vertex of deg>3 is
in Cy; or j > 3 and all vertices of deg>3

n+3

are in Cp,; or j =4 and v in C; and w
nia(G) = . .
adjacent to ujy;,—1 in Cyp, are of deg>3;
if j = 4 and Cy, has no vertex of deg>3

other than wjy;—1; or j = 5 and C,, has

n+ 2

exactly one vertex of deg>3 which is

adjacent to uj;—1;

n+1 otherwise.

(iii) I,m > 4

3 if G=D(l,m;i);

n+3 ifj=2; orj= 3 and the third vertex of
deg>3 is adjacent to either u;_1 or
Ui+i—1, or j = 4 and from the vertices of
deg>3 other than w1 and uj;_1 one is

Dia(G) = adjacent to w;_1 in C; and other is

" adjacent to uj4;—1 in Cp;

n+2 if j > 3 and all vertices of deg>3 are in

C; or C,, only; or j = 3 and the other

vertex of deg>3 is adjacent to neither

Uyp—1 NOr Uj44—1,

n-+1 otherwise.

Proof: Let Cy=uouy ... u—1ug, P; = uj—1uy ... U451
and Cm = Ul+i—1Ul45 + - - Ul4+m+i—2U+i—1 in G.

(1). If G = D(I,m;1) then 1;,(G) = 5.

Otherwise, Take G’ = G — {e}, where e is an edge with
end vertices of degree 2 in G.

If j = 2 then G’ is a unicyclic graph with n + 2 pendent
vertices so that 7;,(G’) = n+4. Let ¢); be a minimum induced
acyclic graphoidal cover of G’. Then ¢ = 1 Ue is an induced
acyclic graphoidal cover of G and |¢| = |[¢1| +1 = n +
5. Hence, 7,,(G) < n + 5. Again, for any induced acyclic
graphoidal cover ¢ of G, the n pendant vertices of G' and
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atleast four vertices in D(l,m;) are external vertices so that
t >n+4. Hence, 1;,(G)=q—p+t>14+n+4=n+5.

If j = 3, similar as above.

If j = 4, similar as above if no vertex of C; except u;_1 is
of deg>3.

If 5 = 4 and each of C; and C,, has a vertex other than
u;—1 and u;4;—1 are of deg>3. Let e be an edge in D(I, m;1)
not adjacent to either u;_1 or u;;_1, then G' = G — e is a
unicyclic graph with n + 1 pendent vertices so that 7;,(G’) =
n+2. Let ¢; be a minimum induced acyclic graphoidal cover
of G'. Then ¢ = 1, Ue is an induced acyclic graphoidal cover
of G and |[¢)| = |[¢1] + 1 = n + 3. Hence, 1,,(G) < n + 3.
Again, for any induced acyclic graphoidal cover ¢ of G, the n
pendant vertices of G and atleast two vertices in D (I, m; ) are
external vertices so that ¢ > n+2. Hence, 1;,(G) = ¢—p+t >
1+n+2=n+3.

If 5 =5, similar as above.

If j = 6. Let e be an edge in C; not adjacent to u;_1.
Then G; = G —e is a unicyclic graph with n pendant vertices
so that 7;,(G1) = n. Let 91 be a minimum induced acyclic
graphoidal cover of G;. Then v = 1)1 Ue is an induced acyclic
graphoidal cover of G and every vertex of degree greater than
1 is an internal vertex of some path in 1. Hence, n;,(G) =
qg—p+t=n+1

(ii). Case(a). If G = D(l,m;1) then n;,(G) = 4.

Case(b). When j = 2. Then Gy = G — C,, is a unicyclic
graph with n pendant vertices so that 7,,(G1) = n + 2. Let
11 be a minimum induced acyclic graphoidal cover of Gj.
Then ¢ = 91 U C), is an induced acyclic graphoidal cover
of G and |¢)| = |¢1] + 2 = n + 4. Hence, 7;,(G) < n + 4.
Again, for any induced acyclic graphoidal cover ¢ of G, the n
pendant vertices of G and atleast three vertices in D(l,m; 1)
are external vertices so that ¢ > n + 3. Hence, 1;,(G) =
g—p+t>1+n+3=n+4

Similarly, we can prove for j = 3 and the third vertex of
deg>3 is adjacent to u;y;—1 in Cp,.

Case(c). When j = 3 and the third vertex of deg>3 is in
C;. Then G; = G — C,, is a unicyclic graph with n pendant
vertices so that 7;,(G1) = n+1. Let ¢; be a minimum induced
acyclic graphoidal cover of Gy. Then ¥ = ¢; U (), is an
induced acyclic graphoidal cover of G and || = |¢1] + 2 =
n+ 3. Hence, 7,,(G) < n+ 3. Again, for any induced acyclic
graphoidal cover ¥ of G, the n pendant vertices of G and
atleast two vertices in D(l,m;14) are external vertices so that
t >n+2. Hence, 1;,(G) =q—p+t>14+n+2=n+3.

Similarly, we can prove for 7 > 3 and all vertices of deg>3
are in Cy, by taking G; = G — (.

When j =4 and v in C; and w adjacent to u;y,—1 in C,,
are of deg>3. Let e be an edge in D(l,m;i) not adjacent
to u;—1 so that G; = G — e is a unicyclic graph with n + 1
pendant vertices. Then 7;,(G1) = n+2. Let 1)1 be a minimum
induced acyclic graphoidal cover of G;. Then 1) = 1 Ue is an
induced acyclic graphoidal cover of G and [¢)| = 1|+ 1 =
n+ 3. Hence, 1;,(G) < n+ 3. Again, for any induced acyclic
graphoidal cover ¢ of G, the n pendant vertices of G and
atleast two vertices in D(l,m;) are external vertices so that
t >n+2. Hence, 1i,(G) =q¢—p+t>14+n+2=n+3.

Case(d). When j = 4 and C,, has no vertex of deg>3 other
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than w;4;—1. Then G; = G — C), is a unicyclic graph with n
pendant vertices so that 7;,(G1) = n. Let ¢; be a minimum
induced acyclic graphoidal cover of G;. Then ¢ = ) UC,, is
an induced acyclic graphoidal cover of G and || = |p1]+2 =
n+ 2. Hence, 7;,(G) < n+ 2. Again, for any induced acyclic
graphoidal cover ¢ of G, the n pendant vertices of G and
atleast one vertex in D(l,m;%) are external vertices so that
t >n+ 1. Hence, ;(G) =¢—p+t>1+n+1=n+2.

When j = 5 and (), has exactly one vertex of deg>3 which
is adjacent to u;4,—1. Let e be an edge in C; not adjacent to
u;—1. Then G = G — e is a unicyclic graph with n pendant
vertices so that 1;,(G1) = n+1. Let ¢»; be a minimum induced
acyclic graphoidal cover of G1. Then v = 11 Ue is an induced
acyclic graphoidal cover of G and [¢)| = 1| +1 = n +
2. Hence, 1;,(G) < n + 2. Again, for any induced acyclic
graphoidal cover 3 of G, the n pendant vertices of G and
atleast one vertex in D(l,m;i) are external vertices so that
t >n+ 1. Hence, n;,(G) =q—p+t>1+n+1=n+2.

Case(e). When j > 5. Let e be an edge in D(I,m;4) not
incident to any vertex of P; in C;. Then G; = G — e is a
unicyclic graph with n pendant vertices so that 7;,(G1) = n.
Let 7)1 be a minimum induced acyclic graphoidal cover of
G1. Then ¢ = 11 U e is an induced acyclic graphoidal cover
of D(l,m;i) and every vertex of degree greater than 1 is an
internal vertex of some path in . Hence, 1;,(G) = n + 1.

(iii). Case(a). If G = D(l,m;1) then 1;,(G) = 3.

Case(b). When j = 2. Then G; = G — C,, is a unicyclic
graph with n pendant vertices so that 7,,(G1) = n + 1. Let
11 be a minimum induced acyclic graphoidal cover of Gj.
Then ¢ = 11 U C,, is an induced acyclic graphoidal cover
of G and |[¢| = |¢1| + 2 = n + 3. Hence, 7;,(G) < n+ 3.
Again, for any induced acyclic graphoidal cover ) of G, the n
pendant vertices of G and atleast two vertices in D(I,m; i) are
external vertices so that ¢ > n+2. Hence, 1;,(G) = ¢—p+t >
1+n+2=n+3.

Similarly, we can prove for j = 3 and the third vertex of
deg>3 is adjacent to either u;_1 or uj4;—1.

When j = 4 and from the vertices of deg>3 other than
u;—1 and u;4;—1 one is adjacent to w;—; in C; and other is
adjacent to u;4;—1 in C},. Suppose v with deg>3 in C,, is
adjacent to u;4+;_1. Let P be an induced path v — U 4m+i—2
of length atleast two in C,,,. Then G; = G — P is a unicyclic
graph with n + 1 pendant vertices so that 7;,(G1) = n + 2.
Let 91 be a minimum induced acyclic graphoidal cover of
G1. Then 9 = 1)1 U P is an induced acyclic graphoidal cover
of G and |¢)| = |¢1] + 1 = n + 3. Hence, 7;,,(G) < n + 3.
Again, for any induced acyclic graphoidal cover 1 of G, the n
pendant vertices of G and atleast two vertices in D(I,m; i) are
external vertices so that ¢ > n+2. Hence, 17,,(G) = g—p+t >
1+n+2=n+3.

Case(c). When j > 3 and all vertices of deg>3 are only
in C; or C), only; or j = 3 and the other vertex of deg>3
is adjacent to neither u;—1 nor u;y;,—1 in G. Suppose v with
deg>3 lies in C,,. Then G; = G—Cj is a unicyclic graph with
n pendant vertices so that 1;,(G1) = n. Let 1)1 be a minimum
induced acyclic graphoidal cover of G;. Then ¢ = ¢y UCj is
an induced acyclic graphoidal cover of G and || = |¢1]|+2 =
n+2. Hence, 7;,(G) < n+ 2. Again, for any induced acyclic
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graphoidal cover ¢ of G, the n pendant vertices of G and
atleast one vertex in D(l,m;%) are external vertices so that
t >n+ 1. Hence, 1io(G) =q¢—p+t>14+n+1l=n+2.

Case(d). Take two non adjacent vertices v; and v; of deg>3
in C; (or C,,). Let T be the induced subgraph of G containing
all vertices on one side of the arc v; — v; of Cj (or C,,) such
that these two vertices appear as pendant vertices and 7' has
n1 + 2 pendant vertices. Then 7;,(71) = ny + 1. Let ¢ be
the minimum induced acyclic graphoidal cover of 7. Then
G1 = G —T is a unicyclic graph with ns pendant vertices so
that n = ny + no and 7;,(G1) = na. Let 12 be the minimum
induced acyclic graphoidal cover of G;. Then ¢ = 1)1 U 9o,
is an induced acyclic graphoidal cover of G' and every vertex
of degree greater than 1 is an internal vertex of some path in
1. Hence, 0;,(G) =n + 1. [

Remark IL.11. In case P; in D(L,m;1) has any intermediate
vertex(ices) of degree greater than or equal to 3 there will
be no change in the minimum induced acyclic graphoidal
covering number.

Theorem IL.12. Let G be a bicyclic graph with n pendant
vertices containing a C,(i;1) and j be the number of vertices
of degree greater than or equal to 3 in Cy,(i;1). Then

(i) 1ia(G) =3 if G =Cn(i;1).

and when
(i)l =1
n+3 ifj=2
n+2 if 5 > 3 and all the vertices of deg>3
nia(G> = . .
are in one side of P;
n+1 otherwise.
(iii) | > 2
n+2 degug = 3 and either j = 2 or j = 3 with
Nia(G) = the third vertex of deg>3 is adjacent to uy;
n+1 otherwise.
Proof: G = Cp,(i;1), so it contains atleast C,, =
{’U,Q,’U,1, ey Uiy Uiy - e ,um,l,uo} with m > 4 and the
chord P, = {ug,Um,Um+1,---,Um+i—2,U;}, | > 1 and

2<i1<m-—2.

(). If G = C,(4;1) then n;,(G) = 3.

(i) Case(a). When j = 2. let u,, 0 < s < i, be any vertex
in Cp,(i;1). Then Py = (ug,us), Po = (Us,Ust1,--.,U;)
be induced paths in C,,(i;1). Let G;1 = G — {P1, P2} is a
unicyclic graph with n pendant vertices so that 7;,(G1)
n+1. Let ¢); be a minimum induced acyclic graphoidal cover
of G;. Then ¢ = ¥ UP,UP; is an induced acyclic graphoidal
cover of G and || = |[¢1] +2 = n+ 1+ 2. Hence, 1;,(G) <
n + 3. Again, for any induced acyclic graphoidal cover
of G, the n pendant vertices of G and atleast two vertices
in C,,(4;1) are external vertices so that ¢ > n + 2. Hence,
N (G)=q¢—p+t>1+n+2=n+3.

Case(b). When j > 3 and all the vertices of deg>3 are in
one side of P}, say (i, Um, ..., uo). Take a vertex us, 0 <
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s < i in Cp,(i;1). Then the paths Py = up — us and Py
us — u; are induced paths in G. Let Gy = G — {P, P>} is a
unicyclic graph with n pendant vertices so that 7;,(G1) = n.
Let 1)1 be a minimum induced acyclic graphoidal cover of G;.
Then ) = 1)1 U P, UP; is an induced acyclic graphoidal cover
of G and [¢)| = 11| + 2 = n + 2. Hence, 7,,(G) < n+ 2.
Again, for any induced acyclic graphoidal cover ¢ of G, the
n pendant vertices of G and atleast one vertex in C,, (1) are
external vertices so that ¢ > n+1. Hence, 7;,(G) = ¢—p+t >
l+n+1=n+2.

Case(c). When j > 4, suppose us (0 < s < i) and ug (i <
t < m — 1) are two vertices of deg > 3 in C,,(¢;1). Take the
tree T of C,,(4; 1) on one side of P, containing us such that ug
and u; are pendant vertices. Again, bifurcate 7" into two trees
T and T containing {ug, u1,...,us} and {us, Ust1,...,U;}
along with the subgraphs of 7" incident to these vertices such
that degus = 1 in 7T7. Suppose 77 and 75 have n; + 2 and
ng + 1 pendant vertices respectively. Then 7;,(71) = n1 + 1
and 7);,(T2) = no. Let 11 and 1) be respectively the minimum
induced acyclic graphoidal cover of 77 and T». Also, G’
G — T is a unicyclic graph with n3 pendant vertices so that
ny +ne +ng = n and 1;,(G’) = ns. Let ¢)3 be a minimum
induced acyclic graphoidal cover of G’. Then ¢ = 1)1 UhoUt)s
is an induced acyclic graphoidal cover of G and every vertex
of degree greater than 1 is an internal vertex of some path in
1. Hence, 7,o(G) =n1 +na+ns+1=n+1.

(iii). Case(a). When j = 2 and deg ug = 3.
Let P = {ugUmUm+1 - - Uipm—2ui}, 2 < i < m — 2, be the
chord in C,, (¢;1) such that 7;,(P) = 1. Then Gy = G— P is
a unicyclic graph with n pendant vertices so that 7;,(G1) =
n—+ 1. Let 11 be a minimum induced acyclic graphoidal cover
of GG1. Then ¢ = 1 UP is an induced acyclic graphoidal cover
of G and |[¢| = |¢1| + 1 = n + 2. Hence, 1;,(G) < n + 2.
Again, for any induced acyclic graphoidal cover v of G, the
n pendant vertices of G and atleast one vertex in C,,(i;1) are
external vertices so that ¢ > n+1. Hence, 7;,(G) = ¢—p+t >
1+n+1=n+2.

Similarly, we can prove for j = 3 and the third vertex of
deg>3 is adjacent to ug.

Case(b). Let P = {upumUm+1 - .- Uigm—2aui},2 < i <
m — 2, be the chord in Cy,(4;1) such that 7,,(P) = 1. Then
G1 = G — P is a unicyclic graph with n pendant vertices
so that 7,,(G1) = n. Let ¢, be a minimum induced acyclic
graphoidal cover of GG;. Then ¢ = 1, UP is an induced acyclic
graphoidal cover of G and every vertex of degree greater than 1
is an internal vertex of some path in 9. Hence, 17;,(G) = n+1.

Otherwise, let T" be the induced subgraph of G with vertex
set {uoUmUm+1 - Wim—2ui}, 2 < i < m — 2, along with
vertices incident to this vertex set such that deg ug, Ujym—2 =
1. Then T has n; +2 pendant vertices so that 7, (T) = ny+1.
Let v; be the minimum induced acyclic graphoidal cover of
T. Then G; = G — T is a unicyclic graph with ny, pendant
vertices so that n = ny + ne and 7;,(G1) = na. Let ¢ be
the minimum induced acyclic graphoidal cover of Gy. Then
1) = 1 U1s, is an induced acyclic graphoidal cover of G and
every vertex of degree greater than 1 is an internal vertex of
some path in 1. Hence, 7;,(G) = n + 1. |
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