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Abstract—In this paper for two X-form nonnegative matrices A
and B we show that if A−B be a symmetric positive semi-definite
matrix then the spectral radius of matrix A greater than or equal
matrix B.
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I. INTRODUCTION

A matrix A is called nonnegative X-form matrix, if all its
nonzero elements are nonnegative and placed on main diagonal
or anti-diagonal of matrix A. In recent paper [1] Jonathan
Axtell, et al. showed that when A is symmetric matrix and S1

and S2 are two symmetric matrices such that the difference
S1 − S2 is a positive semidefinite matrix and such that S1A
and S2A are nonnegative matrices, then

ρ(S2A) ≤ ρ(S1A).

In this paper we try without considering two symmetric pos-
itive definite matrices S1 and 2 obtain the inequality relation
for spectral radius of two special matrices A and B. At first
for two 2 × 2 nonnegative matrix A and B where A − B is
symmetric positive semidefinite, we show that ρ(A) ≥ ρ(B),
and then we show for two nonnegative X-form matrix this
property also holds. By considering [1], at last we verify for
two normal matrix A and B with A − B ≥ 0 that satisfy in
condition AB = BA, we have

ρ(A) ≥ ρ(B).

II. MAIN RESULTS

Lemma 2.1: If A and B be 2 × 2 nonnegative matrices
and A − B ≥ 0, then ρ(A) ≥ ρ(B).
Proof. Let S = A−B and A, B are nonnegative matrices as
blow

S =
(

a b
b c

)
, B =

(
m n
p q

)
,

A =
(

a + m b + n
b + p c + q

)
,

whereas A is nonnegative matrix, then

m ≥ −a, n ≥ −b, p ≥ −b, q ≥ −c, (1)

since S is symmetric positive semi-definite, we have
XT SX ≥ 0 for all vectors X . By choosing special vector
X = [1, 0] and X = [0, 1] we obtain

a ≥ 0, c ≥ 0 ⇒ a + c ≥ 0, (2)
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and again since S is symmetric positive semi-definite matrix,
then

det(S) = ac − b2 ≥ 0. (3)

Now we compare ρ(A) and ρ(B) and show that ρ(A) ≥ ρ(B)
.

det(A − λI) = 0 ⇒ λ = 1
2 ((a + m + c + q)±√

(a + m + c + q)2 − 4(a + m)(c + q) + 4(b + p)(b + n)).

Consequently

ρ(A) = 1
2 ((a + m + c + q)+√

(a + m + c + q)2 − 4(a + m)(c + q) + 4(b + p)(b + n))
(4)

and from det(B − λI) = 0, similarly we have

ρ(B) =
1
2

(
(m + q) +

√
(m + q)2 − 4mq + 4np

)
. (5)

Whereas for all two real numbers the geometrical mean less
than or equal the arithmetical mean, we have√

(a + m)(c + q) ≤ a+m+c+q
2 ⇒

(a + m + c + q)2 − 4(a + m)(c + q) ≥ 0,√
mq ≤ m+q

2 ⇒ (m + q)2 − 4mq ≥ 0,

then the relations (4) and (5) is well define.
Now, we show that ρ(A) ≥ ρ(B).
Since (a + c) ≥ 0, then (a + m + c + q) ≥ (m + q) and it is
sufficient that we show√

(a + m + c + q)2 − 4(a + m)(c + q) + 4(b + p)(b + n) ≥√
(m + q)2 − 4mq + 4np.

This inequality holds if and only if

(a + m + c + q)2 − 4(a + m)(c + q) + 4(b + p)(b + n) ≥
(m + q)2 − 4mq + 4np ⇔

a2 + c2 − 2aq − 2mc + 2mq + 4b2 + 4bn + 4bp ≥ 0. (6)

For proof (6) by (1) we can write

(a + m + c + q)2 − 4(a + m)(c + q) + 4(b + p)(b + n) ≥
a2 + c2 + 2ac + 2ac + 2ac + 4b2 − 4b2 + 4b2 =
(a + c)2 + 4(ac − b2) ≥ 0,

So ρ(A) ≥ ρ(B).
Lemma 2.2: . If S be a n × n symmetric positive semi-

definite matrix, then every 2 × 2 submatrix of S as below

S′ =
(

sii sij

sji sjj

)
is also positive semi-definite.

Proof. Proof is trivial.

World Academy of Science, Engineering and Technology 69 2010

69



Theorem 2.3: . If A and B be two n × n, X-form
nonnegative matrices such that S = A − B ≥ 0, then
ρ(A) ≥ ρ(B).
Proof. Let given two matrix A and B with even order in
following form

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1 b1

a2 b2

. . . . .
.

. .
. . . .

bn an

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

n×n

,

B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

a′
1 b′1

a′
2 b′2

. . . . .
.

. .
. . . .

b′n a′
n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

n×n

,

then

S = A − B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

c1 d1

c2 d2

. . . . .
.

. .
. . . .

dn cn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

n×n

,

where ci = ai − bi and di = bi − b′i for i = 1, 2, . . . , n. On
the other hand we have

det(A − λI) =
n/2∏
i=1

det
((

ai bi

bn−i+1 an−i+1

)
− λI2

)
. (7)

Assume

Ai =
(

ai bi

bn−i+1 an−i+1

)
, Bi =

(
a′

i b′i
b′n−i+1 a′

n−i+1

)
,

be two 2× 2 matrices with elements of A and B respectively,
then these matrices also are nonnegative.

If Si = Ai − Bi =
(

ci di

dn−i+1 cn−i+1

)
, then we have

Si ≥ 0 and ρ(A) ≥ ρ(B) by Lemma 2.1.
By (4) the eigenvalue of A will be all eigenvalue of matrices
Ai and the eigenvalue of B be all eigenvalue of matrices Bi

for i = 1, 2, . . . , n/2, therefore ρ(A) ≥ ρ(B).
If order of matrices A and B be an odd number, then the
matrices A and B have the following form

A =

⎛
⎜⎜⎜⎜⎝

a1 · · · · · · · · · b1

0 a2 · · · b2 0
...

... a[n/2]+1

...
...

bn−1 0 . . .
. . . an−1

⎞
⎟⎟⎟⎟⎠

n×n

B =

⎛
⎜⎜⎜⎜⎝

a′
1 · · · · · · · · · b′1
0 a′

2 · · · b′2 0
...

... a′
[n/2]+1

...
...

b′n−1 0 . . .
. . . a′

n−1

⎞
⎟⎟⎟⎟⎠

n×n

then

det(A − λI) = (a[n/2]+1 − λ)∏[n/2]
i=1 det(

(
ai bi

bn−i+1 an−i+1

)
− λI2)

(8)

det(B − λI) =
n/2∏
i=1

det(
(

a′
i b′i

b′n−i+1 a′
n−i+1

)
− λI2). (9)

Since a[n/2]+1 ≥ a′
[n/2]+1, then we have ρ(A) ≥ ρ(B) .

Theorem 2.4: .If matrices A and B be normal and A −
B ≥ 0 and AB = BA, then ρ(A) ≥ ρ(B).
Proof. Since A and B are normal matrix and AB = BA then
there exist an unitary matrix U such that

A = Udiag(λ1(A), · · · , λn(A)U∗,
A = Udiag(λ1(B), · · · , λn(B)n)U∗.

On the other hand A − B also is normal matrix and

A − B = Udiag(λ1(A), · · · , λn(A))U∗

and since A − B ≥ 0, then λi(A) − λi(B) ≥ 0 for i =
1, 2, · · · , n, then ρ(A) ≥ ρ(B).
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