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Approximately Jordan maps and their stability

Nasrin Eghbali

Abstract—In this paper we consider the approximate Jordan maps
and boundedness of these maps. Also we investigate the stability
of approximate Jordan maps and prove some stability properties for
approximate Jordan maps.
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1. INTRODUCTION AND PRELIMINARIES

At first, we recall two definitions for Jordan maps:

Definition 1.1: A linear map 7" : A — B between two
algebras A and B is called a Jordan map if

T(zy +yz) =T (x)T(y) + T(y)T(z)

for all z and y in A.

Definition 1.2: A linear map T : A — B between two
algebras A and B is called a Jordan map if

T(x%) = T(z)*

for all z € A.

It is obvious that these definitions are equivalent.
In [4], Lee and Kim define the approximate Jordan maps:

Definition 1.3: A linear map T : A — B between two
algebras A and B is called an approximately Jordan map if
there exists § > 0 such that ||T(2?) — T'(z)?|| < §||z||?, for
all z € A.

Sometimes in the Definition 1.3 we call T" is a §—Jordan
map. If B is the complex field, then 7" is called the approxi-
mately Jordan functional. Note that if 7" is an approximately
Jordan functional on a commutative Banach algebra, then
T is an approximately multiplicative functional [3]. In this
paper at first we define another definition for approximately
Jordan mappings and then we show that two definitions of
approximately Jordan mappings are equivalent.

It seems that the stability problem of functional equations
had been first raised by Ulam [8]: For what metric groups G
is it true that an approximate additive of G is necessarily near
to a strict linear map?

From that time, different mathematicians have a wide re-
search around this problem. For example Hyers [2] in 1941
and Th.M.Rassias [6] in 1978, have published some important
results in this area.

In this note we consider the stability problem for approxi-
mately Jordan maps.
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II. APPROXIMATE JORDAN MAPPINGS

In the account of in work that follows, we suppose that all
of algebras are noncommutative algebra. We start our work
with this definition:

Definition 2.1: A linear map T : A — B between two
algebras A and B is called an approximately Jordan map if
there exists 4 > 0 such that

1T (zy +yx) — T(2)T(y) — T(y)T(x)|| < 26]||l[y]]
for all x and y in A.

Theorem 2.2: The definitions (2.1) and (1.3) are equivalent.
Proof: By putting x = y in Definition (2.1) we can have
Definition (1.3). Conversely, by definition (1.3) we have

T ((z +y)?) = T(x +y)?|| < 6llx+yl|*
So,

T (zy + yx) = T(x)T(y) = T(y)T(x) + T(2*) = T(x)* +
T(y*) = T(y)*|| < dllz +yl>.

Hence
1T (zy +yx) — T(x)T'(y) = T(y)T(z)|| <
20([l* + 11yl1* + [l=[ll1yl])-
Putting ||z|| = ||y|| = 1 we have
1T (zy +yz) — T(x)T(y) — T(y)T(z)]| < 60.
So

1T (ab + ba) = T(a)T(b) — T(0)T (a)]| < 34][alll[b]]

for all a,b € A.
]

Definition 2.3: [5] Let A and B be Banach algebras and
¢ : A — B a linear map. We say that ¢ is a strongly
approximate Jordan map if there exists an § > 0 such that

llp(a?®) — p(x)?)|| <6
for all z € A.

It has been proved in [5] that if f is a strongly approximate
one-to-one Jordan functional on an algebra A, then f is a
Jordan functional. Here we provide an easier proof of this
result. Of course our result is stronger than Theorem of [5],
because we have removed the one-to-one condition.

Theorem 2.4: If f is a strongly approximate Jordan func-
tional on an algebra A, then f is a Jordan functional.
Proof: Suppose that a € A. For all z € A we have:

f(2®) = f(2)?] <6 .
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Let x = 2™a. We have:

[f(a®) = (f(a)?| < 627"
and therefore by letting n tend to infinity we have f(a?) =
fa)?. u
Definition 2.5: [7] Let X and Y be Banach algebras, and
¢ : X — Y alJordan map. We define
el = {suplle(@)I| = [lz]] =1} < oo
The map ¢ is called bounded if ||p|| < co.

Theorem 2.6: Let ¢ be a Jordan functional on a Banach
algebra A. Then ||p|| <14 0.
Proof: By definition, ||¢|| = {sup|e(a)| : |la|]| =1} <
oo. By hypothesis,

le(a®) = ¢(a)?] < 6lall®

for all @ € A. Given p with 0 < p < /6, choose a with
[la]| = 1 such that ||| — 1 < |p(a)]. Then

(llell = )? < le(a)* < le(a®)] + 0 < [l + 0.

Letting 1« — 0 we have ||o||?> — ||¢|| — & < 0. By solving
this inequality we have

V1446
2

-0 <|lell <1/2+ <1+6.

Proposition 2.7: If ¢ is an approximately Jordan map and v

a bounded Jordan map, then ¢ +1) is an approximately Jordan

map. Also if A € C, then (1+ )¢ is an approximately Jordan
map.

Proof: 1t is straightforward. ]

Remark 2.8: If the algebra A does not have a unit, A can
be extended by adjoining a unit to A. In this procedure, a
linear functional ¢ may be extended to a linear functional
©® by defining ¢(1) = 1. It is easily shown that ¢ is an
approximately Jordan if and only if ¢ is. In some cases, an
algebra which lacks a unit may have an approximate identity.
A net {E,} of elements E, € A is called an approximate
identity for A if for each x € A there is a subset F3 such that
limg(Eﬁx) =x.

Proposition 2.9: suppose that ¢ is an approximately Jordan
map with 0 < § < ﬁ for a given £ > 0 on a Banach
algebra A. Let A have an approximate identity {FE,} with
||Eo|| < K for all . Then either limsup, |1 —¢(E,)| < 26k?
and ||p|| > k=1 — 2k6 or else limsup,|p(E,)| < 26k? and
A < |y < 1

Proof: Let L be the set of points of accumulation of the
set |¢(E,)| and I € L. By hypothesis |p(E2) — p(Eq)?| <
8||Eq||?> < 6Kk2. If we take limits on suitable subnets for
we get

p(Ea) — 2] < k2 and |l — 12| < 6k2.
By solving the inequality 0k% — |l — [?| > 0 we have
|I] < 1=vi-dok2 or I > LEVZA0kE g /o,

So we have

I < LK - 95k2  or |1 — 1| < 20k>.

The first case gives
limsupa|1l — @(E,)| < 26k2,
so that
E||o|| > limsupy|o(Ey)| > 1 — 26k2.

The second case gives

limsupa|o(Ey)| < 20k2.
In the inequality
|2((Bab)?) = ¢(Eab)?| < 8] Eabl|* < 8k2[[b][?,
we take limit in a suitable subnet and obtain
[p(bEab) — o(b)*| < ok?[[b]|*
and again by taking limit we deduce
|o(b%) — (b)?] < aK2[Jb]|%,
for all b € A. So
lo(®)1* < (0K + [l 1bI[>.

Hence
[lll? = Il — 8k < 0.
So we have
LV PR g < LV AR

corollary 2.10: suppose that ¢ is an approximately Jordan

map with 0 < § < 1/4 on a Banach algebra A and let A has

a unit. Then either |1 — (1) < 20 and ||¢|| > 1 — 24§ or else
lll < LTE58.

Proof: This corollary is a special case of proposition (2.9).

|

III. STABILITY OF APPROXIMATELY JORDAN MAPPINGS

We start first point of this view by following Theorem
about the stability of approximately Jordan mappings when
we restrict § in the definition of approximately Jordan maps.
this Theorem shows that for small § > 0 we can find
an approximately Jordan functional which are close to a
d—Jordan functional.

Theorem 3.1: Suppose that A has a unit element and ¢ be a
0—Jordan functional on a Banach algebra A with 0 < § < 1/4
and ||p]| > @. Then for the functionals ¢; = £, and
Yo = ﬁ we have [|¥1|| = 1, ¥2(1) = 1 and they are

approximately Jordan functionals. Specially ||¢ — 11 (w2)]| <
25(146)
1—25 -

Proof: By hypothesis, ¢ satisfies the first alternative of

Corollary (2.10), so that ||| > 1—28. Hence, *-1#ll < 20

) . el 1-26°
Now by using Theorem (2.6) we obtain

26(1+6
b1 — ]| < [lopl| 125 < 20£0),
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Next apply proposition (2.7) with A + 1 = ||p||~L, so that
A= o7t -1 < 13—525. By proposition (2.7), 7 is an
approximately Jordan map.

The argument for 1), is similar. ]

Our next Theorem shows that near a given J§—Jordan
functional ¢, there is an approximately Jordan functional ¢
which satisfies both ||¢)|| = 1 and (1) = 1.

Theorem 3.2: Let the Banach algebra A has a unit, ||1|| =1
and 0 < § < 1. Suppose that ¢ is a §—approximate Jordan
bounded functional with (1) = 1. Then there exists a
bounded linear functional ¢ such that |[¢]| = 1, ¥(1) =1
and [ — p] < 2+ .

Proof: For any linear functional f we define

W ={f(a); [Ifll=rF1)}

and

D=A{f; [Ifll=fM)}

Given a,b € A and 1 € R, suppose that Rez < pu for
all z € W and A € C with ReA > pu. Take a € A with
[la|]| = 1 and f a linear functional such that ||f|| =1 = f(a).
Then g : ¢ < f(ac) defines a linear functional such that
llg]l = g(1) and we have

lla(AL = b)[| > |f(a(Al = b)) = |A = g(b)] =
Re(A—g(b)) > ReA — p.
So

ReA — 1 < [la(\L = b)]
< llalllIAL = BII < llal[(ATILI] -+ 1[6l]) < [A]+ (1]

We may take A = ¢(b), and by using Theorem (2.6) we
have

Rep(b)—p < [p(®)[+][b]] < (lell+DIbl] < (2+0)[[ol]- (1)

Obviously, the above inequality also holds when Reg(b) <
L
Put » = 2 4+ ¢ and let B* denotes the closed unit ball in
the set of linear functionals. To prove the Theorem, we need
to show that the set D(\(¢ + nB*) is not empty. Suppose
on the contrary that this set is empty. Then by applying [1]
(Proposition 4, sect. 5, No. 3, Chap II, P.84.) in the w*-
topology, we may find a hyperplane strongly separating the
sets D and ¢ + nB*, both of which are convex and compact
in the w*-topology. Therefore there exists an element a € A,
which we may assume ||a|| = 1, and a real number p such
that Ref(a) < u, for all f € D and Ref(a) > p for all
f in ¢ + nB*. Now take g € B* with g(a) = 1 and put
f = ¢ —ng, so that Rep(a) — n = Ref(a) > u. Hence
Rep(a) — p > n = (24 9)||a||. This contradicts inequality
(1), so we have shown that the set D ((¢+nB*) is not empty.

|
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Theorem 3.3: Let 6 > 0, g an arbitrarily real number, A a
Banach algebra, and f : A — C be a linear complex-valued
function such that

|f(a®) = f(a)?| < dl[al[**

forall a € A. Put 8 = H‘/%T‘S. Then either |f(a)| < B]]al|?
for all a € A or f(a?) = f(a)? for all a € A.

Proof: Observe that 32 — 3 = § and /3 > 1. Assume that
for some element a € A, |f(a)| > B]|a||?, so we can suppose
|f(a)] > B, with ||a|| = 1. Then |f(a)| = 8+ p, where p > 0.
We have

1£(@®)] = |f(a)*=(f(a)*—f(a®)| = |f(a)?|-|f(a)*—f(a®)],
so that
1£(a®)] > [f(a)]?—0 = (B+p)?—6 = 2Bp+p*+B > B+2p.

By induction on n we prove that |f(a®")| > B+ (n + 1)p.
Suppose that |f(a®")| > B+ (n+1)p is true for all n € N.
Then

F@ ) = 17@®) f(@®) = (@) f (") = f(a®"a*"))]
> [£(@")] -
So that
F@ ) = (B+ (n+ 1)p)* + 5 — 57

=2n+2)Bp+ B+ (n+1)*p* > B+ (n+2)p.

Now for any natural number m, n:

2|f(a™.a™) = f(a")f(a™)]
<If((@" +a™)?) = f(a" +a™)?|
HI((@™)?) = f@)?| +[f((@™)?) = f(a™)?]
< 8(la™ +a™|* + lla™[[* + [la™[*)
< 8((fa™| +1la™[1)* + [la™|I* + [|a™ 1)
< 20(|[a"(1* + [la”||-la™ [ + [|a™|I*)
< 26(|lall*™ + [lal|™*" + ||al[*™) < 63,

S0
[f(a™.a™) = f(a")f(a™)| < 36.

Now we have

|f(a®) = f(a)?|

L@ @) - f(

|f(a?")

+f(a®a®" )= f(a) f(a.a® )|+ f(a) f(a.a®") = f(a)* f(a®"))|
1

|f(a?")

< 302+ f(a)])
T B+Mm+1)p’

2

< a”.a

)

< (30 + 38 + 30| f(a)])
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By letting n tend to infinity we have f(a?) = f(a)?, for all
a € A with ||a|]| = 1. Now for arbitrarily element z € A put
a = fi. we have f(a®) = f(a). So
f(@®) = f@®||z|*) = ||l=[]* f(a®)
= |lz|*f(a)® = (l2]|f(a))* = f(l|zlla)* = f(2)*.
|

Theorem 3.4: Let A be a Banach algebra and ¢ a functional
on A such that

p(2?) — p(2)?] < 8f«|]?
and

lo(z +y) —p(x) — )| < o[ + lyl])

for some 6 > 0, then ¢ is an additive map, or

1+v144

0
o) < =2 ), @

for all z € A.

Proof: Suppose that ¢ is not an additive map. So by
hypothesis there exist a,b € A such that p(a + b) # ¢(a) +
©(b). For each x € A, it follows from Theorem (2.6) that

le(@)le(a+b) = p(a) = (®)] < (1 +6)6(l|al| + [[bl]).
Which implies that

(L+0)d(|lall + 115]])
pla+b) —p(a) — p(b)|

lp(2)] < | e
for all z € A — {0}.

We have |p(x)| < k||z|| for some constant 0 < k& < oo
for every x € A — {0}. Set m = supyea—{o} ‘flgl)l Then
m < k < oo by assumption. It follows that

lo(@)? < oll=]* +]e(@®)] < 8l|z]* +ml|2?]] < (5+m)]|z

s

for all z € A.
This implies that m? < § +m. So by solving the inequality
we have m < 12V 1+40 Vglﬂ‘s and the proof is complete. ]
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