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Translation Surfaces in Euclidean 3-Space

Muhammed Cetin, Y1lmaz Tunger, and Nejat Ekmekei

Abstract—In this paper, the translation surfaces in 3-dimensional
Euclidean space generated by two space curves have been
investigated. It has been indicated that Scherk surface is not only
minimal translation surface.
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AS is well-known, the theory of translation surfaces is

always one of interesting topics in Euclidean space.
Translation surfaces have been investigated from the various
viewpoints by many differential geometers. L. Verstraelen, J.
Walrave and S. Yaprak have investigated minimal translation
surfaces in n-dimensional Euclidean spaces [3]. H. Liu has
given the classification of the translation surfaces with
constant mean curvature or constant Gauss curvature in 3-

space E°
Minkowski space E13 [2]. D. W. Yoon has studied translation

surfaces in the 3-dimensional Minkowski space whose Gauss
map G satisfies the condition AG = AG, Ae Mat(3,IR),

where A denotes the Laplacian of the surface with respect to
the induced metric and Mat(3, IR) the set of 3x3 real metrics

[1]. M. I. Munteanu and A. I. Nistor have studied the second

fundamental form of translation surfaces in E° [4]. They
have given a non-existence result for polynominal translation

1. INTRODUCTION

dimensional Euclidean and 3-dimensional

surfaces in E* with vanishing second Gauss curvature K, .
They have classified those translation surfaces for which K,

and H are proportional.

In this paper, the translation surfaces in 3-dimensional
Euclidean space by using non-planar space curves have been
investigated and some differential geometric properties for
both translation surfaces and minimal translation surfaces
have been given. Furthermore, a classification of minimal
translation surfaces with examples have been given.

II. TRANSLATION SURFACES WITH SPACE CURVES
Let M(u,v) be a translation surface in 3-dimensional

Euclidean space. Then M (u,V) is parametrized by
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M (u,v) =a(u) + B(Vv)
where « and S being unit-speed space curves of the arc-
length parameters U and v, respectively. Let {Ta, N, Ba}
be the Frenet frame field of o with curvature x, and torsion
7,. Also, let {Tﬁ, Nﬂ, Bﬁ} be the Frenet frame field of S
with curvature x4 and torsion 7.

A surface that can be generated from two space curves by
translating either one of them parallel to itself in such a way
that each of its points describes a curve that is a translation of
the other curve. Let M(u,v) be a translation surface in 3-

dimensional Euclidean space.
M(u,v) =a(u) + S(V)
where « =(a1,a2,a3) and = (ﬁl,ﬁz,ﬂ3). Then
MU,V) = (@ + B s + By, a3+ Bs)
The unit normal of translation surface can be defined by
1
uu,v)=——-IT, AT
V) sin @ ( £ )

where @(U) is the angle between tangent vectors of «(u) and
L(V). The first fundamental form | of the surface M (u,v) is
I =du? +2cos gdudv + dv?
and the second fundamental form Il is
Il =1, cosf,du” + x4 cos O 4dv?
where 6, and Qﬂ are the angels between U and N,,N B>

respectively.
Theorem 1: If « is an asymptotic line of translation
surface, then « is a planar curve.

Proof : Since cos8, = <U, Na>, then

-1 <Ba,Tﬁ>.

sin @
Differentiating (1) with respect to u, so

)

cosd, =

8,'sind, = ¢'cotpcosd, —7,sinb,.
o is an asymptotic line, so cosé, =0, siné, =+1 and 6,

should be a real constant. Hence 8,'=-7, and 7, =0. Thus

o is a planar curve.
Corollary 1: Let’s suppose that £ is not a geodesic of

surface, then S is a planar curve if and only if the 6, is

constant.
Proof : Since cos 04 = <U , N/j>, then

(Tu-By).

Differentiating (2) with respect to v, so

cos Bﬁ =— (2)
sin ¢
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sin@,(0,'+7,)=0.
B is not a geodesic of surface, so 19,5 ‘7 p= 0. Hence Hﬂ isa
real constant if and only if f is a planar curve.
On the other hand the shape operator of translation surface
1

sin? @| —KpCcospcos Hﬂ

K, cosd, — Kk, cosgpcosd,

S =

Kp cosﬁﬁ

Then the Gauss curvature K and mean curvature H are
KoKp cosb, costy

sin? @

K= 3)
and
_ Kg cosd, +Kﬂ cosHﬂ

“4)
2sin? 1)

Theorem 2: Gauss curvature of a translation surface
generating by space curves is zero if and only if at least one of
generator curves is an asiymptotic line of surface.

Proof : Let Gauss curvature be zero, then from (3)

KoK pcost, costs =0.
the generator curves of translation surface is not line, so
kKo, #0, k3 #0 and cosf, cosfy =0. Hence cosd, =0 or

costy =0. If cosd, is zero, then 6, :(2k+1)£, keZ,
2

hence « is an asymptotic line. Similarly, If cos@j is zero,
then 0, = (2k +1)%, keZ, hence £ is an asymptotic line.
Conversely, let & or £ be an asymptotic line of surface. If
o is an asymptotic line of surface, then 8, :(2k+1)%,

keZ and K=0 or If § is an asymptotic line of surface,
then 6, = (2k+l)— keZ and K=0.

Example 1: Let M (u,V) be the translation surface given by
M (u,v) =(m,,m,,m;)

where
. u Vv
m;, =sin—+cos——1,
2 3
u .V
m, =cos—+sin——1,
2 3
J3u 242y
m3 =—+

2 3

with generator curves

V3u

B
)

The tangent and principal normal vectors of « are

a(u)= sinE,cosE -1,
2 2

and

v Y 2\/_v
cos——1,sin—,
3 33

B) —{

865

1 u
—cos—,——s

nd
272 2’

-

N, —(— sm— —cos

2 }
The curvature of o is

Ko

4
Similarly, the tangent and principal normal vectors of £ are

vl Vv 2\/5
Tﬂ =|—-—sin—,—cos—,——
3 373
Nﬂ=(— coS—,—sin ,Oj.
The curvature of S is
1
K,B —5.

457

05

554

- -1
fﬂ
1

-2

]

Fig. 1 Translation surface generated by two helices.

Theorem 3: Let ¢ and S be space curves with nonzero

curvatures and let a be an asymptotic line. Translation
surface is minimal if and only if S is an asymptotic line of

surface to0o.

Let xf and x7 be geodesic curvature, geodesic

(Z
g-%g
torsion and normal curvature along o of M,
then

o
Ky

respectively,

a
T

a
Ky g

B B
g°%9
geodesic torsion and normal curvature along £ of M,

—_ 1 — — '
=K, sind,, =K, cosd,, =7,+6,"

Similarly, Let «7,r5; and Kf be geodesic curvature,

respectively, then
Kgﬂ:KﬂsinHﬂ, K‘nﬁZKﬂ cosﬁﬂ, r,f:rﬂ +9ﬂ’.

If M

ruled surface or at least one of generator curves of surface is
asymptotic line.
Let the generator curves be asymptotic lines of M then

is a translation surface with K =0, then M is a
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shape operator, Gauss curvature and mean curvature are

S 1 Ky — cos gk
"~ sin’ p| —cosx/ &l
¢ ¢ n n
K:Kr’fi(nﬂ H:K,?’+Knﬂ
sin? 7] 2sin? 1]

and principal curvatures of M are

2
klzlcr‘f+1<nﬂ ke + il _Kr’f/cf
2sin? @ 2sin? @ sin? ¢

2
k2:K§+Knﬁ_ Kﬁ’+l(f _Kr‘.'ll(nﬂ
2sin2(p 2Sin2(p sin2¢

respectively. Thus, that followings are satisfies at umbilical
points of M
B

k¢ =xP, cospx® =0, cospr? =0.
Hence, the following theorem can be given.
Theorem 4: Let M be a translation surface generated by its

asymptotic lines then M is a minimal surface if and only if
k& +xl =0
is satisfies.
The Gauss curvature of translation surface with respect to

normal curvatures are
2 2
J and K = —[ ] .

K[

sin @
Thus K <0 along the generator curves and it is concluded
that all the points of a translation surface is either flat or
hyperbolic. In other words, there are no any umbilic points on
a minimal translation surface generated by space curves. On
the other hand, differentiating «, cos, + k3 cos6s =0 with

a
n

7

n
sin @

respect to U, then

] [ _
x,'cos8, —x,0,'sind, =0

' LIPS
Ko' _ 0,'sing,
K, cosd,
Inx, =—Incosd, +Inc,

K, cosf, =C,
k5 =C, = constant.
Similarly, differentiating x, cos@, +xzc0s0; =0 with
respect to v, then
Kp'cosly —kp0s'sinby =0
K_ﬁ'_ 0p'sinbg
Kp cos Oy
Inkz =—Incosf; +Inc,
Kpcosfy =C,
P

n =C, =constant.

Hence, the following corollary can be given.
Corollary 2: Normal curvatures of a minimal translation

866

surface are constant along generator curves.

II1.

The classification of the minimal translation surfaces have
been given in five cases here.
1. The case x, #0, k3 #0 and cosf, =cosb, =0.

CLASSIFICATION OF MINIMAL TRANSLATION SURFACES

In this case, binormal lines of generator curves are linearly
dependent, therefore {T B> N ﬂ} rotates according to {Ta s Na}

with the angle @. Thus
(&)
(6)

Ty =singN, +cosgl,

Nz =cosgN, —singT,
can be written. Differentiating (5) with respect to u, then
- (K‘a + go')sin o, + (go‘+lca )cosgoNa +7,singB, =0. (7)
T,,N, and B, are linearly independent, so
(Ka + (p’)sin =0
((0'+Ka )cos =0
7, singp=0.
Then,
xk, =—¢', 7,=0.
Thus « is a planar curve. Differentiating (6) with respect to
u, similar results can be found. Similarly, differentiating (5)
with respect to v, then
kzNgz=0 = Kk, =0.
It is contradiction with the case 1, so there isn’t such minimal
translation surfaces under these conditions. On the other hand,
from

(24

K K,
cos@, =—— and cosfy =——,
K Kp

there is no any minimal translation surfaces with x7 =0 and

o

Kf =0 along generator curves. Consequently, the folowing
corollary can be given.

Corollary 3: There is no any minimal translation surface
which has admit asymptotic line with non-zero curvatures
along generator curves.

2. The case x, =0 and x4 =0.

In this case, the surface is plane.
3. The case
)k, =0, kx5 #0 and cosf, =0.

In this case, the surface is cylindrical. Since cosf,; =0

then nomal vector field of surface and binormal vector field of
p curve are linearly dependent. Hence, « lies in {T 5>N ﬁ}
plane.

ii) k, #0, xK5=0 and cosd, =0.

It is similar to case 3.1.

4. The case x, = Ky #0, cosd, = —cosHﬁ #0.
This case has been investigated in two parts.
i) k, =Kz #0, cosf, =—costy =1.
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In this case, principal normal lines of generator curves are tanZau+1n210

linearly dependent, therefore ,B;( rotates according to cosf, = (15)
y P {Tﬂ ﬁ} & \/tan2 au + tan” av + In? 10\/ln2 10 + tan” au
{T B } with the angle ¢. Thus,

a’ o

and

T, =cosgls —singN 4 ®) —tan2av-1n210

. cosf,; =
= ﬂ

No Sln(oTﬁ+COS¢I\lﬂ ©) \/tan2 au + tan” av + In 10\/ln2 10 + tan” av

can be written. Differentiating (8) with respect to v, then Substituting (11), (13), (15) and (16) in (4), so H =0.
Kpsingl g +KkzcospNy —75singBg =0.

Ts,Nj4 and By are linearly independent, so

.(16)

Kpsing=0 = kz=0
Tpsing=0 = 75 =0.
It is contradiction with the case 4.1, so there isn’t such minimal
translation surfaces under these conditions.
i) k, =kp #0, cosf, =—costy =1.

The Scherk surface is an example this case.
Example 2: Surface of Scherk is defined by

1 cosav
M (u,v)=|u,v,—1
a cosau Fig. 2 Scherk surface is one of minimal translation surfaces.

with the generator curves

1 The following example can be given for this case different
a(u)= (u,o,—glog(cos au )j from surface of Scherk.
: Example 3: Let M (u,V) be the translation surface given by
B(V) = (0, v,glog(cos av)j. M (u,v)=(m,,m,,m;)
where

The tangent and principal normal vectors of « are

. u .V
m, =sin— —sin—
T, - In10 (1 0. tanauj | 5 2
VIn? 10 + tan? au In10 u v
m, =cos— —cos—
and 2 2
N, = ! (- tanau,0,In10)  (10) o _Bu V3
VIn?10 + tan’ au T2 2
The curvature of « is with the generator curves
2 2
K, = a(l+tan au)ln 130. (11) a(u):[sin%,cos%—l,—\gu]

(ln2 10 + tan? au)g

Similarly, the tangent and principal normal vectors of S are and

v J3v
T - In10 [01 tanavj pV)= [_SIHE_COSE+IT]

xlln2 10 + tan? av In10

and The tangent and principal normal vectors of o are

1 u . u 3
N :;(O,—tanav,—lnlo). (12) Ta :(ECOSE —ESI E TJ
v In?10 + tan® av
The curvature of £ is and
u u
all + tan? av)In? 10 N =|-sin—,—cos—,0 | 17
Kﬁ’ — ( ) T (13) a [ > > j ( )
(ln2 10 + tan? av)g The curvature of « is
Also, the unit normal ;lector of surface is K, = % (18)

U=
x/tan2 au+tan”av+InZ10
and from (10), (12) and (14),

(— tanau,tanav, lnIO) (14)

Similarly, the tangent and principal normal vectors of S are

867
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N

1 vi1.v
Tg=|——cos—,—sin—,——
2 22

272
and
Vv Vv
N, =| sin—,cos—,0 | 19
[ sincos 0] (19
The curvature of g is
1
Kg=—. 20
5=7 (20)
The unit vector of surface is
U =(u;,u,u;) @1
where
o5
U, =———|sin——sin—
4p
NE)
, =———| cos——cos—
4p 2 2
1 .(v—u]
Uy =—sin
4p 2
and

From (17), (19) and (21),

cosd, =£(1 + cos(u _VD (22)
4p 2
costy = —4£[1 + cos(%j} (23)
P

Finally, by using (4), (18), (20), (22) and (23), so H =0.
Another case x, #0, &z#0 (Ka ¢Kﬁ) and coséd, =0,

and

cosfy #0 (cos 8, #cos eﬁ) is shown that Scherk surface is

not only minimal translation surface in 3-Euclidean space.

Fig. 2 Another minimal translation surface generated by two helices.
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