
 

 

  
Abstract—In this paper, the translation surfaces in 3-dimensional 

Euclidean space generated by two space curves have been 
investigated. It has been indicated that Scherk surface is not only 
minimal translation surface. 
 

Keywords—Minimal surface, Surface of Scherk, Translation 
surface 

I. INTRODUCTION 
S is well-known, the theory of translation surfaces is 
always one of interesting topics in Euclidean space. 

Translation surfaces have been investigated from the various 
viewpoints by many differential geometers. L. Verstraelen, J. 
Walrave and S. Yaprak have investigated minimal translation 
surfaces in n-dimensional Euclidean spaces [3]. H. Liu has 
given the classification of the translation surfaces with 
constant mean curvature or constant Gauss curvature in 3-
dimensional Euclidean space 3E  and 3-dimensional 
Minkowski space 3

1E  [2]. D. W. Yoon has studied translation 
surfaces in the 3-dimensional Minkowski space whose Gauss 
map G  satisfies the condition ),,3(, IRMatAAGG ∈=Δ  
where Δ  denotes the Laplacian of the surface with respect to 
the induced metric and ),3( IRMat  the set of 3x3 real metrics 
[1]. M. I. Munteanu and A. I. Nistor have studied the second 
fundamental form of translation surfaces in 3E  [4]. They 
have given a non-existence result for polynominal translation 
surfaces in 3E  with vanishing second Gauss curvature IIK . 
They have classified those translation surfaces for which IIK  
and H  are proportional.   

In this paper, the translation surfaces in 3-dimensional 
Euclidean space by using non-planar space curves have been 
investigated and some differential geometric properties for 
both translation surfaces and minimal translation surfaces 
have been given. Furthermore, a classification of minimal 
translation surfaces with examples have been given.  

II. TRANSLATION SURFACES WITH SPACE CURVES 
Let ),( vuM  be a translation surface in 3-dimensional 

Euclidean space. Then ),( vuM  is parametrized by  
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)()(),( vuvuM βα +=  
where α  and β  being unit-speed space curves of the arc-
length parameters u  and ,v  respectively. Let { }ααα BNT ,,  
be the Frenet frame field of α  with curvature ακ  and torsion 

.ατ  Also, let { }βββ BNT ,,  be the Frenet frame field of β  

with curvature βκ  and torsion .βτ  
A surface that can be generated from two space curves by 

translating either one of them parallel to itself in such a way 
that each of its points describes a curve that is a translation of 
the other curve. Let ),( vuM  be a translation surface in 3-
dimensional Euclidean space. 

)()(),( vuvuM βα +=  
where ( )321 ,, αααα =  and ( ).,, 321 ββββ =  Then 

( ).,,),( 332211 βαβαβα +++=vuM  
The unit normal of translation surface can be defined by 

( )βαϕ
TTvuU ∧=

sin
1),(  

where )(uϕ  is the angle between tangent vectors of )(uα  and 
).(vβ  The first fundamental form I  of the surface ),( vuM  is 

22 cos2 dvdudvduI ++= ϕ  
and the second fundamental form II  is 

22 coscos dvduII ββαα θκθκ +=  

where αθ  and βθ  are the angels between U  and ,, βα NN  
respectively. 

Theorem 1: If α  is an asymptotic line of translation 
surface, then α  is a planar curve. 

Proof : Since ,,cos ααθ NU=  then 

.,
sin

1cos βαα ϕ
θ TB−

=                         (1) 

Differentiating (1) with respect to ,u  so 
.sincoscot'sin' ααααα θτθϕϕθθ −=  

α  is an asymptotic line, so ,0cos =αθ  1sin ±=αθ  and αθ  
should be a real constant. Hence αα τθ −='  and .0=ατ  Thus 
α  is a planar curve. 

Corollary 1: Let’s suppose that β  is not a geodesic of 
surface, then β  is a planar curve if and only if the βθ  is 
constant. 

Proof : Since ,,cos ββθ NU=  then 

.,
sin

1cos βαβ ϕ
θ BT−

=                         (2) 

Differentiating (2) with respect to ,v  so 
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( ) .0'sin =+ βββ τθθ  

β  is not a geodesic of surface, so .0' =+ ββ τθ  Hence βθ  is a 
real constant if and only if β  is a planar curve. 

On the other hand the shape operator of translation surface 

.
coscoscos

coscoscos

sin
1
2 ⎥

⎦

⎤
⎢
⎣

⎡
−

−
=

ββββ

αααα

θκθϕκ
θϕκθκ

ϕ
S  

Then the Gauss curvature K  and mean curvature H  are 

ϕ

θθκκ βαβα
2sin

coscos
=K                        (3) 

and 

.
sin2

coscos
2 ϕ

θκθκ ββαα +
=H                     (4) 

Theorem 2: Gauss curvature of a translation surface 
generating by space curves is zero if and only if at least one of 
generator curves is an asiymptotic line of surface. 

Proof : Let Gauss curvature be zero, then from (3)  
.0coscos =βαβα θθκκ  

the generator curves of translation surface is not line, so 
0,0 ≠≠ βα κκ  and .0coscos =βα θθ  Hence 0cos =αθ  or 

.0cos =βθ  If αθcos  is zero, then ( ) ,,
2

12 Zkk ∈+=
πθα  

hence α  is an asymptotic line. Similarly, If βθcos  is zero, 

then ( ) ,,
2

12 Zkk ∈+=
πθβ  hence β  is an asymptotic line. 

Conversely, let α  or β  be an asymptotic line of surface. If 

α  is an asymptotic line of surface, then ( ) ,
2

12 πθα += k  

Zk ∈  and 0=K  or If β  is an asymptotic line of surface, 

then ( ) Zkk ∈+= ,
2

12 πθ β  and .0=K  

Example 1: Let ),( vuM  be the translation surface given by 
( )321 ,,),( mmmvuM =  

where 

,1
3

cos
2

sin1 −+=
vum  

,1
3

sin
2

cos2 −+=
vum  

3
22

2
3

3
vum +=  

with generator curves 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

2
3,1

2
cos,

2
sin)( uuuuα  

and 

.
3
22,

3
sin,1

3
cos)( ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

vvvvβ  

The tangent and principal normal vectors of α  are 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

2
3,

2
sin

2
1,

2
cos

2
1 uuTα  

.0,
2

cos,
2

sin ⎟
⎠
⎞

⎜
⎝
⎛ −−=

uuNα  

The curvature of α  is 

.
4
1

=ακ  

Similarly, the tangent and principal normal vectors of β  are 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

3
22,

3
cos

3
1,

3
sin

3
1 vvTβ  

.0,
3

sin,
3

cos ⎟
⎠
⎞

⎜
⎝
⎛ −−=

vvN β  

The curvature of β  is 

.
9
1

=βκ  

 
 
 
 
 
 
 
 
 
 
 

 
   

 
 
 

Fig. 1 Translation surface generated by two helices. 
 

Theorem 3: Let α  and β  be space curves with nonzero 
curvatures and let α  be an asymptotic line. Translation 
surface is minimal if and only if β  is an asymptotic line of 
surface too. 

Let αα τκ gg ,  and ακ n  be geodesic curvature, geodesic 

torsion and normal curvature along α  of ,M  respectively, 
then 

αα
α θκκ sin=g ,   αα

α θκκ cos=n ,   '.αα
α θττ +=g  

Similarly, Let ββ τκ gg ,  and βκ n  be geodesic curvature, 

geodesic torsion and normal curvature along β  of ,M  
respectively, then 

ββ
β θκκ sin=g ,   ββ

β θκκ cos=n ,   '.ββ
β θττ +=g  

If M  is a translation surface with ,0=K  then M  is a 
ruled surface or at least one of generator curves of surface is 
asymptotic line. 

Let the generator curves be asymptotic lines of M  then 
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shape operator, Gauss curvature and mean curvature are 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
−

= ββ

αα

κϕκ
ϕκκ

ϕ nn

nnS
cos

cos
sin

1
2

 

ϕ
κκ βα

2sin
nnK = ,    

ϕ
κκ βα

2sin2
nnH

+
=  

and principal curvatures of M  are 

ϕ
κκ

ϕ
κκ

ϕ
κκ βαβαβα

2

2

221
sinsin2sin2

nnnnnnk −⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
+

+
=  

ϕ
κκ

ϕ
κκ

ϕ
κκ βαβαβα

2

2

222
sinsin2sin2

nnnnnnk −⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
−

+
=  

respectively. Thus, that followings are satisfies at umbilical 
points of M  

,βα κκ nn =     ,0cos =αϕκ n     .0cos =βϕκ n  
Hence, the following theorem can be given. 

Theorem 4: Let M  be a translation surface generated by its 
asymptotic lines then M  is a minimal surface if and only if 

0=+ βα κκ nn  
is satisfies. 

The Gauss curvature of translation surface with respect to 
normal curvatures are 

2

sin ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

ϕ
κ α

nK  and .
sin

2

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

ϕ
κ β

nK  

Thus 0≤K  along the generator curves and it is concluded 
that all the points of a translation surface is either flat or 
hyperbolic. In other words, there are no any umbilic points on 
a minimal translation surface generated by space curves. On 
the other hand, differentiating 0coscos =+ ββαα θκθκ  with 
respect to ,u  then 

0sin'cos' =− ααααα θθκθκ  

α

αα

α

α

θ
θθ

κ
κ

cos
sin''

=  

1lncoslnln c+−= αα θκ  

1cos c=αα θκ  

constant.1 == cn
ακ  

Similarly, differentiating 0coscos =+ ββαα θκθκ  with 
respect to ,v  then 

0sin'cos' =− βββββ θθκθκ  

β

ββ

β

β

θ
θθ

κ
κ

cos
sin''

=  

2lncoslnln c+−= ββ θκ  

2cos c=ββ θκ  

constant.2 == cn
βκ  

Hence, the following corollary can be given. 
Corollary 2: Normal curvatures of a minimal translation 

surface are constant along generator curves. 

III. CLASSIFICATION OF MINIMAL TRANSLATION SURFACES 
The classification of the minimal translation surfaces have 

been given in five cases here. 
1. The case 0,0 ≠≠ βα κκ  and .0coscos == βα θθ  
In this case, binormal lines of generator curves are linearly 

dependent, therefore { }ββ NT ,  rotates according to { }αα NT ,  
with the angle .ϕ  Thus 

ααβ ϕϕ TNT cossin +=                          (5) 

ααβ ϕϕ TNN sincos −=                         (6) 
can be written. Differentiating (5) with respect to ,u  then 

( ) ( ) .0sincos'sin' =++++− αααααα ϕτϕκϕϕϕκ BNT  (7) 

αα NT ,  and αB  are linearly independent, so 
( ) 0sin' =+ ϕϕκα  
( ) 0cos' =+ ϕκϕ α  

.0sin =ϕτα  
Then, 

,'ϕκα −=    .0=ατ  
Thus α  is a planar curve. Differentiating (6) with respect to 

,u  similar results can be found. Similarly, differentiating (5) 
with respect to ,v  then 

.00 =⇒= βββ κκ N  
It is contradiction with the case 1, so there isn’t such minimal 
translation surfaces under these conditions. On the other hand, 
from 

α

α

α κ
κ

θ n=cos  and ,cos
β

β

β κ
κ

θ n=  

there is no any minimal translation surfaces with 0=ακ n  and 

0=βκ n  along generator curves. Consequently, the folowing 
corollary can be given. 

Corollary 3: There is no any minimal translation surface 
which has admit asymptotic line with non-zero curvatures 
along generator curves. 

2. The case 0=ακ  and .0=βκ  
In this case, the surface is plane. 
3. The case  
i) ,0=ακ  0≠βκ  and .0cos =βθ  

In this case, the surface is cylindrical. Since 0cos =βθ  
then nomal vector field of surface and binormal vector field of 
β  curve are linearly dependent. Hence, α  lies in { }ββ NT ,  
plane. 

ii) ,0≠ακ  0=βκ  and .0cos =αθ  
It is similar to case 3.i. 
4. The case ,0≠= βα κκ  .0coscos ≠−= βα θθ  
This case has been investigated in two parts. 
i) ,0≠= βα κκ  .1coscos =−= βα θθ  
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In this case, principal normal lines of generator curves are 
linearly dependent, therefore { }ββ BT ,  rotates according to 

{ }αα BT ,  with the angle .ϕ  Thus, 

ββα ϕϕ NTT sincos −=                          (8) 

ββα ϕϕ NTN cossin +=                          (9) 
can be written. Differentiating (8) with respect to ,v  then 

.0sincossin =−+ ββββββ ϕτϕκϕκ BNT  

ββ NT ,  and βB  are linearly independent, so 

00sin =⇒= ββ κϕκ  

.00sin =⇒= ββ τϕτ  
It is contradiction with the case 4.i, so there isn’t such minimal 
translation surfaces under these conditions. 

ii) ,0≠= βα κκ  .1coscos ≠−= βα θθ  
The Scherk surface is an example this case. 
Example 2: Surface of Scherk is defined by 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛=

au
av

a
vuvuM

cos
coslog1,,),(  

with the generator curves 

( )⎟
⎠
⎞

⎜
⎝
⎛ −= au

a
uu coslog1,0,)(α  

( ) .coslog1,,0)( ⎟
⎠
⎞

⎜
⎝
⎛= av

a
vvβ  

The tangent and principal normal vectors of α  are 

⎟
⎠
⎞

⎜
⎝
⎛

+
=

10ln
tan,0,1

tan10ln

10ln
22

au

au
Tα  

and 

( ).10ln,0,tan
tan10ln

1
22

au
au

N −
+

=α          (10) 

The curvature of α  is 
( )

( )
.

tan10ln

10lntan1

2
3

22

22

au

aua

+

+
=ακ                    (11) 

Similarly, the tangent and principal normal vectors of β  are 

⎟
⎠
⎞

⎜
⎝
⎛ −

+
=

10ln
tan,1,0

tan10ln

10ln
22

av

av
Tβ  

and 

( ).10ln,tan,0
tan10ln

1
22

−−
+

= av
av

Nβ         (12) 

The curvature of β  is 

( )
( )

.
tan10ln

10lntan1

2
3

22

22

av

ava

+

+
=βκ                    (13) 

Also, the unit normal vector of surface is 

( )10ln,tan,tan
10lntantan

1
222

avau
avau

U −
++

=  (14) 

and from (10), (12) and (14), 

auavau

au
22222

22

tan10ln10lntantan

10lntancos
+++

+
=αθ (15) 

and 

.
tan10ln10lntantan

10lntancos
22222

22

avavau

av

+++

−−
=βθ (16) 

Substituting (11), (13), (15) and (16) in (4), so .0=H  
 
 
 
 
 
 
 
 
 

 
 
 

Fig. 2 Scherk surface is one of minimal translation surfaces. 
 
The following example can be given for this case different 

from surface of Scherk. 
Example 3: Let ),( vuM  be the translation surface given by 

( )321 ,,),( mmmvuM =  
where 

2
sin

2
sin1

vum −=  

2
cos

2
cos2

vum −=  

2
3

2
3

3
vum +=  

with the generator curves 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

2
3,1

2
cos,

2
sin)( uuuuα  

and 

.
2
3,1

2
cos,

2
sin)( ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−−=

vvvvβ  

The tangent and principal normal vectors of α  are 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

2
3,

2
sin

2
1,

2
cos

2
1 uuTα  

and 

.0,
2

cos,
2

sin ⎟
⎠
⎞

⎜
⎝
⎛ −−=

uuNα                     (17) 

The curvature of α  is 

.
4
1

=ακ                                  (18) 

Similarly, the tangent and principal normal vectors of β  are 
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⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

2
3,

2
sin

2
1,

2
cos

2
1 vvTβ  

and 

.0,
2

cos,
2

sin ⎟
⎠
⎞

⎜
⎝
⎛=

vvN β                       (19) 

The curvature of β  is 

.
4
1

=βκ                                  (20) 

The unit vector of surface is 
( )321, uuuU =                             (21) 

where 

⎟
⎠
⎞

⎜
⎝
⎛ −−=

2
sin

2
sin

4
3

1
vuu

ρ
 

⎟
⎠
⎞

⎜
⎝
⎛ −−=

2
cos

2
cos

4
3

2
vuu

ρ
 

⎟
⎠
⎞

⎜
⎝
⎛ −

=
2

sin
4
1

3
uvu

ρ
 

and 

.
2

sin
16
1

2
cos

8
3

8
3 2 ⎟

⎠
⎞

⎜
⎝
⎛ −

+⎟
⎠
⎞

⎜
⎝
⎛ −

+=
vuvuρ  

From (17), (19) and (21), 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

+=
2

cos1
4

3cos vu
ρ

θα                    (22) 

and 

.
2

cos1
4

3cos ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

+−=
vu

ρ
θβ                  (23) 

Finally, by using (4), (18), (20), (22) and (23), so .0=H  
Another case ,0≠ακ  ( )βαβ κκκ ≠≠ 0  and ,0cos ≠αθ  

( )βαβ θθθ coscos0cos ≠≠  is shown that Scherk surface is 
not only minimal translation surface in 3-Euclidean space. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2 Another minimal translation surface generated by two helices. 
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