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Mathematical Model for Dengue Disease with
Maternal Antibodies
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Abstract—Mathematical models can be used to describe the
dynamics of the spread of infectious disease between susceptibles
and infectious populations. Dengue fever is a re-emerging disease in
the tropical and subtropical regions of the world. Its incidence has
increased fourfold since 1970 and outbreaks are now reported quite
frequently from many parts of the world. In dengue endemic regions,
more cases of dengue infection in pregnancy and infancy are being
found due to the increasing incidence. It has been reported that
dengue infection was vertically transmitted to the infants. Primary
dengue infection is associated with mild to high fever, headache,
muscle pain and skin rash. Immune response includes IgM antibodies
produced by the 5™ day of symptoms and persist for 30-60 days. 1gG
antibodies appear on the 14" day and persist for life. Secondary
infections often result in high fever and in many cases with
hemorrhagic events and circulatory failure. In the present paper, a
mathematical model is proposed to simulate the succession of dengue
disease transmission in pregnancy and infancy. Stability analysis of
the equilibrium points is carried out and a simulation is given for the
different sets of parameter. Moreover, the bifurcation diagrams of our
model are discussed. The controlling of this disease in infant cases is
introduced in the term of the threshold condition.
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equilibrium  states,

I. INTRODUCTION

AMONG emerging disease, dengue is one of the most
important. It occurs in epidemics in Southeast Asia and
Western Pacific Regions and comprises a major public health
problem. Dengue infection is classified into three categories:
Dengue fever (DF), Dengue hemorrhagic fever (DHF) and
Dengue shock syndrome (DSS). Dengue fever (DF) is a
benign, acute febrile syndrome and it is generally confined to
tropical areas and characterized by myalgia or arthralgia,
exanthema, leucopenia and lymphadenopathy. Dengue
hemorrhagic fever (DHF) is a severe febrile disease of
children and adolescents characterized by sudden onset of
fever, nausea, vomiting, hepatomegaly, petechial
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hemorrhagic, epitaxis, melaena and a tendency to delvelop
dengue shock sysdrome (DSS) on the fifth to seventh day of
illness with significant mortality.

DF, DHF and DSS are caused by dengue virus of the genus
Flavivirus, family Flaviviridae. It has four serotypes including
dengue virus type 1, 2, 3 and 4 [1]. Infection in humans by
one serotype produces life-long immunity against reinfection
by the same serotype, but only temporary and partial
protection against the other serotypes [2].

The female Aedes aegypti is the major vector for dengue
virus transmission. It has been recently shown that infected
mosquito requires longer time to acquire blood meal and that
may contribute to the efficient transmission of the disease [3].
Longer feeding periods are more likely to be interrupted by
the host. It will increase the chance of the infected mosquito
who feed on additional hosts.

A primary infection elicits a classic primary-type
immunologic response characterized by the initially
appearance of dengue antibodies of the immunoglobulin M
(IgM) class [4]. Antibody of this immunoglobulin class
neutralizes dengue virus and inhibits hemagglutination, but it
does not fix complement [5]. Infection with a second member
of the genus Flavivirus elicits a secondary-type antibody
response. These antibodies fix complement and are
predominantly of the immunoglobulin G (IgG) class and
raised to antigenic determinants shared by the sequential
infecting pairs, and so react broadly with many members of
the family [4].

The clinical syndrome was first described in 1779 as “joint
fever” by David Bylon in Java [6]. In 1780, Benjamin Rush
described an epidemic in Philadelphia under the name
“breakbone fever”. Since the 18th century, dengue disease are
recurred as epidemic worldwide [7]. However, the
hemorrhagic form of this disease was first recognized as a
new disease in the Phillipines in 1953 and subsequently
became endemic and epidemic in many areas of tropical Asia
[8].

Dengue hemorrhagic fever is now an increasing public
health problem in most of the countries of tropical areas of the
Southeast Asia and Pacific Regions. This disease is the
leading cause of hospitalization and death in children in at
least eight tropical Asia countries [2]. In Thailand, DHF was
first recognized as an epidemic disease of children in Bangkok
metropolitan in 1958. There were 2,148 cases with 240 deaths
reported. The incidence increased to 5,947 cases in 1962 when
the disease started to spread to other big cities, where the
communications with Bangkok were accessible. In 1984-
1985, the incidences number has reached its highest peak ever
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for over 28 years. There were 69,101 cases with 496 deaths in
1984 and 80,811 cases with 505 deaths in 1985 [8]. The total
reported cases were expressed in the form of the averaging of
five years (except for the period of 2006-2007) which show
overall trend. The table | shows a steadily rise over the whole
period between 1961 and 2007. The rate of cases is
increasing. The higher rates of increase of 2.6 and 2.7 folds
for the early sixties and seventies represented the spread of
DHF.

TABLEI
DENGUE HEMORRHAGIC FEVER, THAILAND 1961-2007. FIVE YEAR
AVERAGES TOTAL OF REPORTED CASES

Year Five-year total Average cases/yr Ratio
increase
1961-1965 20,480 4,096 2.60
1966-1970 25,743 5,148 1.26
1971-1975 69,530 13,906 2.70
1976-1980 115,792 23,158 1.66
1081-1985 224,857 44,971 1.94
1986-1990 395,444 79,089 1.76
1991-1995 263,671 52,734 0.67
1996-2000 313,015 62,603 1.19
2001-2005 402,840 80,568 1.29
2006-2007* 102,410 51,205 0.64

*Two-year period

While DHF/DSS, a serious clinical condition occurs mostly
in children between the age of 2 and 9 living in Asia or Asian
Pacific region. However, in Southeast Asia where is a
hyperendemic area, children below 1 year of age can also
develop DHF/DSS [9]. The following figure shows the
number of infant cases according to dengue disease between
1997 and 2007 [10].
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Fig. 1 The number of infant cases due to dengue disease between
1997 and 2007 .

Maternal antibodies have also been shown to be a risk
factor for DHF in infants. Because preexisting antibodies have
long been held as the causative agent for this enhancement in
secondary infections, this is commonly called antibody-
dependent enhancement (ADE) [11]-[13]. Infants less than 12
months of age in Bangkok, Thailand infected with dengue
viruses were at high risk for DHF if maternal antibodies to
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dengue virus were present at subneutralizing levels. This led
to the theory that DHF is caused by antibody enhancement of
viral infection [14]-[16]. The severe manifestations occur in
infants, they might have acquired antibodies to two dengue
virus serotypes by passive transfer of maternal antibodies and
sequential exposure to primary infections at early age [17].

Mathematical models have become important tools in
analyzing the spread and control of infectious diseases. The
process of model formulation clarifies assumptions, variables
and parameters. Epidemical modeling can contribute the
design and analysis of epidemiological surveys, suggest
crucial data that should be collected, identify trends, make
general forecasts and estimate the uncertainty in forecasts
[18]-[19].

In 1998, Esteva and Vargas [20] proposed the mathematical
model for the transmission of dengue fever. They established
the global stability of the endemic equilibrium. They
discussed the vector population in term of the threshold
condition which governs the existence and stability of the
endemic equilibrium.

In our studied [21], we formulated mathematical model
when the population is separated into pregnant, non-pregnant
human and vector classes. The purpose of this study is to
study the transmission of dengue disease in a population
containing the pregnant, non-pregnant, infant and incorporate
effects of the maternal antibody into mathematical model.

Since maternal antibodies of dengue virus in infants are
disappeared in 3% by two months of age, in 19% by four
months of age, in 72% by six months of age, in 92% by nine
months of age, and in 100% by 12 months of age [22]. So
that, the maternal dengue antibody disappears in infants by the
age of 12 months. The most appropriated age for vaccination
with a live-attenuated dengue vaccine in an endemic area is
one year of age. The purpose of this paper is to use the
mathematical models in understanding and controlling dengue
disease in infants, which includes maternal antibody to dengue
virus in infant population. In section 2, we propose a
mathematical model for describing the transmission of dengue
disease in pregnancy and infancy classes. Next section, the
analytical result of the model is shown. Finally, section 4
consists of our discussion, conclusion and the numerical
solutions of the model.

Our model is based on susceptible-infected-recovered or
SIR model. Maternal antibody to dengue virus is incorporated
into our model. The transmission dynamic is described as
follows. We divide the human population into two categories,
pregnant woman and infant categories. Pregnant woman
category is divided into three subcategories, susceptible,
infected and recovered classes. Infant population is separated
into three subcategories, susceptible, infected and recovered
classes. Infected infant is classified into two subgroups, first
group is the infectious infant who age not more than 6 months
and the second group is the infectious infant who age more
than 6 months but not more than 12 months. The vector
population is divided into two categories, susceptible and
infected mosquitoes, since the mosquitoes never recover from

MATHEMATICAL MODEL
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infection. We assume each category has constant size,
susceptible pregnant woman is never infected with dengue
virus and infant is defined as the baby who age not more than
12 months.

The dynamic of human population can be described by the
following equations

dj_tm: P— 4 Sm = 7umvSn (1.1)
(1:—::7vm'v5m = (pp + 1)y (1.2)
%:rm'm‘”H R (1.3)
%zaqP—(ﬂH + k7o by + Vol + Ko2n 1) S, (1.4)
%:(klymlv + Vol S = (s + ) g (L5)
d:j—:zzkznnlvsn—(yH +1)1 0, (1.6)
and%:rm(lnl+ln2)—ﬂHRn. 17)

For the mosquito populations, the dynamic of mosquito
population can be described as the following equations

%:A_(ﬂv+7mvlm+7nv|nl+7nv|n2)sv (1.8)
%:(7mvlm+7/nv|nl+ynv|n2)sv_:uv|v (1.9)
where
Sm represented the number of susceptible pregnant human
population,
|, represented the number of infectious pregnant human
population,
R, represented the number of recovered pregnant human
population,

S, represented the number of susceptible infant population,

|, represented the number of infectious infant population
who age not more than 6 months,
|, represented the number of infectious infant population

who age more than 6 months but not more than 12
months,

represented the number of recovered infant population,
S, represented the number of susceptible vector population,

I, represented the number of infectious vector population,

a represented the percentage of infant who be not die while
pregnant,
g represented the average number of infant which each
woman can have in each time of pregnancy,
P represented the constant recruitment rate of pregnant
woman,

N represented the total adult mosquitoes,

Hy

Yvm

Y

Vmv
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represented the average constant death rate of pregnant
woman,

represented the average constant death rate of vector
population,

represented the transmission rate of dengue virus from
vector to mother and the mother is infected,
represented the transmission rate of dengue virus from
vector to infant and infant is infected,

represented the transmission rate of dengue virus from
mother to vector and the vector is infected,

represented the transmission rate of dengue virus from
infant to vector and vector is infected,

represented the transmission rate of dengue virus from
mother to infant and infant is infected,

represented the transmission probability from vector

to mother,

represented the transmission probability from vector to
infant,

represented the transmission probability from mother
to vector,

represented the transmission probability from infant to
vector,

represented the transmission probability from mother
to infant,

represented the constant rate at which human
populations recovers,

represented the total number of human population,

represented the total number of pregnant woman,
represented the total number of infant,
represented the total number of vector population,
represented the adult mosquito recruitment rate,

represented the percentage of dengue antibody which

infant who age not more than 6 months received from
mother in the beginning,

represented the percentage of dengue antibody which

infant who age more than 6 months received from
mother in the beginning,

represented the probability of dengue virus which

infant received from the biting of infected vector in the
beginning for baby not more than 6 months,

represented the probability of dengue virus which

infant received from the biting of infected vector in the
beginning for baby more than 6 months.
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K, >k, . Therefore, our model consists of equations (1.1)-
(1.9) with three conditions S_ +1_ +R_ =N_
S,+1,+1,+R, =N and S, +1,=N,.

and

We assume Kk =

. . < _ Sn
Introducing the normalized parameters Sm —N—,
m
I__I_m __& S__ Sn I__Inl I__In2
m »im T '~n T v Inl ' 'n2 T !
Nm Nm Nn Nn Nn
— R — S _
R,=—,5,=— , and |, =—"-, equations (1.1) to
n NV \
(1.9) reduce to
ds,, —
= = g+ Fm (AL )T -
dl,,
= P (AL S~ (g + 1)y (2.2)
dSn — — — =
at =ty — (i + Kepun (AT )1y + Vg 1N + Ko (A 1,)1,) S,
(23)
di, - —
Tnl:(klyvn(A/:uv)lv + Vmn ImNm)Sn = (ay + 1) Iy (24)
dl,, —
22 =k (AL )15y = (g + ) (29)
dI —
and d (ymvlmNm"'ynvlnlN + 7 nZN - 1, Wil
(2.6)
where Y :t’ﬂ&’ Yan :b"i7 Vi :bﬂ_m‘”
N; +h N; +h N; +h
bs
=—"_ and = :
}/HV NT +h ymn ﬂmn
The dynamic equations for R ,R, and S, are not needed
since S, +1,+R, =1,S +1,+1,+R =1 andS, +1,=1 .

Nn and N, are constant lead
P=uyN,,

The requirements that N, , Nm,
to the conditions that (P+aqP)=u,N;,
agP = N, and A= y,N,.

I1l.  ANALYSIS OF THE MATHEMATICAL MODEL

A. Equilibrium Points

The equilibrium points are obtained by setting the right
hand side of equations (2.1)-(2.6) equal to zero. Doing this,
we get two equilibrium points

i) the disease free state

E, =(10,1,0,0,0) (3.1)
i) the endemic disease state
E _(Sm' m? n’ nl! n2' v) (32)

where

s oA (3.3)
B +R,
I T S (3.4)
M, (B, +R,)
G___ BM(BRL) 3
(B +R1(BM + K RM, L +K,RM 1) + BGR 1,
(3.5)
" - *kleMll\f(,BlJrRllvi)+ﬂ2491R1IJ* ]
M, (B, + R )(BM, +kRM I, +K,R,M, 1) + B,6R 1)
(3.6)
o kRLGBRL) *
(B +R)(BM +KRM, L +K,RM L) + B0 Ry,
3.7
with I\’; are solutions of
by(1,)° +b, (1) +b,(17) +b, =0 (38)
where
b, = (k, +k,)M,R’R, (6, + 6, + M, 11,) , 4.1)
b, = R ((k, + K )M;R,T, + R, 3, (6, (6, + 65) + M{u,
+M, (6, +6,14,))) (4.2)
b, = (k, + k) )M R, BT, + R B, (=6,(= 5,6 + R (6, + 63))
+2M12,31,uv +M,(-R6, + B,(0, + 6,14,))) (4.3)

by = B, (-RB,0,0, = M, (RB,0, + (K, +k; )R, 5,6:) + M B, B 11,)

(4.9
where
T, =(-R (6, +0;) + B(0, + 20, + M, 11, )),
T, = (R (6, +26,) + B, (6, + My 1,))
with
oo DBaNo o DAN, o DALN,(AIA)
o (Ng+h) TP (NS +h) 14y (N7 +h)?
_DPAANG(ATs) et g YN
Z_ﬂv/lH(NT'*'h)z, L Hy T Hy ’
6, =y N, and 6, =y,N, .

After we check the sign of b,,b,and b, are positive. b is
negative when
RiS26165 + MlRlﬂgez + (ke +k)MiR A3 1 ol the
M1 BiSaty

solutions of (3.8) exist one positive solution that
correspondence with (3.8) following Descartes’ Rule of Signs.

B. Local Asymptotical Stability

The local stability for each equilibrium point is determined
from the signs of eigenvalues of the Jacobian matrix of the
right hand side of the above set of differential equations. If all
eigenvalues have negative real part, then that equilibrium
point is local stability [22].



World Academy of Science, Engineering and Technology 76 2011

C. Disease Free State
For the system defined by (2.1) to (2.6), the Jacobian matrix
evaluated at E; is the 6x6 matrix given by

#.R
—u 0 0 0 0 —fu
" B
1, R
0 -uM, 0 0 0 1
i B
ko R, k,u R
0 -0, —u 0 0 A VR R T R
JEl = . " ﬁz ﬂZ
0 w6 0 -—uM, O LY
B,
0 0 0 0 —uM, KettuRy
B,
| O g, 0 4, 0, —H, |
The eigenvalues are obtained by solving the characteristic

equation; det(Jg, — A1) =0 where I, is the identity matrix

size 6x6. The characteristic equation for the disease free state
is given by

(A+ ) (A+ My )22 +ap A% + i +23g) =0 (6.1)
where
8 = 2Mypuy + 1y (6.2)

_ M (=RB0, + B (—(ky + K,)R,0; + M B, (M, +244,)))
B,

&
(6.3)

_ ,qu (-RB,0.0; — M, (R B,0, + (k +K;)R, 5,65) + MlzﬂlﬂZIuv)

% 55,

6.4

From the characteristic equation (6.1), the first t(hree)z
eigenvalues are A4 =4, =-x, and A4, =-Myy,. The
remaining three eigenvalues are found by solving
A +a, A +ral+a, =0.

These eigenvalues are negative when the coefficients a,,a,
and a, satisfy the Routh-Hurwitz criteria [23]
i)
i)
i) a,a >a,,
We can see that a, is always positive. Next, we consider the
second and third conditions. We found that a, >0 and
a,a, —a, > 0when

ML BBty > Ry o103 + MiRy 8oy + (K + Ky )M1R, 3165
R1f20103 + MyR f05 + (ks + ko)MyRp 163
2
My BiBo 14y

All three conditions of Routh-Hurwitz criteria are satisfied for
R, <1, where

— R1ﬂ29103 + MlRlﬂZHZ +(kl + kZ)M1R2ﬂ193 .

M 12 BBy u,

This means that all eigenvalues will be negative, leading to the
disease free state being locally stable.

a,>0,
a, >0,

or 1.

Ry
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D. Endemic Disease State
The local stability of the endemic state, E,, is governed by
the matrix

a, 0 0 0 0 A&
a, a, 0 0 0 ay
P il < 0 a, a3, O 0 ay
=2 o ap, A 38, 0 ag
0 0 a; 0 a; ag
10 a, 0 a, as a
where
I S RI.
a, =—u, Uy Ry, A8y, = luHRim’ leﬂH 1y
B By A
14y RS .
8y =8y, =85 =y M, ﬁ,a%:%,a@:—,u,_ﬂlsn,
dl
ko R 1Dk R .
a33:_[#H + 1ﬂHﬁ 2 + Zﬂ; 2 +ll’lH91|m]_/lv
2 2
k2, R,S" K1y RS, .
s=- 1M R0 Koty " a, = 1,6,
B, B,
Kz R0 . Kk z,R,S" k R,I.
43:M+/’1H€1|m’a45: 1M Ry " 4. = 2H4 20y
2 2 5
k R,S’ . .
6 :%'a& :92(1_|v)’a64 =8 :Ha(l_lv)-
2

85 =0yl = O3l =031, — 11, = 2.
The characteristic equation for the endemic state is given by
A+Mpy ) (A +a, At +a b +a, 1% +ai+a)=0 (7.1)
where
_ BB (14, +€2|; + Uy Ir:1 +93|;11)+(k,31 +R.B,) iy I:
= (7.2)
B
_Hn (=R B,0, + B (KO, + B, (L + M, (4+ M)y +2Q,14,)))
BB,

By (i (10— + 1)1 +6,17,))

a,

8

1 X
H k Hlv
i, (g (R (kg
+ﬂ1(ﬂ2(‘92|* I +2Q193|;11+91|;(/U1 +93|:11))+k((ﬂ1+02|;)|;
+0651,,)))) (7.3)
a, = ((ﬂa (kQ; + B, (Ri(-(Q, +6,)6, — 6,6; + B (1, + M, (2Q, 14,

+A+M) ) ! BB,) +i(ﬂf. (BB, (0,1, (L+4M,

ﬁlﬁz
+MZ+Q,O1 )+ 6,1 +O1 15, +6,17 1, + M2 (O, +6,1,)
+2M (26,1, + 6,15 (g + 1)) +K (g + My (Quty +215))1,
+93(|;1|:1+Q2R:1)))+ Ri(ﬁz((/lv + Ml(Qz:uH +2,le))|; +Q493|;1|;
0,015 15, +(Q, + B)R, + (6, + Q1)) + 17, 2+ M, 1 +OR;
1A+ G,S N + 60, (1,115 + G, (1 @+ 14, 1) + R, + S0 155)))
+R (15 (14,15 + 0,10z +6315,) +50))) (7.4)

+

m - ml

*
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a = ((/Ja (_kle (Q4ﬂ193 + Q1R1(92 + 93)) - kz Rz (Q4ﬁ103 + R1(Q202
+Q193))—ﬂ2(R1((1+49 +M,(2+6))0, +20,6,) - M, B, (M1,

+2Quu )N Bpy) +—— ﬁﬂ (;UH (B,(M,5,(6, Im (2Q, + Qz‘gllm)

+20,1 5, + 017 )14,) + My (26,15, + 61 (14 + 13,))) + Ri(M,
(244, + My (s + 1)1 + M QB 11 +6,(61 (17, -1)
+1+6,+M,2+6)R, +(QH,+Q,1.)S, + 1. (L+6R. + M,
(2+Q2I;+49R*)+Q1¢91I* *))+0(M1,u3l* *+2¢9 (I*(l
+M )+ R +S) (I + R+ 10 +S)))))) + K, R, (B, (M, (145
+M1/1V+Q2€2Im)l +0,(1, 1)+ 1,1.,)+Q,R ) +R (I,
(Mg 1+ 6,1, + 1 A+ M) +Q +6,(Ql, +R + M,
2l +R)+QIS )N +QR ) +QE,S, +6,(R, + 1.1+
MR, +Q 1S )+ (M, +R, +2S )S, + 17 (1+M,17)1,
+S,)) + KR, (M1 (B, (1 + 155 + 631 1) + RlﬂHlv)+,b’1«93|v*3
+R (1 (92|m1+93|vg)+svl)+|v| QAL +6,17,)+R (2,1
+0,(1))(1, + 1y (g los + R +10(210, +S,)) +S)) + 6, (1, (1+
+21)+ R, 451 (17 + S (7.5)
a, = (=44, (K, MR, (R,6, + (R, +/3)6,) + kKM, R, (R 6,

+R1(9 +6,))+ B, (R(M,(L+ )6, +6,6,) ~ M B, ) | .f3,)

(,UH(M (R, 3+‘93|N1)| (ﬂz m4+k| )+ﬂ1(ﬁ2(02|m)|m4

ﬂlﬂz
+93|N1+91|;1|:12)+k(91|;1 + I;Z)I;))+Rlﬂ26193(ll; +R; +S;|;3

+M, (kB6G,1.; + R, (5,0, (Hll;2 +@+G)R, +(G,+1,)S, + 1 1+

+6,(Ryy + 1:S, ) + k(17 (B,R +65155) +S,,)))) - (7.6)
where

(|:1+|;2):|;17(R*+| )_ 1 Im+R +|S R s
QR+M +@+2M)I) =1, @+ M2+ 2+M)L) =1,

(i + R+ 10S)) = 1, @+ M, +2M10) = 1, 14+ 210 = 1),
(I, + 1@+ L) +R + 1 (1, +S) =1, 1+1, =1,

1+¢91I; = I;A, (2+2M1+01I;) = I:nl, M, +92I; = I;3,

(I @+ 1)+ Ry +1587) = 1np (6, + 60:)Sy = Sip. (K + k)R, =K,

@+ 2My)py + gty = i, CMygsy + 1) = gy, (Mgt +248,) = 13-

The first eigenvalue is 4, =—-M, g, . It is always negative,
the other eigenvalues A4,,4,,4,,4; and A4, are found by
solving A°+a,1* +a,A*+a,A> +ad+4=0. To determine
the local stability of the endemic equilibrium state, we need to
check the signs of all eigenvalues for the endemic equilibrium
state. The stability of the endemic equilibrium state can be
determined by using Routh-Hurwitz criteria as follows:

i) a>0Vii=01234,
i) a,aa,>a+ala,

i) (2,3 —a,)(a,33, —a§ - aj-ai) >a,(a,a, _a2)2 + a4a§ .
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We present the above three conditions by using the
following figures, by mapping out the regions in & —k; phase

(a4a3a —a;a,) -k

(2,8, - a,)(8,3,3, - 4a1) 3 (a,8, - a,)° —3,a7) -k,
phase space in WhICh the three above conditions are found

when i=0,1,2,3,4, j=12.
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Fig. 2. The parameter space for the endemic equilibrium point which

satisfies the Routh-Hurwitz criteria with the value of parameters:

4, =0.000039139 day™*, N; =10,000,
u, =0.071428571 day ", b = 0.33333 day *,h = 0,
r. =0.33333 day*,N,, =5,000, N, =5,000, A= 20,000,

B =01 5,=014,=014,=014, =001
2a) k,=0.9,0<k <1, 2b) k =0.3,0<k, <1.

Thus, the endemic equilibrium state is locally stable when
Ry, >1.

E. Numerical Results

In this section, the numerical solutions are shown for the
disease free and endemic regions. Parameters are used in this
study correspond to the real life observations.
4, =0.000039139 per day corresponds to life expectancy of
70 years for human population. Since maternal antibodies
level of dengue virus in infants are disappeared in 72% by six
months of age. So that, we assume k, >k;. Total human

population (N;) is assumed to be equal to 10,000.

B P B By and B are  arbitrary  chosen,
Bun =P =By =P =0.1 and g, =0.01. The mean life of

30

mosquito is 14 days that is g, =0.071428571 per day. The

biting rate of the vector population is 1/3 per day; We assume
each category has constant size, susceptible pregnant woman

is never infected with dengue virus and infant is defined as the

baby who age not more than 12 months.
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Fig. 3. Time series of susceptible pregnant human, infectious
pregnant human, susceptible infant human, first infectious group of
infant , second infectious group of infant and infectious vector
proportions,  respectively. The values of parameters are

44, =0.000039139 day*, N, =10,000,

4, =0.071428571 day ™, b = 0.33333 day *,h =0,

r =0.33333 day*, N, =5,000, N, =5,000, A= 200,
Bm=01p,=014,=018,=01L14, =001

k, =0.3,k, =0.9,R, =0.994142 R, = 0.997066 . The fractions

of populations oscillate to the disease free equilibrium state
(4,0,1,0,0,0) .
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Fig. 4. Numerical solutions demonstrate the solution trajectories,
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k, =0.3,k, =0.9,R, =99.4142, R, = 9.97066 . The fractions
of populations oscillate to the endemic disease equilibrium state.

Furthermore, we consider the numerical solutions of infant

populations when the probability of dengue virus which infant
received from the biting of infected vector in the beginning for
baby not more than 6 months (k;) and the probability of

dengue virus which infant received from the biting of infected

vector in the beginning for baby more than 6 months (k,) are
difference. We show these trajectories in Fig. 5.
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Fig. 5. Numerical solutions demonstrate the solution trajectories,
projected onto (S,,k,), (S,,K,), (1.1, k),

(K, kz)(m, kl),(m, k,) with the values of parameters are same

as Fig. 4, except the probability of dengue virus which infant
received from the biting of infected vector in the beginning for baby

not more than 6 months (k;) and the probability of dengue virus
which infant received from the biting of infected vector in the
beginning for baby more than 6 months (k,) .

5a) k,=0.9,0<k <1, 5b) k,=0.3,0<k, <1.



World Academy of Science, Engineering and Technology 76 2011

1V. DISCUSSION AND CONCLUSION

In this study, pregnancy, infancy with maternal dengue
antibody and the vector populations are assumed to have
constant size. The threshold number is defined by R, where

Ry - Rif26165 + M1Ry 5,6, + (ki +kp)M1R, 165
2
MBSty

or
R. — bBym (A/ t4y)7mnNm¥nv N + bBym (AL t4y)7myNim
sy (N7 +0)(uy +1)2  ay(Np +h)(ay +1p)

(ky +Kko)bBun (AL 14y) 7N (8)
ty (N7 +h)(uy +1y)

The square root of this number represents the average
number of secondary cases that one case can produce if
introduced into susceptible population. This model, we are
interested in dengue virus transmission between pregnant
woman and infant with maternal dengue antibody. We
consider the third term, it represented the number of
secondary infant case in first and second groups (who age not
more than 6 months and more than 6 months), respectively
with the percentage of dengue antibody which infant who age
not more than 6 months received from mother in the
beginning, and the percentage of dengue antibody which
infant who age more than 6 months received from mother in
the beginning. If these values are higher, then the probability
of dengue virus which infant received from the biting of
infected vector are decreasing. For a disease to be capable of
invading and establishing itself in a host population, this
threshold number must be greater than one, then every
successive generation will diminish inside until its number
approach zero.

We can see from fig. 3, the susceptible pregnant human,
infectious pregnant human, susceptible infant human,
infectious infant human (first group), infectious infant human
(second group), infectious vector proportions approach to the
disease free equilibrium state (1,0,1,0,0,0) respectively
forR, <1. The imaginary part of the complex root of

eigenvalue is approximately 0.148614. From fig. 4, the
fraction of populations spiral to the endemic disease state
(0.508777,0.0000576711,0.0131868,0.00011451,

0.00000134528,0.0000404878) when R, >1.

(S ko). (S5 k), (1o k), (1 Ky ) (1 o),
(m, k,) moving towards their equilibrium state when the

probability of dengue virus which infant received from the
biting of infected vector in the beginning for baby not more
than 6 months and the probability of dengue virus which
infant received from the biting of infected vector in the
beginning for baby more than 6 months are difference. We
can see the trajectories spiraling towards the different endemic
disease state (fig. 5a). Susceptible infant human, infectious
infant (second group) human populations decrease and the
proportion of infectious infant (first group) human population
increase when the probability of dengue virus which infant
received from the biting of infected vector in the beginning for
baby not more than 6 months is higher. When the probability

Fig. 5. shows

32

of dengue virus which infant received from the biting of
infected vector in the beginning for baby more than 6 months
(k,) is higher, susceptible infant human and infectious infant

(first group) human populations decrease but the proportion of
infectious infant (second group) human population increases.

The bifurcation diagrams of equations (2.1)-(2.6) are shown
in the following figures.
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equilibrium solutions of S S 1,11

oo bao Lnao 1, respectively, for the

m? Im’
different values of R, with

4, =0.000039139 day ", N, =10,000,

4, =0.071428571 day™*,b = 0.33333 day *,h =0,

r, =0.33333 day*,N,, =5,000, N, =5,000,
Bm=0L1p,=014,=0148,=01L14,=001

k =03k =09.7

represents the unstable solutions and

represents the stable solutions.

The bifurcation diagrams demonstrate the equilibrium
solutions of all populations for the different values of R;, they

represented the stable and unstable solutions. We can see that,
for R, <1, E; will be stable and for R, >1,E, will be stable.
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If the threshold number is greater than one, the normalized
susceptible pregnant and susceptible infant proportions are
decreases. The normalized infectious pregnant human,
infectious infant human (first group), infectious infant human
(second group) and infectious vectors increase. If this
reproductive number (R,) is less than unity (one), then the

proportions of infectious pregnant human, infectious infant
human (first group), infectious infant human (second group)
and infectious vector converge to the disease free state. The
ultimate goal of any control effort is to reduce (8) below one
[24, 25, 26, 27, 28, 29], then the infection will eventually die
out and not persist in that community. There may be some
secondary cases, but these will decrease with time. If we can
reduce the biting rate of the vector, then the threshold number
as defined in (8) will be smaller. This will reduce the
outbreaks of dengue disease in infants

Management of dengue hemorrhagic fever in pregnancy
should be conservative, symptomatic and carry on through the
shock stage. The critical period usually passes within 24 to 48
hours. When a pregnant or parturient woman develops signs
consistent with dengue disease, the diagnosis in her offspring
should be considered even if the infant appears well in the
first several days of life. Symptomatic and supportive
treatments under close observation are the mainstay of
treatment. Other infections, bacterial or viral, can cause
clinical features and hematologic changes similar to those of
dengue virus infection. The occurrence of subclinical
infections may lend further confusion to the situation.
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