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2" positive periodic solutions to n species
non-autonomous Lotka-Volterra competition
systems with harvesting terms

Yongkun Li and Kaihong Zhao

Abstract—By using Mawhin’s continuation theorem of coinci-
dence degree theory, we establish the existence of 2" positive periodic
solutions for n species non-autonomous Lotka-Volterra competition
systems with harvesting terms. An example is given to illustrate the
effectiveness of our results.
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I. INTRODUCTION

HE n species Lotaka-Volterra competition model with
harvesting terms is described as follows ([1,2]):

n
IL(t) = xL(t) (ai — ble(t) — Z Cijl‘j(t)) — hi,
j=1,j#i
i=1,2,....n,
where z;(t)(i = 1,2,...,n) is the densities functions of the
ith species; h;(i = 1,2,...,n) is the ith species harvesting

terms standing for the harvests. Realistic models require the
inclusion of the effect of changing environment. This motivates
us to consider the following nonautonomous model

)]

In addition, the effects of a periodically varying environment
are important for evolutionary theory as the selective forces
on systems in a fluctuating environment differ from those in a
stable environment Therefore, the assumptions of periodicity
of the parameters are a way of incorporating the periodicity
of the environment (e.g., seasonal effects of weather, food
supplies, mating habits, etc ), which leads us to assume that
a;(t),b;(t), ci;(t) and hi(t)(,5 = 1,2,...,n) are all positive
continuous w-periodic functions.

Since a very basic and important problem in the study of a
population growth model with a periodic environment is the
global existence and stability of a positive periodic solution,
which plays a similar role as a globally stable equilibrium does

n

> c(t)(t)
J=Li#i

—hi(t), i=1,2,...,n,
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in an autonomous model, also, on the existence of positive
periodic solutions to system (1), few results are found in
literatures. This motivates us to investigate the existence of
a positive periodic or multiple positive periodic solutions for
system (1). In fact, it is more likely for some biological
species to take on multiple periodic change regulations and
have multiple local stable periodic phenomena. Therefore it is
essential for us to investigate the existence of multiple positive
periodic solutions for population models. Our main purpose
of this paper is by using Mawhin’s continuation theorem of
coincidence degree theory [3], to establish the existence of
2™ positive periodic solutions for system (1). For the work
concerning the multiple existence of periodic solutions of
periodic population models which was done using coincidence
degree theory, we refer to [4-6].

II. EXISTENCE OF 2" POSITIVE PERIODIC SOLUTIONS

In this section, by using Mawhms continuation theorem, we
shall show the existence of positive periodic solutions of (1).
To do so, we need to make some preparations.

Let X and Z be real normed vector spaces. Let L
DomL C X — Z be a linear mapping and N : X X
[0,1] — Z be a continuous mapping. The mapping L will
be called a Fredholm mapping of index zero if dim Ker L
codim Im L < oo and Im L is closed in Z. If L is a
Fredholm mapping of index zero, then there exists continuous
projectors P : X — X and @ : Z — Z such that
ImP = KerL and Ker@Q = Im L = Im(J — @), and
X = KerLPKer P,Z = Im LPImQ. It follows that
Llpom rrker P : (I — P)X — Im L is invertible and its
inverse is denoted by Kp. If  is a bounded open subset
of X, the mapping N is called L-compact on © x [0, 1], if
QN(Q2x]0,1]) is bounded and Kp(I—Q)N : Qx[0,1] — X
is compact. Because Im () is isomorphic to Ker L, there exists
an isomorphism J : ImQ — Ker L.

The Mawhin’s continuous theorem [3, p.40] is given as
follows:

Lemma 1. [3] Letr L be a Fredholm mapping of index zero

and let N be L-compact on Q x [0,1]. Assume

(a) for each X\ € (0,1), every solution x of Lx = AN(z, \)
is such that x ¢ 9Q N Dom L;

(b) QN(z,0)x # 0 for each x € 0QNKer L;

(c) deg(JQN(z,0),Q2NKerL,0)#O0.

Then Lz = Nz has at least one solution in Q N Dom L.
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For the sake of convenience, we denote by fl =
. r w
MmN e(0,w] f(t)a f = MaXe[o,w] f(t)7 f = i fo f(t) dta
respectively, here f(t) is a continuous w-periodic function.
Throughout this paper, we need the following assumption.

H) al >2bMhM i=1,2,....n

For simplicity, we also introduce the following positive num-
bers

o _ a4 G
7 l

2b;

Mb]\/l

lbl
Lemma 2. For the following equation
ai(t) — bi(t)e® — h;(t)e M =0,

where t € R,i = 1,2,...,n. If assumption (H) holds, then
for all t € R, we have the following inequality

I+
i <u; <In (%) <uf <lnlf,
where uF = n Z0Ey (EIQ(Z))(; 4b:(D)hs (t 2,...,n.

Proof: By the assumption (H) and the expression of u
and I, Inl;” < u; and u} < Inl;” obviously hold. Now let

_ U+
us prove uy < In (‘i) < uf. In fact,

u*
(I +17)/2K;
MM (1) —
al'b ait)

V(@i(t))? — 4bi()ha(t) 20}

_ 0 ailt) = V(@) — b (Ohi(t)
oM 4hi(t)
a;  a;(t) + /(ai()? = b ()hi(1)
bM 4h£‘/1 4bMpM
< T e <1
a a; (a)
and
o
(1 +17)/2K;
_a ) + (@O k) | 20
~ alt! 2b;(t) aM
_ 0T ai®) + V(@) — 4bi(hi(t)
CL% bL (t)
bfw ai- .
>?XW:1,Z:1,2,...,TL,
which imply that u] < ln(l ) <wuti=1,2,..0m
The proof of Lemma 2 is complete. ]

Theorem 1. Assume that (H) hold. Then system (1) has at
least 2™ positive w-periodic solutions.

Proof: By making the substitution

xi(t) = exp{u;(t)}, i =1,2,...,n, )

VK = Li=1,2,....n.

then system (1) can be reformulated as

n

> cy(t)ers®

J=1,#i
—hi()e M i=1,2,... n. 3)

di(t) = ai(t) = bi(t)e™ ™ —

Let

X=7={u=(u,uz,...,u,)"
u(t +w) =u(t),t € R}

€ C(R,R") :

with the norm defined by ||u|| = Y- | max,eqo ) |ui(t)|,u €
X, then X and Z are Banach spaces. Let

N(u,\)

al(t) - bl (t)eul ® — A Z;L=2 C1j (t)e“ﬁ ®
as (t) — bg(t)&uQ(t) - A Z;'l:l,j7$2 C2; (t)e“J (t)

an(t) — by (t)ern® —

—hl (t)67u1 ®)
—ha(t)eu2(®)

)‘Z 1 Cnj (t)eu’(t)

, ueX.

fhn(t)e_”"(t)

nxl1

Lu—ufdu(t) We put Pu =2 [u(t)dt, u € X; Qz =

1 fo t)dt, z € Z. Similar to the proof of Theorem 1 in
[7] it is easy to prove that L is a Fredholm mapping of index
0. N is L-compact on V with any V open bounded in X.

In order to use Lemma 1, we have to find at least 2"
appropriate open bounded subsets in X. Considering the
operator equation Lu = AN (u, A), A € (0,1), we have

VY

j=1.j#i

hi(t)e_u](t)>7i =1,2,...,n. 4)

uj(t)

i (t) = )\(az(t) — b(t)ei®) —

Assume that v € X is an w-periodic solution of system (4)
for some A € (0,1). Then there exist &;,n; € [0,w] such

that u;(&;) = maxye(o,w) wi(t), wi(n:) = mingejo o) wi(t), 7 =

1,2,...,n. It is clear that u;(§) = 0,4;(n;) = 0,1 =
1,2,...,n. From this and (4), we have
G(6) €)M = A 3 ciy(g)en
j=1lj#i
—hi(&)e &) =0, i=1,2,....n (5)
and
ai(ni) — bs(n;) u;(m Y Z c” uJ(m

J=1,j#i
—hi(n)e ") =0, i=1,2,...,n. (6)
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According to (5), we have

béeui(gi) + hée*ui(fi)

n
< BilE)e @ 4 3T e(g)e )+ hi(g)e )
j=1.g#i
=a(&) <a, i=1,2,...,n,
namely,

bie?‘“’?({’?) — alMeu’(&') +hl<0,i=1,2,....n,

which imply that

Inl; <ui(&) <Inlf, i=1,2,....,n (7
Similarly, by (6), we obtain
Inl; <u(mp) <Ilnlf, i=1,2,... n 8)
From (7) and (8), we obtain
[y
lnli_<u7;(t)§1n(’+f),i:1,2,...,n 9)
or
IF+1-
In <+> <u(t)<lnlf, i=1,2,...,n. (10
For convenience, we denote
Il
G; = <lnli,ln (l;‘;(zl)), i=1,2,...,n,
[y
H; = <ln <"+"),lnli+>7 1=1,2,...,n.

2K;
Clearly, ll?t,z' =1,2,...,n are independent of \. For each

i =1,2,...,n, we choose one of the intervals among the two

intervals GG; and H; and denote it as A;, then define the set

{U: (ul,u2,...,un)T e X:
ui(t) € Ayt € Ri=1,2,...,n}.

Obviously, the number of the above sets is 2. We denote
these sets as O,k = 1,2,...,2". Qi k = 1,2,...,2™ are
bounded open subsets of X, Q;NQ; = ¢,i # j. Thus Qi (k =
1,2,...,2") satisfies the requirement (a) in Lemma 1.

Now we show that (b) of Lemma 1 holds, i.e., we prove
when v € 09, N KerL % N R", QN (u,0) #
(0,007 k = 1,2,...,2" If it is not true, then when u €
o NKerL = 0, NR™, i =1,2,...,2™, constant vector

u = (ur,ug,...,u,)T with u € 9,k = 1,2,...,2",
satisfies
w w w
/ a;(t) dt — / bi(t)e™ dt — / hi(t)e™ " dt =0,
0 0 0
where ¢ = 1,2, ..., n. In view of the mean value theorem of
calculous, there exist n points ¢;(¢ = 1,2,...,n) such that

az(tz) - bl(tl)e“’ - hi(ti)e_ui’ = 0, 1= 1,27 ey M. (11)

Following the arguments of (7)-(10), we have

[
<+>z:12n

Inl; <wu; <1
n u; < lIn 5K,

3
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or

[y
In <Z2J'I;_ll> < u; <lnl?‘,i:1,2,...,n.

Moreover, for (11), we have

+_ g, Gilt) V(ai(t)? — 4b;(t:)hi(t:)

U ,1=1,2,...,n.
¢ 2b;(t;)
According to Lemma 2, we obtain for ¢ = 1,2,...,n,
- u; +u;
Inl; <u; <ln (12}(1’) <u?‘<1nl?‘.
Then w belongs to one of Q0 N R", k = 1,2,...,2". This
contradicts the fact that u € 9Q, NR™ k=1,2,...,2". This

proves (b) in Lemma 1 holds. Finally, we show that (¢) in
Lemma 1 holds. Note that the system of algebraic equations:

ai(t;) = bi(ti)e™ — hi(t)e™™ =0, i=1,2,....,n

has 2"  distinct  solutions since (H)  holds,
(x5, 25,...,25) = (InZy,InZo,...,In&,), where
J,‘j: = In a'i(ti)i\/(ai(215’;)();)74bi(ti)h,;(ti) - z7 or
& =a},i=1,2,...,n. Itis easy to verify that

I b
Inl; <z; <In (Z;I;_L’) <zf <lnll, i=1,2,...,n

x*

Therefore, (z7,z5,...,x}) uniquely belongs to the corre-
sponding 2. Since Ker L = Im @, we can take J = I. A

direct computation gives, for k =1,2,...,2",

deg { JQN (u,0), 2 N Ker L, (0,0)"}
(- ot + ).

E3
€y

n

II

= sign {
i=1

Since a;(t;) — bi(t;)

deg { JQN (u,0), 2 NKer L, (0,0)" }

] =41, k=1,2,...,2"
=1

= sign [

So far, we have prove that Q(k = 1,2,...,2") satisfies all
the assumptions in Lemma 1. Hence, system (3) has at least 2"
different w-periodic solutions. Thus by (2) system (1) has at
least 2™ different positive w-periodic solutions. This completes
the proof of Theorem 1. [ ]
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III. AN EXAMPLE

Now, let us consider the following three species competition
system with harvesting terms:

L(t) = x(t) (3 +sint — 4%;””33(15)
—c12(t)y(t) — clg(t)z(t)> _ 927((:)0815’
y(t) = y(t )(3 + cost — 5+17((3)08ty(t)
2 + cost (12)
—ea1(t)z(t) — 023(t)z(t)> - 2ot
Z(t) = 2(t)| 3 +sin2t — wz(ﬂ
~en(0a(t) - eny(n)) - S,

In this case, a1(t) = 3 + sint,by(t) = L c15(t) =
cr2(t + 2m), c13(t) = cis(t + 27T) hi(t) = 9+C°St as(t) =
3 + cost,ba(t) = 5+1C§st co1(t) = car(t + 27‘&'),023(15) =
Cos(t + 2m), ha(t) = 2EESL ay(t) = 3 + sin2t,by(t) =
%51%,631@) = c3(t + 27T),C32(t) = c3(t + 27) and
hs(t) = 85952 Since

al :aé:aézl 2¢/bM M =1,

1
6 18

then

;6
2 =al > 2y/bMpM =1, 2—a2>2\/b§”h§”:5,
18
2 =al > 2y/bMhY = o

Therefore, all conditions of Theorem 1 are satisfied. By
Theorem 1, system (12) has at least eight positive 27-periodic
solutions.
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