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Almost periodic solution for a food-limited
population model with delay and feedback control

Xiaoyan Dou and Yongkun Li

Abstract—In this paper, we consider a food-limited population
model with delay and feedback control. By applying the comparison
theorem of the differential equation and constructing a suitable
Lyapunov functional, sufficient conditions which guarantee the per-
manence and existence of a unique globally attractive positive almost
periodic solution of the system are obtained.

Keywords—Almost periodic solution; Food-limited population;
Feedback control; Permanence.

I. INTRODUCTION

HEN growth limitations are based on the proportion of
available resources not utilized, the food-limited model
was proposed in [1] as follows:

oy ra(t) (K —x(t))
=T e

here the population density is denoted by z(¢) and the positive
constants r and K represent the growth rate of the population
and the carrying capacity of the habitat, respectively. Assum-
ing that a growing population requires more food (growth
and maintenance) than a saturated one (maintenance only),
a further modification is to assume that the average growth
rate is a function of some specified delayed argument ¢t — 7
(see, e.g., [2], [3]). The model (1) becomes

() = re(t) (K —xz(t — 7))

K+ ~z(t—1)
which is called as delayed food-limited model. Eq.(2) has been
extensively studied in the literature. A majority of results on
Eq.(2) deal with global attractivity of the positive equilibrium
and oscillatory behavior of solutions (see [2], [4], [5]). These
studies were also carried out on Eq.(2) with time periodic
coefficients(see [6], [7], [8]).

To the best of our knowledge, no work has been done for
the existence of almost periodic solutions of system (2) yet. It
is well know that the assumption of almost periodicity of the
coefficients in (2) is a way of incorporating the time-dependent
variability of the environment, especially, when the various
components of the environment are periodic with not necessary
commensurate periods (e.g. seasonal effects of weather, food
supplies, mating habits and harvesting). Also, as we know, the
method used to investigate the positive T-periodic solution of
the non-linear ecosystem (for example, by using coincidence
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degree theory (see [9]) or Brower’s fixed point theorem (see
[10])) could not be used to investigate the almost periodic
solution of the system (2).

On the other hand, we note that ecosystems in the real
world are continuously distributed by unpredictable forces
which can result in changes in the biological parameters
such as survival rates. In ecology, a question of practical
interest is whether or not an ecosystem can withstand those
unpredictable disturbances which persist for a finite period of
time. In the language of control theory, we call the disturbance
functions as control variables. In 1993, Gopalsamy and Weng
[11] introduce a models with feedback controls, in which the
control variables satisfy certain differential equation. In the
last decades, much work has been done on the ecosystem with
feedback controls (see [12], [13], [14], [15], [16], [17] and the
references therein). In particular, Li and Liu [12], Lalli et al.
[13], Liu and Xu [14] and Li [15] have studied delay equations
with feedback controls.

Stimulated by above reasons, in this paper we will consider
an almost periodic food-limited population model with delay
and feedback control as follows:

i(t) = r(t)z(t)(k(t) —x(t — 1))
k(t) +n(t)z(t — )
w(t) = =Bt u(t) + a(t)z(t — 1),

where xz(t) is the population density, u(t) is the control
variable at time ¢, r(t) and k(¢) represent the growth rate of
the population and the carrying capacity of the habitat at time
t, respectively, 7 > 0 is time delay. And all the coefficients
r(t), k(t),d(t),n(t), B(t) and «(t) are continuous, bounded,
positive almost periodic functions on R = (—o00, +00).

Let f be a continuous bounded function on R and we set

fr= fg}if(m fh= inf £(1).

—d()z(t)u(t = 7). 5

Throughout this paper, we assume the coefficients of the
almost periodic system (3) satisfy

min{r’, k', d", n', 3, a!'} > 0,
max{r*, k" d* n", 8", a"} < 4o0.

The aim of this paper is, by constructing a suitable Lya-
punov functional and applying the analysis technique of Feng
and Liu [18] and Shi and Chen [19], to obtain sufficient
conditions for the existence of a unique globally attractive
positive almost periodic solution of system (3).

The remaining part of this paper is organized as follows: In
Section 2, by applying the theory of differential inequality, we
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present the permanence results for system (3). In Section 3, by
constructing a suitable Lyapunov function, a set of sufficient
conditions which ensure the existence and uniqueness of
almost periodic solution of system (3) are obtained. In Section
4, we end this paper with a suitable example which is given
to illustrate the feasibility of the main results.

II. PERMANENCE

Now let us state several definitions and lemmas which will
be useful in the proof of our main result of this section.

Definition 1. System (3) is said to be permanent if there exist
two positive constants m, M and Ty such that each positive
solution (z(t),u(t))T of system (3) satisfies m < x(t) <
M,m < u(t) < M, for all t > Ty.

Lemma 1. R? = {(z,u)|z > 0,u > 0} is positive invariant
with respect to system (3).

Lemma 2. [11] If a > 0,0 > 0, and & > (<)z(b — az®),
where « is positive constant, then

Q=
Q=

liminf z(t) > (9) ,

li t) <
lim inf . ( imsup x(t) < (

t——+o0

)*).

Lemma 3. [20] If a > 0,b > 0 and © > (<)b — ax, when
t >0 and z(0) > 0, we have

Q| o

b
liminfx(t) > —
t— 00 a

Q|

(limsup z(t) <

t—+o00

).
Set

M : = k" exp(rr"),

OéuMl
M2 L= /Bl ;
my: = klex rik! — riMy T
e P ku+77uM1 ku+nuM1 ’
alml
mg @ = ﬂu .
We also introduce two assumptions:
1.1
r'k
H) ——— —d"M, > 0.
(#) My ?

l l u

(H>) ]ZLW _at

+ My mo

Theorem 1. Suppose that (Hy) holds, then system (3) is

permanence, i.e. there exists positive constants m; and M;(i =

1,2) such that for any positive solution (z(t),u(t))T of system
(3) satisfies

> 0.

0<my < 1tim+infx(t) < limsup z(t) < My,
— T 00

t——+oo

0<my< 1tjm+inf u(t) < limsupu(t) < Ms.

t——+oo

Proof: Let (z(t), u(t))T be a positive solution of (3), from
the first equation of system (3) it follows that

i(r) < TOTOGKE) —2(t 7))

k(t)
< r(t)x(t) for allt e R. 4

A

Hence, for any 6 < 0, integrating inequality (4) from ¢ 4 6 to
t, we obtain

x(t 4 0) > x(t) exp (/tH_G r(s) ds). 5)

So for any ¢t € R, from (5) and the first equation of system
(3) we further obtain

rt)z@)(k(t) - z(t — 7))

i(t) < 0
< r“x(t)(k“k—l x(t—171))
_ ra(t) (K" — () exp( [T r(s)ds))

< X
Since for any ¢ € R and s € [—7,0],

t+s
/ r(0)do > —7r,
t

we have
() < rix(t)(k* — xk(lt) exp(—71"))
rekt rexp(—rrt)
= x(t)( o o x(t)) (6)
Applying Lemma 2 to (6) leads to
limsup z(t) < k" exp(7r") := M;. @)
t—-4o00

From (7), for small enough positive constant ¢ > 0, there
exists a 17 > 0 large enough such that

z(t) < My +e for all t > Tj. (8)

Then, from the second equation of system (3) and (8), we
obtain that for ¢ > T},
u(t) < —p(t)ult) + a(t)(Mi +¢)
< —plu(t) + a*(M; +¢).

Setting € — 0 in above inequality leads to
a(t) < —plu(t) + o M.

Since u(t) > 0 for all ¢t € R holds, then u(0) > 0, so applying
Lemma 3 to above inequality we obtain

upM
limsup u(t) < it R M. )

t——+4o0 ﬂl
From (9), for above £ > 0, there exists a 7o, > T7 > 0 large
enough such that

u(t) < Ma+e¢ for all t > T5. (10)

From the first equation of system (3) and (8) and (10), we
obtain that for ¢ > T,

rle(t) (k' — 2(t — 7))

B0 = ey (Ve + el
’f‘lkl .
= z(t) m —d"(Ms +¢)
Tl
x(t—T1)|.

ket (M +e)
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Setting € — 0 in above inequality leads to

’I"lkl T‘I

tH|—m —d"My — ————
«(?) : k% + nu My

(t) > —
x()— ku+nuM1

ot = 7).

Then by (7) and applying Lemma 3 given in [21], there exists
a constant m; such that

lkl
’f‘lMl
- . 11
kv 4 T]U’Ml )T:| ( )

From (11), for above € > 0, there exists a T3 > T5 > 0 large
enough such that

z(t)>my —e for all t > T3. (12)

Then, from the second equation of system (3) and (12), we
obtain that for t > T3,

ut) = =p)u(t) + a(t)(mi —€)
> —B%u(t) + ol (my —€).
Setting € — 0 in above inequality leads to
a(t) > —f4u(t) + almy.

Then applying Lemma 3 to above inequality, we have

. Oélml

lim infu(t) > =7

(7, 9), (11), and (13) show that under the assumption of

Theorem 1, system (3) is permanence. This completes the

proof of Theorem 1. ]

Next we will prove for ¢ € R, the above conclusions hold.

We denote by (S) the set of all solutions z(t) =

(x(t),u(t))T of system (3) on R satisfying m; < xz(t) <
My,mo < u(t) < M, for t € R.

Theorem 2. (S) # 0.

13)

= MmMma.

Proof: From properties of almost periodic functions, there
exists a sequence t,,t, — 0o as n — oo, such that

k(t + tn) - k(t), 77(75 + tn) - 77(75),
alt+t,) — a(t), d(t+t,) — d(t)

r(t+tn) — r(t),
Bt +tn) — B(1),

as n — oo uniformly on R. Let z(t) = (z(t),u(t))” be a
solution of Eq.(3) satisfying my < x(t) < My, ma < u(t) <
M, for t € R. Clearly, the sequence z(t + ¢,,) is uniformly
bounded and equicontinuous on each bounded subset of R.
Therefore by Ascoli’s theorem, we know that there exists
a subsequence z(t + t) which converges to a continuous
function p(t) = (p1(t), p2(t))T as k — oo uniformly on each
bounded subset of R. Let T € R be given, then for ¢ € R, we
have

zt+ty+T)—x(ty +T)

_i/HTr@+¢@us+%xus+%)—ﬂs+m—7»
k(s +tr) +n(s +tg)w(s +tx — 7)

T
—d(s + tr)x(s + tg)u(s + t, — 7)| ds,

ut+t, +7T) —u(ty +T)

t+T
= /T (—=B(s + tr)uls + ti) +
a(s+tr)x(s+tr — 7)) ds.

Applying Lebesgue dominated convergence theorem, and let-
ting k — oo in above equalities, we obtain

o [T [r()e(s)(k(s) — 2 (s = 7))
p(t+T)—p(T) _/ [ k(s) +n(s)x(s —7)

agugmsﬂ}m,

T

t+T
polt +T) — pa(T) = / (—B(s)u(s) + as)z(s — 7)) ds

T

for all t € R. Since 7' € R is arbitrarily given, then p(t) =
(p1(t), p2(t))T is a solution of system (3) on R. It is clear
that m; < pl(t) < Mp,mg < pz(t) < M for t > 0. Thus
p(t) € (3).

This completes the proof. [ ]

III. EXISTENCE OF A UNIQUE ALMOST PERIODIC
SOLUTION

Now, we give the definition of the almost periodic function.

Definition 2. [22] A function f(t,x), where f is an m-vector,
t is a real scalar and x is an n-vector, is said to be almost
periodic in t uniformly with respect to xz € X C R", if f(t,x)
is continuous int € R and x € X, and if for any € > 0, it is
possible to find a constant l() > 0 such that in any interval
of length l(¢), there exists a T such that the inequality

1f(¢+72) = f(t,2)l| = Y Ifilt +m2) = filt,x)| <e

i=1

is satisfied for all t € R,x € X. The number 7 is called an
e-translation number of f(t,x).

Definition 3. [23] A function f : R — R is said to be
asymptotically almost periodic function, if there exists an
almost periodic function q(t) and a continuous function r(t)
such that

f(t) = q(t) +r(t),

We refer to [24], [25] for the relevant definitions and the
properties of almost periodic functions. In the followings,
by constructing an suitable Lyapunov functional, we get the
sufficient conditions for the existence of the globally attractive
solution for system (3).

teR and r(t)—0 as t— oo.

Theorem 3. Assume that (Hy) and (Hy) hold, then for any
two positive solutions z1(t) = (z1(t),u1(t))T and z(t) =
(z2(t),u2(t))T of system (3), we have

1klim |z1(t) — z2(t)| = 0.

Proof: Let z1(t) = (z1(t),ur(t))" and z5(t) = (22(t),
uz(t))T be any two positive solutions of system (3).
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From (Hj), al ”“ >0, d'mq > 0 and d'mgy > 0, it follows Therefore, for t > T, it follows from above analysis that
2

that there exists an enough small € > 0 such that

) (1 +n(t)) ()
o (L o DTV(t) < — { ( _
Aq(e) = ku+n(1:1\21)+e) o > 6, (*) k() +n(t)ze(t —7)  ua(t)
As(e) = 7(;&;”;)? > g, (14) X|§zt()tw—(zl—7362(t— 7)|
R S ) SAOBE= D) 1) — (o)
Ay(e) = d'(mg — ) > ¢. uy (t)ua(t)
It follows from (8), (10), (12) and (13) that for above € > 0, —d()2(t)|ur (t = 7) — ua(t — 7)]
there exists a 1" > T35 > 0 such that for t > T, —d(t)uy(t — 7)|x1(t) — 22(t)]
my—e<az(t) <My +e, my—e<u(t)< My +e. < [ _rQ4n) o
- - ’ - - - kv +nu(My+¢e) mao—e¢
Set x|z (t —7) — xa(t — 7))
Vi(t) = |Inxq(t) — Inaa(t)]. al(m —e
(1) =0 =) A () = ()
Calculating the upper right derivatives of Vj(t¢) along the 2
solution of (3), it follows that —d' (m1 —e)|ua(t —7) —uz(t — 7|
DA ~d (i = &) (1) — 22(0)].
= sgn(x1(t) — z2(t))[(Inz1(t)) — (Inza(t))’] From (14), we know that there must be an positive constant &
r(t)(k t)—acl t—1)) such that

Let

Calculating the upper right derivatives of V5(¢) along the
solution of (3), it follows that

D*Va(t) = sgn(ua(t) — ua(t)[(Inui ()" — (Inua(t))’]

Now let us define

IN

sgn(x(t) — xo(t
[ k(t) +n(t)zi(t —7) DTV(t) < —elai(t —7) — @2t — 7)| = elua (t) — ua(t)|

—dtxltul t—T
()21 (H)ua ( —elur(t — 1) — ua(t — 7)| — elz1(t) — z2(¢)].

_ (k) — 2ot — 7))
k(t) +n(t)zs(t — 7)

+ d(t)z2(t)ua(t — 7)}

Integrating the above inequality on internal [T, t], it follows

sgn(x1(t) — x2(t)) that for t > T
X{ rk()(1+n(t))(z2(t —7) —21(t — 7)) ;
(k@) + n(t)z1(t — 7)) (k(t) + n(t)z2(t — 7)) V() + E/ |z1(s = 7) — @2(s — 7)|ds
+d(t)xo(t) (ug(t — 7) —ur (t — 7)) . T
+d(t)uy (t — 7)(w2(t) a:l(t))} +€/T lui(s) — ua(s)|ds
sgn(xy(t) — x2(t)) +e /t lui(s —7) —us(s — 7)|ds
(t)(1+ (t))(l‘z(tT)Il(tT))} T

NGLLIE:
k(t)(k(t) + n(t)z2(t — 7))
—d(t)za(t)|ur(t — 7) — ua(t — 7)]
—d(t)ur(t — 7)|z1(t) — z2(1)] Therefore,
r(t)(1 +n(t))

+5/T |z1(s) — z2(s)|ds < V(T) < 4o0.

RO+ 1Dl — ) ) m et =7l timsup [ fun(s) = ua(s)| ds < M e,
—d(t)as(t)ur (t — 7) — us(t — 7)| e It vy
—d(tyun(t — 1) (t) — (1), i sup /T 21(5) = a(s)lds < ) < oo

From the above inequalities, one could easily deduce that
Va(t) = |Inuq (t) — Inua(t)|. . .
lm |z1(t) —z2(t)] =0, lLm |ui(t) —ua(t)] =0.
t—+oo t—+o0

This completes the proof. |

Theorem 4. Suppose that all conditions of Theorem 3 hold,
21(t—71) w2t —7)

—q _ _ hen there exists a unique almost periodic solution of system
= sgn(ua(t) — uz(t))a(t) ; 4 p
ua (t) us(t) 3).
a(t
%| 1(t) — ua(t)] Proof: From Theorem 2, there exists a bounded positive
7“{;)( Jua(t) solution
«@
+ |z1(t —7) — za(t — 7).

2(t) = (wa(t),ua(t)T, t>0.

Suppose that z(t) = (u1(t),uz(t))T is a solution of (3), then
V(t) = Vi(t) + Va(t). there exists a sequence {t;},t; — oo as k — oo, such that

uz(t)
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(u1(t+t;,), ua(t+1},))7 is a solution of the following system:

r(t+ ¢ )xt)(k(t+1t,) —z({t—1))
k(t+t,) +n(t+t )zt —71)

—d(t +t))x(t)u(t — 1),

u'(t) = =B+t )u(t) + alt + )zt — 7).

From above discussion and Theorem 1, we have that not only
wi(t+1t5,) (i = 1,2) but also 4;(t+1¢},) (4 = 1,2) are uniformly
bounded, thus u;(t +t},) (¢ = 1,2) is uniformly bounded and
equi-continuous. By Ascoli’s theorem there exists a uniformly
convergent subsequence {u;(t+t5)} C {u;(t+1})} such that
for any € > 0, there exists a k(¢) > 0 with the property that
if m,k > K(e) then

' (t) =

[wi(t +tm) —ui(t+tp)| <e (i =1,2).

It shows that w;(t) (¢ = 1,2) are asymptotically almost
periodic functions, then, w;(t+t)(i = 1,2) are the sum of an
almost periodic function ¢;(¢t +tx)(i = 1,2) and a continuous
function p; (¢t + ¢) (¢ = 1,2) defined on R, such that

w(t+tg) =pi(t +t) +qi(t+t) forallt € R,
where

kggloopi(t +tx) =0, kgffoo ai(t +tk) = q(t),

gi(t) is an almost periodic function, which implies that
limp— 400 ui (t + tg) = qi(t) (i = 1,2).
On the other hand,

i(t+t h) —u;(t+t
lim Gt +4) = lim Jim SR Zuilt )
k— o0 k—-+oc0 h—0 h
Sttt +h) —u(t+t
= lim lim wit +tx+ ) — uilt + t)
h—0 k—-oco h
~ lim qi(t +h) — q(t)
h—0 h
= ¢;(¢).

So the limit ¢;(¢)(i = 1,2) exists.

Now we will prove that (¢1(t), g;(t))7 is an almost solution
of system (3).

From the properties of almost periodic functions, there
exists an sequence {t,}, t, — 0o as n — oo, such that

k(t+tn) — k(t), n(t+t.) —n(),
alt+t,) — alt), dt+t,) — d(t)

r(t+tn) — r(t),
Bt +tn) — B(1),
as n — +oo uniformly on R. It is easy to know that w;(¢ +
tn) — qi(t) as n — +oo(i = 1,2). Then we have
Q1(t)
= lim (t + tn)
n—-+400
r(t+to)ur(t +tn)(k(t +tn) —ur(t + t, — 7))

o Ke(t + tn) + 10t + tn)ur(t+ tn — 1)

n—-+4oo

—d(t 4 tp)x(t + ty)u(t + t, — )

OaOGO gt o
k(t) +n(t)q(t —7) d(t)z(t)u(t )s
d2(1)

= lim 7_.LQ (t + tn)

n—-4oo

= lim [—B(t+tn)uz(t+tn)

n—-4oo
tat +tp)ur(t+ty — 7))
= —B(t)q(t) + alt)qi (t — 7).
This proves that (qi(t),q2(t))” satisfies system (3) and
(q1(t),q2(t))T is a positive almost periodic solution, by The-

orem 3, it follows that there exists a unique positive almost
solution of system (3). The proof is completed. |

IV. EXAMPLE
Consider the system
- (40 + sin® () (t) (1 + sin®(t) — z(t — 2))
€T =
1+ sin®(t) + (1 + cos?(t))z(t — &)
2(t)+1
— e e (Bult — ),
a(t) = —(1 + cos? t)u(t) + (1 +sin®())z(t — ).
In this case, we have r! = 40,7 =41,k = 1,k* = 2,7} =
Ly =20 =1, =20 = 10" =2,d" = 5.d" =

(15)

| N = 500
1000 and 7 = 47. And so
M, = k"™ =2 >0,
ot M-
My = —5 L=4e >0,
le?l
= klexp[(———— — d"M.
mi Xp[( kv + 'UUMI 2
M, 0.13
———— 7] =e 7 >0,
kv +7]“M1)T] ¢
l
1
mo = aﬁ”:l = 56_0'13,
riit
H ——— —d"M> =3.086 >0
( 1) ku +77U’M1 2 )
rt(1+nh) a
H — — — &~ 1.66 > 0.
(Hz) K+ e M, o >

Then by Theorem 3, we obtain that system (15) has a unique,
globally attractive, positive, almost periodic solution.
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